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PREFACE TO THIRD EDITION 

Soox at'ter tlie hiiiienled (U‘ath of Pi-of. Preston, at tlie (‘arly a^v 
of forty, it l)(‘caiiie iie(*(*ssary to inakt' arraiiyeiiients for the 
jniblieation ol‘ tlu‘. third edition oi this work. Aecoi‘din^L»ly, Mis. 
Preston placeil in iiiy liands a, copy of tlu^ sei'ond edition, 
annotated ])y her late luisl>and, togellun* with all his seientillc 
inanuscrijits. Greatly to iny r(\iLj:r(‘t, I found that tlu* author had 
not made any detailed ])rei)arations for tlu‘ n(‘.w (ulition. I know 
that lie liad eontemplated many imjiortant (‘ha.n^es in th(‘ 
nu‘thods of exposition, but of tli(‘se I can iind no traec^ amon^ his 
pa])ers, nor can I, IVom nuuuory, picjce them toj^idJuu’ in any eon- 
sist(‘nt way. lie was never in the liabit of writing’ elaborate* 
notes, and, during the last few y(*ars of a busy lile, his leisure 
time* was fully occupied witli his brilliant rc'searelies on the* 
tdectro-niagnetic phenomena oi radiation in a, strong magm‘tie 
liidd. This inv(*stigation he pros(‘eut(*d with untiring ae.tivily 
until it was rudely interrujited by his last illn(*ss. 

1 have therefore; been obliee;el te) retain the* methods of the* 
last eelition, but they are how su[)j)le;iiu*nteel by illustratiejiis and 
examples wgrked u]) from the* authe)Ps manuserijits. 1'hest; note;s 
ai*e* printed witliout ce)mment, while the adelitieuis I have myself 
made are distinguished ])y se^uare brackets. The liberlie‘S I have 
taken with the text are few, anel, as a, rule, so trivial that it 
would liave seemed pejelantic to elistinguish tliem in every e/ase*. 

1 am under the greatest oldigations to ]Mrs. Preston for her 
assistance in the preparation of tlie new index, and for tlie gr(*at 
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care she has taken in reading tlie proofs. To Prof. P^’giii <yid 
Prof. Thrift, K.T.C.D., my l)est thanks are also due. They ha\^ 
not only read the proofs, hut have given me valuable*9dvice in 
matters of uncertainty. I believe the accuracy of the book will 
be found to be considerably increased owing to the thorough 
revision it has undergone. 

C. J. JOLY. 

The Or.sKHVAroRY, Dcnsink, 

l.sY Mnij 1001. 



PREFACE TO FIRST EDITION 

TiiEiiE is perhaps no greater inipediinent to the advanccineiit of 
scientific research than the want of an easy channel of coniniuiii- 
cation with all th(i most recent discov'eries. Many of the most 
#valual)lc of these are hidden in the transactions of learned societies, 
or scattered in scientific* p(*riedica.ls, published in several lanmiages, 
and in various paits of the world, so as lo be ])ractically in- 
accessible to many who mi^ht otherwise* l)ecume wcdl (pialified to 
extend the bounds of natural knowh‘do'(*. 

In no branch of Expcn’imeiital Physic's is the Kn,e;lish studemt 
])lac(?d at suc'h a disa(lvanta,i»e a-s in the Thc*.ory of* Li.eht, for 
although we possess some exccdleiit cdemenlary Icixl-books, yet the 
field covered by them is so limited that they fall fa,r short of the 
re(|uiremeiits of all who wish to know how far investigation has 
been carried, or in what directions it remains to be pursued, and 
of these wliich are the most urgent a,nd most likely to l)e attacked 
with suc'ccss. 

liiHuenced by these considerations, I have been indiK'cd to 
undertake the pre^sent work, with the hope of furnishing the 
student with an accurate and connected account of thci most im- 
portant optical researches from the earli(:‘st times up to the most 
recent date. I have, however, avohled entering into the nmre 
complicated mathematical theories, yet the mathematical theory, in 
i(«i most elementary form, as well as the experiments on which it 
is founded, will be found in suHicient detail to enable the student, 
furnished with the necessary knowledge of higher mathematics, 
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to attack at once with profit the original memoirs and^ theories 
recently elal)oiate(l by various British and foreign writers. 

Thus, altlumgh a large part of the ])ook is suited to-<?he read- 
ing of junior students, yet I hope it will be found sufficiently full 
to meet the re([uirem(‘nts of those who desire a more special 
ac(piaintance witli the subject ; and to render it more really useful 
in this rcispect I liave, as far as possible, given reference to 
original nuaiioirs and other sources whence fuller information 
may Ixi derivcMl. 

TIh* text contains, in addition to the physical theory, a de- 
tailed a(!('ount of th(^ most important (experiments and physical 
nuNisurcmmits, such as the determination of tlui velocity of light, 
wave lengths, refractive indices, (dc. ; and in some of the funda- 
nuuital ex|K*.viments, such as those of Newton on the refrangilnlity 
of light and coIoui’imI rings, I have given extracts from the 
original ac(.:ounts, luung fully (.'onvinc(*d that in power and pei*-, 
spicuity tlu^y far sui’pass any s(^cond-hand digest. In this mannei’ 

I hav(‘, (‘luhxivourcMl to dir(*(*t attention io the gn^at im])ortance 
of Newton’s work, and to show that in this department of scientili(' 
res(‘arch also he stands almost witlumt a rival. 

Souk* nov(dty of treat men t will, I liope, be recxigniscHl in the* 
(‘xtt‘nsiv(‘. a])])lication of graphic methods to the solution of pio- 
bhuns in diflra(daon. Tlu* calculation ol‘ the intensity at tlu‘ 
various points of a dillraction pattern by the ordinary methods 
]U'esents considera.bh^ dilliculty and labour, l)ul by the nudliod 
(Unployed in tin* thiid section of Cha])ter IX. almost the wlioh^ 
tlu'ory of diffraction is ))ronght within the rc'acli of persons fur- 
nislu'd with thi* most ehuuentary mathematical knowledge, and 
il might now reasonably hnan part of the course of very junior 
students. 

An account of the nrent, and Justly cedebrated, experiments 
of Prol’essor Hertz will be found in tlie last chajder, together with 
the mathematical theory of the electric vibrator and the radiation 
of electromagnetic waves. The inpujrtaiu'e of these experiments 
it would be diliicult to over-estimate, in vso far as they teach us to 
refer electric and electromagnetic phenomena to the intervention 
of the same all-pervading medium, which forms the vehicle by 
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vliicli eiierj^y passes tliroiio'h si)ace from one Ixxly to another, 
wftich bi^ni>s us light and heat from the snii, and to wliich we 
now look^ for a knowledge of the process hy whieli one body is 
enabled to attract another, as well as for an explanation of the 
ultimate constitution of matter itself. 

In conclusion, I wisli to return my best thanks to Professor 
Win. llootli (Pengal Kducation Service), wlio lias been good enough 
to read tlirongh the proofs and make several valuable suggestions. 
A consideral)le portion of the proof has also beim read by my 
friends Mr. M. AV. J. Fry, F.T.(M)., and Air. (J. el. ejoly, so that I 
trust the work will be found free from any (urors or obscurities 
of a serious nature. To Professor (i. F. Fitz( Jerald, F.K.S., F.T.P. D., 
I am indebted not only for the reading of tla^ jiroofs, and the most 
generous assistance and advice, but also for that teaching to which 
1 mainly owe my knowledge of Experimental Physics. 

22 Trinity ('oLi.Fjiio, 

Durmn, Jiihj 1800 . 
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In tliis (?(lilion th(3 text has been revised tliroiigliout, and augmented 
hy moi'e than one liuiKlnnl pages of new matter, in conjunction 
witli wliich scivei’al m\w diagrams liave l)een introduced. Altliough 
tliese additions are sue.li as to incr(‘ase the value of tlie book con- 
sid(‘rahly, y(‘t I must express my regret that, owing to the pressure 
of othiT (Migageiiamts, 1 have ))een unal)le for the prc^sent to conw 
])lete my original design, namely, to bring all ])arts of llu' work 
u]) to the standard diananded by tlie ])resent stat(‘ of science. 

Such alttnations and additions as I hav(^. been abl(‘ to make 
are located chi(dly in tliose portions which relate to tlie retdilinear 
projiagation of light, wave relle(*tion and reiVaction, and the ajiplicai- 
tion of gi’aphic nu't hods lo the solution of dilfraction problems. 
More detail has been introduced in some placivs, esp(‘cially in the 
cha])t,er ndating to the volocity of light, which now contains an 
account of rrofessor Newcomb^s valuable expevimenls. 

To my fri(‘nd Mr. (J. rl.doly, RT.(M)., I am again ind(‘bti*d for 
his gn‘at kindness in assisting me with the proofs. 


March ISP.'.. 
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CIIAl'TKR I 

INTRODircTOUV AND HISTORICAL 
Section I. — Early History 

1. Optics — Definition and Division of the Subject. — The science 
of Optics is that l)riincli of natural j)liilosophy which treats of the 
nature and pro})erties of li^ht and vision. In its domains we meet 
with a multitude of (‘xperinumts of excpiisite Ixuiiity, and investi- 
gations wliich aiford am[)le scope for all the retiiiements of modern 
mathematical analysis. It also supplies us with instruments of the 
highest utility hoth in the pursuit of scientific impury and in the 
common enjoynKMits of life;. There is accordingly no department of 
science more deserving of oui* study, whether we consider the beauty 
or the multi{)licity of its phenomena. 

The subject was usually divided by the older writers into (^(tfoptrirs 
and J)l()pfnc.% which embraced the phenom(;na arising fi-om I'ejleclion 
and trfracfioti iwspectively. These terms have now fallen into disuse, 
and two l)ranches of the subje.ct have been develop(;d under the titles 
(ieomctnail Optics and l^ht/sical Optics. 'Fhe forni(;r is a punfiy ideal 
structure built on the assumed truth of the laws of reflection and 
refraction, with the supposition that light travels thi'ough isotropic 
substances in right liiuis or rays. It is conse<jUently a mathematical 
develo[)ment of the two laws by which it assumes the r’ays to be 
controlled, and any inquiry into the physical cause or nature of 
light is outside its province. This imiuiry comes within the scope of 
physical optics, the aim of which is to determine the physical proc<;sses 
conceined in the production and propagation of light, and to account 
for them by dynamical jjrincijfies. ritysiolorfiad Optics deals with the 
phenomena of vision or the sensation produced )>y light falling upon 
the»retina of the eye. 

2. Ancient Use of Metallic Mirrors and Burning Glasses. — The 

ancients apj)ear to have been wholly ignorant of the theory of oi)tics, 

B 
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jiiid to hiivc been exeeediiigly slow in advrincing the con^ruction 
optical iiistrunicnts, almost all the refinements of the subject having 
been originated and develo{)ed within th(i past three centuries. \ et it 
cannot be doubtcid that sonuj of the more striking of the fundamental 
phenomena wei'e obscnwcid and studied in the (earliest times of civilisa- 
tion. If the physical theories of light and vision were subjects too 
|)rofound for their inv(‘-stigation, they could not fail to accpiire some 
knowledge of the laws of the ndlection of light and the formation of 
image.s. The attcmtion of the most careless observ(n' must have been 
attracted with wonder to tin; image of himself depicted in still water : 
a,nd the lellectcal landscape, or the image of a few })iishes on the 
margin of a lake might have afforded to the humblest impiirer an 
assemblagci of obs(;r\;itions from Avhich the general laws of reflection 
could 1)0 (easily inbn'ro.d. 

M(U>allic- miirors, and even glass, seem to have been manufactured 
long b(^fore any of the spciculations of the ancient philoso])hers were 
r(‘corded. They are distinctly imiiitioned in the Old Testament 
(Kxodus and dob). The? invention of burning glasses seems to Inn^ 
spee<lily followcul tlu^ art of glass-making. Aristophanes^ mentions 
them as early as n.(\ 

3. Pythagoras, Empedocles, Plato, and Aristotle. — The sources 
from which light is most (‘opiously dei ived are the sun, stars, and terres- 
trial bodies undergoing combustion or heated to incamhiscence. Such 
bodies we say ai’e srlf-lnmiiious or simjdy while unn-hitninons 

bodi(^s iiie those which arc not visible of tlumiselves, but only when 
illuminatial, that is, when in the ])res(mce of a luminous ])ody. The 
fornuir class w(^ say emit light, while the latter do not. We thus 
distinguish between ImtiinoHs and ilbnuiuntnl bodies. 

Siniph^ as it may a])})ear to us to regard a luminous body as the 
source of some influence, which, acting on the eye, excites the sense 
of sight, much doubt appears to have exist(*d among those who first 
investigated the subject .as to whcthei’ objects become visible by means 
of something emitted by them, or by means of something issuing from 
the eye of the s])ectat()r. According to the opinion of P\^thagoras 

' (y’ /Ar A»-t 1 1. (]»»*rt‘i)riiu‘(l 4*21 r.c.) : Sfrcpsitulcs. liavc^ 

Mi ll at the (lru.L(i;ist’s lliat lino transparent stone witti wliieli lires are kindlei] '! 
Sornffrs. You mean i//as5, do you not ' Strep. Just so. >SW. AVell, wliat will you 
do with that ' Strep. AVlieii a suniinons is sent to me I will take this stone, and, 
plaeini( myselt in tin- muii, I will, though at a distance, melt all the wi'iting of the 
sunnuons. ’ (The writing w’as then traced on wax spread over a solid substan^^) 

I’liny also mentions globes of glass, whieli, when held to the sun, jirodueed eom- 
bustion, and L.ietantius (JOJ A.i>.) states (hat a glass globe, tilled with water and 
held to the sun, eould light a fire even in the coldest weather. 
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(digd 540-^10 HTid his followers, vision was caused by particles 
C 4 )ntiiiually projected from the surfaces of objects into the pupil of 
tlu'. (iye ; ^vhile Empedocles (444 RC.) and the Diatonic school main- 
tained that vision was effected by means of something emitted from 
the eye itself, which, after meeting something else emanating from the 
object, excited the sense of sight. In the theory of Plato ^ thi-ee 
elements appear to have been necessary to vision. First a visual 
stream of light or divine fire emitted by the eye itself. These visual 
rays enttued into union with the light of the sun, and the two together, 
meetiiig with a third emanation, from the ol)ject secai, completed the 
act of vision. 

The doctrine of visual rays, and emission theories in general, was 

‘ . < 111(1 tlie pure fire wliieli is within us and iikin to this tliey (tin* gods) 

made to How tlirougli the eyes in a single, eiitiiv, and .sniootli siibsl.ance, at the same 
time compressing the centre of the eye so as to r(‘tain all the denser elennait, and 
only to allow this to he silted through ]>nre. When, therefore, tln^ hght of day 
surrounds tin*, stream of vision, then like falLs ii])on like, and there is a union, and 
on(‘ body is formed by natural allinity according to the direidion of the eyes, 
^dnu’cver the light that falls from within uumUs th.at which comes from an external 
object. And, eveny thing being alfected by likeness, whatever touches and is touched 
by this stream of vision, their motions are dilfus('d over the whole body, and reach 
the soul, ])roducing that i)eree]>tion which we call sight. But when tin* (‘xternal and 
kindred fini passes away in night, tlien the stream of vision is cut oil'; for going 
forth to th(‘ unlike element it is (dianged and extinguislual, being no longer of om*. 
nature with the surrounding atmos]>h(U‘e which is now deprivcal of lire : the (‘ye no 
huiger sees, and we go to sleep ; for when the eyedids an' closed, which the gods in- 
ventf'd as tin* preserva,tion of the sight, they keep in the et(‘rnal liia*. 

. And now theia^ is no longiu* any didiculty in un(l(‘rsta.nding the creation 
of images in minors and in all smooth and lu'ight surface's. Tin; lires from within 
«‘ind from without (communicate about the snujotlj surfac(i and form one images whi(di 
is vaiiously r(dra(;t(3d. All which idienomima aris(' by reason of the lire or light 
about the face combining with the lire or ray of light about tin* smooth and bright 
surfaces. And when the- parts cd* tlui light within and the light without m(‘«a and 
touch in a manix'i’ contrary to tin; usual mode of meeting, th(*n the right a)(pearst(» 
be loft and tin; left right ; but the right again apj)ears right and the left left, when 
the position of one of the two (;oneui'ring lights is invert (‘d ; and this liaj)jK‘ns when 
the smooth surface of the mirror, which is conv(;x, repels tin* right stream of vision 
to tin; left shb;, and tin; left to the right” (“The Dialogui's of Plato,” vol. ii. 
Tliiutcus, })[;. r)-‘>8, 539, by B. .lowett). 

lie is speaking of two kinds of mirrors ; first the])lan(;, secondly the (;ylindrical. 

Ag.ain, p. 51)1 : “ There is a fourth class of .sensible t hings, comprehending nuiny 
va.ii(;ties, which have now to be dislinguisln;d. They an; called by tin; general name 
of (jolours, and an; a Hanie which emanates from all bodies, and has partieh;s corn;- 

sjKuiding to the sense; of .sight Of the ]>articles ccuning from other bodie's 

which fall upon tin; sight, sonn; arc Ic'.ss and .some are great(;r, and .some are e([ual to 
the parts of tin* sight its(;lf. Those which are equal are imperc(;])tible, or transjiarent, 
as tfiey are called by us, whereas the smaller dilate, the larger contract the .sight, 
having a power akin to that of hot and c(dd bodies on the llesh, or of astringent 
b()di(;s on the tongue. . , . AVlH'n;fore, w(; ought to t(;rm that white which dilates 
the visual ray, and tin; opposite of this black.” 
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comimted by Aiistotle as early as .‘150 I5.c. He Tiiaiiitainecj that Ijg^it 
is not a material emission from any soiiice, but a mere (quality of, 
or action (er€/> 7 €ta) of a medium which he called tln^ pellucid 
(rhar/jai^s').^ 

Althou^b the leasoning of Aristotle was very superficial, yet he is 
entitled to considerabh* credit for his sagacious, though vague specula- 
tions regai’ding the natuni of light and various optical phenomena. 
Il(i may to some extent l)e regarded as having in a haphazard manner 
anticipated tli(i undulatory theory of light, which was established two 
thousand years afterwards by the la])ours of Huygens, Young, and 
Fresn(‘l. 

4. Knowledge of the Ancients.^ — The principal ph(momena of the 
rainbow, halos, etc., had not escajaal the notice of the ancients, who 
class(Ml all tii('se appeai’ances under tin* common denomination of 
mrlnjrs. Aristothi- attrilmted these phenomena to tin; reflection of 
tin*, sun’s ravs tVom drops of I'ain, and observed that a i-ainbow may l.)C 
made by the spiay from an oar, and that in this case it will be visible 

* is tin'll, lul us ln'giii l)y saying, somnlhiiig is pnlhicid. And by 

pellucid is lueaiil sduielliiiig whieli is visible, not visibb^ by itselt’(to sp(*.‘ik williout 
fiirtlier ([ualilieatiou), bul visible by reason of some foreign colour whieli atl’ects its 
neutral jiellueidity. Of Ibis e.liaraeter are air and water, and also many among 
solid bodies, wa, ter and air being pelliieid not in virtue of their i[ualiti('s as water 
<»rair, hut h(*ea.use Ihey hotlieoiitain tin' same eh'-meiit as eoiistituti'-s thcM'verlasting 
Ihujiyreaii esseiiee. Light is then the action {tptpyfia) of* this ]iellue.id r/zor, prf- 
h((‘i<l : and whenever this ]>elluei<lil y is present only jioteiitially, there darkness 
also is present. . . . 'riius \\(3 have shown light to he ju'ither lire, nor liody gi'iier- 
ally, nor even the (‘tlluvium or emanation fi’om any body (sinc*e even in this easij 
it would be a h(»dy ol‘a kind), but only the presence, of lire, or something like it, in 
that vvhii'h is jiellueid ; two bodies being unable to exist at one and tlu^ same time 
within the same s]»aee. . . . Darkness in fact is really the removal of siieh a ])Osi- 
tive (piality fiom what is pellucid, .so that light must necessarily he its ])resenee. 
Ihiipedoeles, therefore, and many others who have I’olhuved liiiii, have not ih'serihed 
the phenomenon eoneetlv in speaking of light as moving itself, and as eoming somi! 
time or o1 luu’ without our knowing it into existema* hetweim tin* ('artli and the. 
surrouiidiug air. . . . And the pellucid itself is also similarly dark, hut it is so 
not win'll it is jtellueid in actuality, hut only so [luteiitially ; for it is one. and the 
same element which is at one lime d.arkiiess and at another tillu^ light. . . . 

‘‘ ( 'olour t hen-tore is unt visible w ithout the presi-nce of light ; this indeed we saw 
was the essential character of colour that it is ealiuilated to si*t the actually pellucid 
ill movement ; and the tull j)lay of this pellucid const itutes light . . . . Vision is t he 
li’sult of some impression made upon the faeiill.y of .seiisi* ; an inijin'ssioii wliie.h 
eainiot he elleeted hy the eolour itself as ]iereeived, and must therefore he due to 
the medium whieli intervenes. An intervening suhstanee then of one kinil or 
another there must lucessarily he ; and wi'ie this intervening s]»aee made empty, 
not only will the ohjeet not he si*eii exactly, hut it will not b(* [lereiuved atcall” 
[An^'fotlr s rsiii.'hnliniji, hook ii. chap, vii., hy Kdwin AVallace, >M.A., Oaiiihridge 
ITniveisity Tress Serii's. Is, so). 

- d/(7rro’, HI), iii. eaj). ii. 
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to a pci’soii who turns his back to the sun in the same manner as in 
the*case clothe natural rainbow. 

Notwithstanding the absurdity of tlie doctrine of ocular hra,ai.% as 
it was cafled, the geometers of the Platonic school were ac([uainte(l 
with two very fundamental ])oints in the science of optics. They 
taught first, that light, fi-om whatever source; it might be emitt(;(l, 
trav(;ls in straight lines ; and secondly, that when it is reflected at 
any surface, the angle made with the surface by the incident beam is 
eepial to that made with the surface by the reflected l)eam. 

AVe thus find them acejuainted with tlie rectilinear pi*opagation of 
light and with the; law of reflection- -the two facts in the senence which 
we would naturally expect to have been first discovered. 

Kpicurus, Lucretius, and the other supportei’s of the (piasi-ten- 
tacular tlieoiy, although they made few or no (;x[)(;rim(;nts, lacked not 
fertility in hypotheses to ac(*ount for the common appearances of nature. 
They all had a (;onfused notion that as Ave may feel bodies at a distance 
by means of a rod, so the; eye may perceive them by the intervcuitioii 
of light. It is very remarkable that this strange; hyi)othesis held 
ground for many centuries, and little or no ])rogress was made; in the; 
subject till it was establisheel on the authe)rity of Alhazen, an Arabian 
astronomer, in the clcA^enth century A.D. that the e‘ause; e)f vision pre> 
ceeds fremi the object and not fremi the eye. 

5. Euclid. -Shewtly after the lime ejf Aristotle the cele))rateel 

geometer Kucliel (‘100 drew up a- treatise on optics, Avhich has 

been handed down Avitli his geometrical woiks.^ Ilowexer, tin; Avork 
is so imperfect and so inaccurate that some have found it difficult to 
attribute it to one Avhose geometry is charact(;i*ised by such perspicuity 
and accurate reasoning. 

6. Ptolemy. — The most celebrated of all the aiuaent Avj it(;rs on 
optics Avas the Lgyptian astronomc]- Ptol(;iny, who flourished about the 
middle of the second century. He treated of astronomical I’cfraction 
and of the inci'casc in the appai'cnt diameters of heaverdy bodies when 
near the horizon, lie also dr(;AV up tables of the Aalues Avhich he 
found for the angles of incidence and refraction of a beam of light 
passing from air into glass and Avater, but he failed to connect them 
by any hiAV, like all the subserpient Avriters of the next fifteen hundi'cd 
years. 

7. Experiment of Cleomedes. — Next to a sti*aight stick apj)eariug 
b(;nt Avhen part of it is immersed obliquely in Avater, the apparent 

^*(Oxlbi*(l edition of Eiu;li<l’s works, 1557.) Ho oiiduavouroJ to refute tlio 
Pythagorean, or omission, theory of light, ami invostigatod tin* aj)])aront plaoi; of 
tho imago formed ])y rollootion at tho surfaco of a ))olishod mirror. 
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elevation of a coin, or any other object, placed at the bottom of a er.p 
into Avhich some water is ])oure(l, is perhaps one of the olfiest exj^eri- 
ments depending on refraction. It has been referred to by the oldest 
optical winters, and es])ecially by Cleomedes, who (oO A.D.) ^ also 
pointed out that, in the same manner, the air by refraction may 
rendei* the sun visil)le when it is somewhat ))elow the horizon. 

8. Previous to Alhazen. — In addition to what has been mentioned, 
the ancients had a 8U])erticial and fragmentaiy ac([uaintanee Avith some 
of th(i ])roi)erti(Js of the rain])ow, mirage, and halos, l)ut limited as it 
was, it far exc(;eded tlieir knowledge of tli(i other branches of physical 
science. Th(;ii* knowhidge of the general nature of refraction and of 
some of its applications was exhibited in the construction and use of 
lairning glasses, whicli were sold as curiositicis in the toy shops, and 
were probably either glass globes tilled with watm* or balls of glass or 
1 ‘ock (!iystal. 

9. Alhazen. — After a long interval of inactivity the science of 
o])tics was taken up and cultivated with assiduity in Aralua. The 
lirst real progress in tin*, mathematical theory was made by Alhazen in 
the eleventh century. He entered into the anatomy of the eye, aiid 
examined the role played by each part of it in the pi*oduction of vision. 
Ihisides accounting for twilight he showed that ly means of the 
duration of it the height of the atmosphere might l)e m(‘asnred. After 
d('.s(*ri])ing tlui eye, he explains how it ha])pens that with two eyes we 
s(?c only one obj(H:t, and that we se(5 (^ach ol)ject, however small, nob 
by a singhi lay of light (as was at that tinui supposed), but by a com^ 
of rays })roceeding from the object to the eye. 

Alhazen treated larg(*ly of (ijitical (IrO'pfions^ both in direct vision 
and also in vision by reflected and refractcal light. In this class of 
phenomena lie ranks what Avas known as the }wri:viif((l moon : that is, 
the ineiease in the apparent magnitude of the moon, or any other 
celestial object, when near the horizon. In explanation of this pheno- 
menon he says that we judge of distance by comparing the angle under 
Avhich we see an object Avith its supposed distance, so that if the angles 
under wliieh tAvo olijects are seen b('. nearly equal and if the distance 
of one be conceived gr(*ater than that of the other, the more distant 
o]>jt‘ct Avill be imagined the largei-. But the sky near the horizon, he 
says, is ahvays imagined farther from us than any otlnu- part of the 
concave surface, on account of the range of inteiwening terrestrial 
objects by Avhich Ave judge the distance.- 

' (^ijdu'ol Thi onj of Mclftn'S stoni). * 

Thi.s ju-couut of tlu^ liovizoiital iiiooii Bauoii attriluites to Ptoltsiny. As such 
it is objected to by B. Porta, Ik Jiejmetione, p]). *24, P28 (Priestley’s ffisfuri/). 
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• Although the work of Alhazen may have been founded on that of 
Ptdlemy, f et he made such a decided advance in the theory, that for 
frve hundred years or more he was recognised in Europe a.s the chief 
authority on the subject. 

10. Vitellio. — In 1270 Vitello or Vitellio, a native of Poland, 
drew up a treatise on optics ^ less prolix and more methodical than 
that of Alhazen on Avhich it was founded.- Vitellio attributed the 
twinkling of the stars to the motion of the air in which the light is 
refracted, and he remarked that the twinkling is increased Avhen tluiy 
are viewed through water in gentle motion, lie also compil(*d a 
ta])le of the angles of incidence and refraction of light at the surface 
of water and glass, of much gi-eater accuracy than that previously 
given by Ptolemy. 

11. Roger Bacon. — Contemporary with Vitellio was our country- 
man Roger Bacon, a man of extraordinary genius, Avho wrote on almost 
every branch of sciences, yet notwithstanding tlui pains ho took with 
the subject of optics, lie (lo(>s not appear to have made any advance in 
the theory which Alhazen had already laid down before him. Great 
ifs Jkicon undoubtiRlly was, he was far from being free from the 
prejudices of his predecessors and contemporai'ies. Some of the 
wildest and most absurd of the speculations of the ancients had 
the sanction of his appr’obation and autliority. 

The invention of the magic-lantern has b(jen attributed to Bacon, 
l)ut it has been much disput(Ml whether he was acApiaintcd with tele- 
scoj)es. Certairdy if he was una(*<piainted with spi'ctacles, telescopes, 
and microscopes, he anticipated their invention in language more than 
prophetic. ’ 


' PuMislKMl by l\i Slier ill ir»72, with wurk nl* Allia./(*n triiiisbiled tVnin tin* 
Arabic, iindor tin; litle Tltma nnis Has. 157‘2. 

- Vibdlio is said to liavoat lirst denied that he liar] any knowledge, of llie \v«)rks 
of Allii/en, Init lie after \va,rds retratded this denial and aeknowleil^ed biinseir a 
discipb' of the Arabian [ihilosopher. 

ft(; says : ‘‘ If the letters of a book, t>r any ininiite. obj(‘,(d. be. vi(^^ved throiii^di 
the b'sser s(\t;nieiit ol‘a i^lass sphere or crystal, whose jdane ba,se is laid ii]ion tluan, 
they will ajun^ar tar betti’r and larger . . . and theretbre. this inslrinneiit is useful 
to old men, and to those wdio have, weak eyes ; for they may see tlui smallest letlei's 
sullieiently iiia.^uified.” And a«^ain : “(Jreatea- thin<^s than the.s(‘ may be performed 
by refraet(‘d vision. For it is easy to understand by the canons above mention(‘d, 
that the i^reatest thin.iijs may api>ear excaiedin^ly small, and on the contrary ; also 
that the most remote objeets may a])])ear just at hand, and on the contrary. . . . 
And thus from an incredible distaiuio Ave may read the smallest letters, . . . And 
thus a boy may a])])tiar to be a giant ainl a man as big as a mountain. . . . So also 
the*siin, moon, and stars may be made to descend hither in appearanci; . . . and 
many things of like sort which would astonish unskilful jicrsons ’ (Opus Mujus, 
.Tebb’s edition, p. 377). 
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12. The Introduction of Telescopes.— Although it would appear 
from the writings of Bacon, B. Porta, and others, that th^ propefties 
of some form of telescope were known or suspected, yet the construc- 
tion and practical applications of the instrument do not appear to have 
been known and ])ublished prior to the year 1608 A.D. If known 
before this date, the instrument was probaldy the secret possession of 
certain individuals who employed it in the demonstration of “natural 
magic.” 

Lik(i many other discoveries, it is proba))le that more than one 
])erson had hit upon the idea of the tclesco[)c, and had constructed 
simple forms of the instrument for their own amusement and “curious 
practic(‘s ” ])efore any public record of the invention was made. For 
this reason it is not surpi-ising that the eaily history of the instrument 
should have been the su])ject of a lively debate, and that tlui invention 
should have been ascrib(‘d to ditterent persons and claimed in dilfei’ent 
countries. The first p(‘rson, however, who seems to have independently 
constructed a t(?leseo])e, aiid who at the same time pul dished his dis- 
covery, was Hans Lippershey, a spectacle-maker of Middelburg, in the 
year 160S. * 

No small share of honour in this matter must be ascribed to 
(ialileo,‘ who, in the following year (1609) (having merely heard that 
the Belgian sjx'ctacle-maker had coiistructed an instrument by which 
distant objects weie made to appear nearer and larger), at once set to 
woik and indo))endently*construct(Hl a telescope for himself. With 
such skill and ability did he apply himself in this matter that in 1610 
he finished an instrument of such excellences that it revealed the 
satellites of Ju])iter, and thus broke the dawn of modern astionomy. 

It was Kepler ( lb? 1-1 630), however, who first reduced the theory 
of the telesco])e to its true principles, and laid down the common 
rules for finding th(‘ focal lengths of simple lenses, and the magnifying 
powers of telescopes. 

13. B. Porta— Camera Obscura. — At the end of the sixteenth 
century John Ba])tista Porta (1 0-15-16 15), a Neapolitan philosopher 
and famous collectoi* of mysteries, published his Magia NafuralL'^. To 
him the invention of the annrra obsruni is due. He remarked that if 
light be admitted through a small hole in the shutter of a darkened 
room, external objects will l)e clearly depicted on the white wall, in 
their natural colours ; and he added that if a convex lens be placed 
at the a])erture the objects will appear so distinct as to be immediately 
recognised. 

^ c 

14. A. de Dominis— The Rainbow.— In 1611 the true theory of 

^ Open', ii. ]>. 4. 
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the primary rainbow ^ was at last arrived at by Antonio dc Dominis, 
archl)ishop of Spalatro. lie showed that one reflection and two 
refractions in the drops of rain were siiflicient to bring the rays which 
formed the bow to the eye of the spectator. This explanation was 
either verified or suggested by viewing a glass globe filled with water 
and exposed to the sun s rays under the same circumstances as the 
<lrops of rain. Both the primary and secondary bows w(n*e afterwards 
explained by Descartes - on mathematical principles. 

15. Snell and Descartes. — The next great step was made by 
Willebrod Snellius.'^ About 1621 he ascertained that when light falls 
upon the surface of a refracting medium, such as glass or water, the 
sine of the angle of incidence bears a constant ratio to the sine of the 
angle of refraction.* He die<l, howevei*, in 1626 without having 
pul)lished his discovery. The law of refraction has been consequently 
often attributed to l)escart(5s, who first pul)lished it in the above form, 
but not, as Huygens states, without having previously perused the 
papers of Snell. In his investigations concerning the rainbow Descartes 
also neglects to mention how far lu; was indebted to the previous 
<liscoveries of Antonio de Dominis. 

The speculations of Descartes on the nature of light l)ear some 
resemblance to those of Ai'istotle, and it seems indeed extraoi'dinaiy 
that after the lapse of so many centuries, during which the attcmtion 
of many celebrated philosophers was concentrated on the subject, no 
real progress had been made in the physical theory of light. Dcscart(\s 
imagined light to be due to a pressure transmitted instantaneously 
through an infinitely elastic medium filling all space, and colours he 
attributed to a rotatory motion of the ])articles of this nuidium. 

16. Newton and Grimaldi. — Tt was still supposed that eveiy re- 
fraction of light actually produced colour, instead of merely separating 

^ /k’ ntiliis risiis et, Luc Is, ItHl. 

“ Spec. Mrfcortim, clicij). viii. Pi'otV'.ssor of Mat lic-iiiJitics at Lryd^ii. 

AUliou^li tables of the aii«fles of iiioideiua; and relVaetion I’di- ,j^lass and water 
liad ])eeii constructed by l*toleiny and Vitedlio, tlic jdiilosopliers who studied them 
tail(‘(l to discover the law of retraction wliicli lay bidden in tbeni. Even lvepl(*r 
(^Vamletjoiucmt ad VitcU ioneni ^ 1601) laboured nnsuccessrnlly to dtn’iva^ it Iroin tin? 
tables of Vitedlio. 

Snellius observed that if the refracted ray and the incident ray continu(*d through 
the point of incichniee be int(;rcepted by any liiu? ])arallel to tb(‘ normal to tin? sur- 
face at the ])oiiit of incid(;n(.'e, the length of the iiitcna‘t)ted j»ortion of the refracted 
ray is in a constant ratio to the length of the intercepted jKU'tion of the incident ray. 
The form above, in wliicli it was publi.shed by De..seartes, is ni(?rely the trigonoinet ideal 
statenumt of the law arrived at by Snell. 

* It is remarkable that the law of refraction in its most imjnoveil form was arriv(?d 
at inde]>endently by our countryman James ( Jregory. Idi? is tln^nd'ore entitled to 
as mueli lionour in this matter as Descarte.s. 
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tho colours already (ixisting in ordinaiy white light, but in IGG^ 
Newton made the important discovery of the actual efisteiice* of 
colours of all kinds in solar light, which he showed to be no other 
than a compound of tlu^ vaiious colours, mixed in certain proportions 
with (^ach other and capable of bcnng separated by refrac'tion of any 
kind. 

Whilst N(iwton was making his earliest expciriments on I’efraction 
(Irimaldis ti’ciatise on light* appeared, containing an ac('ount of many 
int(‘resting (*xp(Miments on tlu^ elVects of dijlnirfion, wliich is thi*. name 
lie gave tn a small spreading out of light in every dii’ection ii])on its 
admission into a darkened chamlxir through a small aperture. This 
spi’eading out (or injhrflnn, as Nbnvton called it) of tluj light shows 
lhat light do(‘s Ixaid I'ound coiners and (hiviatij from tlui rectilin<‘ar 
jialh lik(^ sound, but to a very small extimt, and it forms the subjcict 
of om*- of the most important branches of jihysical optics. Grimaldi 
obs(‘rvi*(l that in som(‘ instances the light from one aperture tended to 
<‘\tinguish that from anotlua-, yet it cannot be admitted, from the 
natures of his (‘\{)(*rim(‘nts, that he ever observed any true cas(‘ of the 
iMterf(‘r(‘nc(^ of light. 


‘ rh I sirit-Mitflusis Lifmith', lioiion., 
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Se(T1()N TI. — Discovery oe the Velocity oe I.kiht and 
Develoilment oe the (N)Ki>i:s(tjlar Theory 

17. Romer — Finite Velocity of Light.— A lunv eni in the liistory 
of optics Wcis registered l)y the Danish asti*onomer Olaus luhner, who 
in 1070 made one of the greatest discoveries in tlie history of tlie 
science — that of tlie })ro[)agation of light in time.^ loaner was led to 
tliis discovery hy a sei'ic's of careful observations on the eclipst^s of 
»Jupiter’s satellites. Each sat(dlite, as it revolves I’ound tln^ [dainjt, 
disappears behind Jiijiiter and is hiddmi from view, or ecli|)sed, as 
long as th(^ opa(|U(‘. body of the planet is between ns and the satellite. 
As the periodic time of the satellite is small, its motion is rapid and it 
disappears almost suddenly, so that the interval of tinu' bi‘tw(‘en two 
succ(‘.ssive eclipses can be estimated with tolerabh‘ pi’ceision. If this 
^leriodic time be known, th(‘. dates at which successive eclipses will occur 
can be tabulated beforehand ; but Ib’imcr found that the observcMl 
times of eclipses did not agree Avith thos(^ calculated in this manner, 
but that certain inequalities occurred which could be satisfactoi'ily ex- 
plained only on the su|)position that light tr.*ivels with a tinite velocity. 

In order to fix our ideas, let us suppose the earth to Ixi stationary 
and that Jupitei* is also fixed, a.nd tha,t tlu^ satellite under obs(n*vation 
moves round it uniformly with tin' p<‘riodic tinu^ T. l iider thes(‘ 
circumstances the smaajssive (iclipses will follow each othei* iHigularly 
at e(pial intervals of time T. (.)n the otlnu* hand, if the earth moves 
away from »lupitei‘ with a givnm velocity so that- tin* distance between 
them increas(?s uniformly, then the interval of time b(‘tw(‘(‘n two con- 
sei'iitive eclipses, as observed from the eaiTh, will be incrt*a-s('d from 'F 
to T -f T, where r is the time re(pured by light to traverse tin* distance 
])assed ovau* by the earth in the time T ! r. So also, if the (‘arth 
appi'oaches Juiiiter, the time between two eclijises will b(* diminished 
in a similai* manner. Now, on account of thcii* motions loiiiid the sun, 
the distance betweam the earth and dupiter increases during one part of 
the synodic revolution and tliminishcs dui'ing tin*, remaimha-. In the 
former part the periodic time T Avill ha\'e an Jipparent iina-ease, and in 
the latt(n‘ a decreas(i. This increase and decrease was found by Kiinnu’ to 
d^iend on the rate at which the earth is receding from or a])pioaching 

’ Alacli, Voimhtr Lrrftnrs , p. r»‘J. 

- ///.S'/, et' Mvnt. X. p. :n)P. rji, Tr . 1H77, xii. }>. S9:L 
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to Jupitci', and th (3 inevitable conclusion was that light is ]jropagat^l 
with a finite velocity^ 

Tin; v(ilocity so deterniincd was about 1!)2,000 miles per second. 

(Considering tlie enormous rate at which light travels, it is not 
surprising that (ialileo and the Academy del Cimento should have 
sought in vain to det(;rmine it directly. In I’cccnt times, however, 
iiKithods of e\tr(;ni(^ ingenuity have been devised by Fizeaii (1849) 
and Foucault (1850) for tliirrlhf measui*ing the velocity of light in air 
or any otlun* tr’anspanmt medium. These methods will be fully de- 
sci'ibed in the s(‘(juel (chap. xi\.), and the results leaver no doubt as 
to the liniO; s))e(Ml of light, and fix it at about 180,000 miles, or 
:f00, 000,000 m(‘tres ])er s(‘cond. 

18. Bradley. For ne/irly fifty years after* the disco vei*y of Rorner 
no furtlun* (^videncr^ was adduced to show that the propagation of light 
was not instantaneous, and the- r(‘sults arrived at by tlu; Danish philo- 
soplna* wei*e doubted, if not dmiied, in many (juaitcrs. Jlowevel^ in 
17:28 Hi*adley“ discov(‘red what is known as the (ihciralioH' oj 
wliicli, like many otlua* gnjat diseovei‘i(‘s, was made wlum the author 
was in pursuit of anollna* imjuiiT. rntending to ver*ify some of I)i\ 
Hooker's observations on the parallax of the fixed stars, h(‘ ol)soi*ved 
th(^ star y Draconis at Kew in 1725, and found that it was moi*e 
soutliei’ly than it had ajrpeared before, and on cai*(‘fully observing it, 
and otlnn* stars, foi* a long tiim^ he found that they all had an a])]>arent 
motion in s|)ac(‘. After much sp(‘culation as to the cause of this 
apparent motion Ik* iinally succeeded in solving tin*- difliculty by 
taking into account tin*, motion of the earth together with the fact that 
light is proj)aga.t(*d with a finite velocity, and the I’csult of his calcula- 
tions gave a valm*. of this V(docity agreeing fairly well with that- 
arrived at previously by Ib'nner*. This showed that the dii*ect light of 
tin* fix(Hl stars ti’avelled with tlu^ same Aclocity as that rellectcd from 
tin* satellites of dupittn- (see fuj’ther, chaj). xix.). 

19. Energy: its Conservation and Transmission. -When a 
material |)article is in motion we say it possesses .a c(*rtain store of 
energy, which we tei*ni kinetic, meaning that this energy is due to the 

‘ The tiiiK' tnkcii l»y liiclU to tiavi‘1 ovri‘ tlirradius of ilit*- t'arth’s oi'bit is a])out 
oOO sc'cond.s. n<nnor’s fst iiiiati' was iniirli too (dovoii iniinitcs. That 

llio iiuMjualit ios notir(‘(l in tin* (vlipsos of .lupitor’s .satollitos iiii.i;lit ariso Iroiii tin* 
linito spi'cd of li.L^lit was admitted wIumi Riinior jiropoiiiah'd his views, l)iit never- 
tlieh'ss it was (.'ontested that the ol»served inequalities might he, due to want of 
nnihn’niity in tlie nioiion of the satellite itself. This objeedion is legitimate, and 
tin* asl rononiieal methods alone do not place the question beyond doubt. ^11 
iiiK'ertainty, however, has bctni removed by tin; t(‘rrestrial nudhods devised by 
Ki/t‘anand Koueanlt. - 77/. 7V. 1728, xxxv. p. 
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motion of t^he body. The particle may give up part or all of its energy 
tp another, by collision or otherwise, but when any such transfeninc(i 
takes placp, the amount of energy gained by one particle is the exact 
equivalent of that lost by the other. If the energy of motion of any 
body or system of bodies augments or diminishes, the energy gained 
or lost must have l)een abstracted from, or given to, some other 
system. In this respect energy is like matter. The amount of it in 
any system can be augmented oidy at the expense of some other 
system. That is, energy, like matter, cannot be created nr destroyed 
by any machine or process at the disposal of man. All working 
engines and animals ai-e mere machines for converting energy from one 
foiin to another, or transferring it from one system to another. It is 
in this sens(; that we speak of the cons/rnifioti a/ riirnff/, or the 
permanence of energy, just as we speak of tlui conseiwation or inde- 
structibility of matter. This idea of the impossibility of creating oi* 
destroying energy, that is, of its ever disap])earing in any system or 
form without appearing in ecjual quantity in some othei* system or 
Jprm, underlies the whole l)asis of modern physics, and forms its 
groundwork, just as the postulated permanence or indestruetibility of 
matter forms the foundation of modern chemist ryJ 

Now tlujre ai*e two methods l>y which we may conimunicat(‘. energy 
to a ])ody at a distance — take, for example, the case of a ship at sea. 
We might fire bullets into it, each bullet (‘arrying a store of energy 
which it deposits in the ship when it strikes it. V>y this means we 
might set the ship in motion. But there is another nuRhod liy which 
energy may lie communicated to the ship. W e may use th(i water oi* 
medium in which tin? ship floats. may spend our energy in 

exciting waves in the water. These waves tiavelling outwards will 
break upon the shi]) and set it in motion, thereby communicating a 
part of their (mergy to it. 

In the former method each bullet acted the part of a messenger 
carrying a certain caigo of energy from the p(*rson or machine that 
projected it to the ship. Here we have a transference not only of the 
energy, luit also of the matter which carri(;s it. In the case of the 
waves, the energy is handed on in succession fi'om one })ortion of the 
water (or nuidium) to the next, while any element (i the water meiely 
oscillates about its position of rest. We have thus a flow of eneigy 
through th(i wat(;r which atfoi'ds it a means of transit. 

As another example of the transmission of energy through matter, 
wefmay consider the case of a mass attached to one end of a rod or 

^ Tliis sul)j(;f.t is treated of more fully in the. author’s 77(r<tr;j of ('hap. I. 

Section V’ll. 
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ropcj. When the other end is Indd in llie hand and tjvistinl, ^the 
attached ])ody will rritato so as to frea; the rod tVoin torsioii. JIei;e 
the en(?rgy su|)]>lied at one end is ti-ansinitted along tlie uxl to the 
mass at the otlier. There is a tlow of energy along the rod. 

Jl(‘ii(;e if hy any m(*ans we obtain energy from a source situated at 
a (listMiKx*, we, are forcxxl to secik for the A’(‘hi^-1(‘ by which it is con- 
veyed. Father mxtt(‘r has come to us from the source, carrying tin; 
energy associated with it, as in the case of |)el]('ts tired from a gun, or 
els(i th(*. (aiergy has Ireeii successively propagattal tlirougli sonui medium 
(existing b(^twe<;n us and tin*, source. The ])roba,biIity of the (lis(a)very of 
otli(‘,r met hods of the ])i‘o})agation of e,ncrgy,oi‘ even the possi])ility of con- 
ceiving souh*, n(‘w method is ])er]ia])s a s])C(;ulation of a, purely visionary 
chara,ct(}r, and is certainly ))(‘yond our gi-asp at ])res(mt. It is well, how- 
ever, to k(‘(‘p our minds ojreii to the fact that there may be nuithods of 
which W(i have no direct (vxp(*rience, and of Avhich w(‘ may, or may not, 
Ix'come cognisant as our knowhxlge of the, matei‘ia,l universe incr(?ases. 

20. Two Modes of Propagating Energy — Two Theories of Light. — 
It, liaving b(M‘n ju’ovcxl tliat light trav(ds Avith a finite vtdocity, and i^ 
being acc(‘,|)tcd that a luminous body, as such, is tluj sourc(' of some 
ni(‘chafd('al inlluence which w<^ call light, a.nd whicli is n(‘cessary to 
vision, a,nd above all that tlie, ]>henomeua (.)f light and h(‘at ar(i iiiani- 
bsstations of eiungy, tin* (|U(‘stion arises as to how and where this 
energy (vxists during the int(U*\al Ixdween tlie instant it leaves the 
luminous body and tiu^ instant it rc'aches the obsiu vei*. Thus light 
(or heat) r(*(juir<‘s about eight minutes to luvich us fi'om the sun ; how 
and Avhere is this emugy stoird during the transit, and l)y wliat 
means is it (ransmitti'd from the sun to us'? Direct action at a dis- 
t:inc(‘, is out of tlie <jiu‘stion. We cannot conceive of emugy disappeai- 
ing at tlu^ sun an<l reappeai’ing at the eai’tli after an interval of eight 
minutes without having }>e<*n pr*o[)agated continuously in the interval 
through the intervaming space. 

In th(‘ pri'simt state of knowledge we ar(‘ aciiuainted with (uu'rgy 
only as associated with matter, so much so indeed that matter 
has biam defiiu'd as the vehicle of energy. ( V)nse<piently two dis- 
tinct and inti^lligibh^ methods of reprvsonting the propagation and 
nature of light have been conceived. The first (the emission tlieory), 
which was i‘laborated by Newton, assum(*s that a luminous liody, as 
such, continually emits small particles, or luminous corpuscles, of 
extieme minuteness in all <lirections. These jiarticli's are projected 
from the body and travel through space witli the velocity of li^^ht, 
carrying with them their kinetic energy ; that is, their energy of 
motion. This tlieory aceounts at once for such general phenomena 
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the i*ectiliiiejir propa 2 ;ation, and reheetion, of light ; ])ut some of its 
epns(‘(|iiences are (]nite inconsistent with o])served facts. For insta]ic(% 
the doctrine as ordinarily expounded has led to tlie conclusion that 
light should travel faster in the denser media, lik(‘ water and glass, than 
in the rarer less refiacting media., such as air, while experiment ])roves 
the i-everse. This and otlier facts which it has failed * to explain have 
])eeii satisfactorily accountcal for ])y the second tht'orv (the wav(‘ tli(*oi‘v), 
which supposes light to due to a ])eriodic disturhanc('. in a nu'dium 
existing hetweeii the luminous body and the eye, and perim^ating all 
s})ace. This hy])othetical medium is called the rflin\ We are not directly 
cognisant of it hy any of our senses, such as touch, taste, oi* smell, hut 
nevertheless from the phenomena of light (and (‘lectricity) we cannot 
hut he convinced that such a medium exists, and thaid\s to tlui labours 
of scientific men, our knowledges of its ]>ropcrties is rapidly iiK'i’csasing. 

According then to the second theoiy -known as tin' // e/v Thrortf 
— a luminous body is th(‘. source of a distui'hance^ in the ether, which 
is propagated in waves throughout all space. These waves falling 
upon the eye excite, the sense*, of vision. 'Khey travel witli the N clocity 
e)f light, anel carry eneu'gy from the he)ely which pre)eluce5s themi to that 
hy which they are ahsoiTexl. 

Jlefore^ procee‘eling te) the history and eievele)[)mcnt of this theory, 
which is that now universally ace*,epteel, we shall first glance at the 
emission theory and se^e how far it will ae;ce.)unt. foi* the faels. 

21. The Corpuscular or Emission Theory. 'This hypotlH‘sis 
assumes that the sensatie)n proeluce*d by light is due^ to a me'e^hanical 
action on the retina. It formally stat<5s that a luminous he)ely (‘in its 
minute particles- which ly their impacts on thei re‘tina causes tln^ 
sensation eif vision. Very fenniidahh* e)hje*ctions to it are pre‘sent(‘d at 
the outset. For coipuscles moving Avith such an inimcmse Aelocity as 
1S(;,0()0 miles per siH'ond would have an (uiormous momentum unh'ss 
their mass Ix^ small h(*yond all conception. Now an exc(‘edingly large 
numlxur of these particles may he madi* to act together by concen- 
trating them in the hxuis of a lens or mirror, and th(‘ resultant effect 
of tluui* impuls(‘s might he exp(*cted to heconn* visible^ when subjected 
to the lest of (ixpei inie.nt. 'Khis ajijiarimtly easy test of the materiality 
of light AA^as appealed to ly many philosophm\s. The ellects they 
observed Aveie probably due to extraneous caus(\s, such as diaughts 

' Most ol' tliosoditlicultios inny lu* ov(*n*oim*. Uy introducing suiliildc hy pot lii*scs 
conctM-ning tlic natun* of tlic coj pusch-s. 

“ Arc* not rays of light vrry small bodies <‘inittr(l from shining suhstam-es 
For sixdi bodies will pass throiigli nniform nH*dinms in right lines Avit bout lamding 
into the sliadow, whieh is. the nature of the. rays of light ’ Xewton, Oy>///*/’.s*, ]) 0 ()k 
iii. (.>u. 2h). 
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cuus(‘(l l)y iner|iuilities of temperature, and it is now universally 
admitted that no effect of the wijnih(' of light has ever l)eeri perceived.^ 
The motion excited in the well-known delicate radiometejr of Mr. 
(Jrook(5S is attributed to other causes, and it is to l)e remendjered that 
in (ixperiiiKMiting with this instrument the vane hist moves towards 
the light, indicating an apparent attiaction ; and it is not until 
rar(*fa<.*tion is pushed to a certain limit that the motion of the vane 
is rev(;rs(Hl and exhibits an a])parent rtipulsive action of the light. 

This is not the only diiliculty which besets the theory at the very 
beginning, foi* w(*. have seen that the light of the sun is ])r()pagated 
with the sauK* velocity as that of the fixed stars, and that which comes 
directly to us from these; bodies travels at the same; rate as that which 
is rell(‘c.t(;d by n, pla!i(;t or its saUdlite. The speed of propagation 
would th(‘r(dore aj)pear to lx; independent of tin; luminous source, ;is 
w(‘ll as of any subs(Mpi(*nt modifications which the light may undeigo 
in the? c(;lestial s])a(;es. Now the emissive foive reejuired to ])roj(‘ct 
ni;iterial ])articlc‘s with the velocity of light is calculated to be oven* a 
million of million times greater than the force of gravity at the earth's 
surface, and even though this ])i-odigious force w(;re the same for the 
various independent liodies of the universe, Laplace has shown that 
if the diam(;t(‘r of a fixed star were 250 times as laigi; as that of our 
sun, its (hmsity being th(‘ same, its attraction Avould bi* sufficient to 
<lestroy tin; whole momentum of the emittcal mohaades. M. Arago 
ingeniously esca[)(;s this diiliculty by admitting that tin; molecules may 
lx; projected with vmy dilleiamt velocities, but that thei'o is only one 
velocity which is adapted to excite the sense of sight. 

22. Reflection. — According to the theory of emission each lumi- 
nous moh'cuh; travels in a right line through a homogeneous isotro])ic 


medium. 

MX (Fi'k. 

2Vf\ 

/ m ' 

P -A 

Q 



-U.'tlr 

•tioiiura la;j;ln Moircuh* 


let Al> be a rellecting surface. As soon as 
tin; moh;cule comi‘s within a cei’tain very 
small distance fi’om the surface, indicated 
by the line L(^), it begins to experience the 
rejxdsive or n‘flecting action of the surface, 
ddn; velocity of the molecule at PQ may be 
resolved into two components, om; parallel 


to Al> and the, other })ei*pendicular to it. The fornu;r component 


‘ Tlio (‘xp(‘rini(‘iils of ^Ir. r>eiim*t sotan to divide tliis A sUaidcr straw 

WMs su'>|'iMidt*d liorizoiitalJ y l»y mrans ol' a .singli* lil)r(^ ot’a s]»idi‘r’s tliivad. To one 
I'lid of ihisdidiratidy suspended lever wasattaehed a small ini'ceof white pajx'r^aiid 
the whole waseiielosiMl in a glass vessel, rrom whieh the air was witlnlrawii hy an air- 
pnm]». The sun's rays were then eoneeiitrated ]»y means of a large lens and allowed 
to tall on th«‘ )>apiT, hnt without any ]*ereeptible elVeet” (Lloval's Jl'acr Thrur}i), 
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is*unaltered by the action of the surface, while the latter is at first 
diminished and then rcvei'sed, so that the molecule riRires from AH 
at N' witli^tlui same speed as it approached it at N. As soon as tlie per 
pendicular component begins to diminish under the rellecting action of 
the sui’face the path of the molecule (at ]S') begins to curve, and when this 
compommt is reduced to zero tlie path of the molecule is ])arallel to the 
surface. AfUu* this point the repulsive action of the, surfaces will be the 
vsanie as before, and the route of the molecule will be along a curviMl 
path to N', Avhile at N' it retires with its velocity ixu-pendicular to tlu‘, 
surface reversed, and its velocity parallel to it unalHu-ed. The molecule 
therefore emerg(;s at N' fr(!e- from the influenc(' of the surfa(.*e in a 
direction X^iVT, making an angle with tlu'- surface C([Ual to that made 
with it by MN. Thus the th(M)ry accounts easily for the law of riHlec- 
tion, just as it is deduced for the reflection of a ])erfectly ('lastic sphere. 

23. Refraction. — To deduce the law of refraction from a rai-(; to 
a (l(ms(U‘ medium it is assumed that when tlu*. nK)lccule comes within 
a very small limiting distance (l‘(^)) (Fig. 2) 
of the surface of separation Al>, it begins 
to be attracted towards the surface so that 
its coiii])()nent velocity ])er])endicular to 
the surface gradually inci’ea,ses, till it 
reaches a limiting distance (F'Q.') on the 
other side of the surface All. It then 
])roceeds in the new medium in a right Ki'iiucinm oi a li-iil M^uruir. 
line X'iVT, tlui velocity parallel to the siud’axa' iHunaining the, same, 
wliile that ])erp(mdicular to tlu* surface is inci‘(‘as('d by an amount 
which is indepemdemt of the angle of incidemai, but which varies foi* 
<lifler(mt materials. bet th(‘, vidocity along MN be r and tin? angh‘ 
which MN makes Avith the normal i (the angle of incid('nc(‘). Then 
if the velocity along N AF b(i r and the angle ))(‘tw(uni it and tln^ 
noianal r ((*alled the angle of refraction), we ha\c fi'om the consta,ncy 
of the velocity ])arallel to tlie surfaci'. — 


The sine of the angle of incideiufe tlunad’ore bt‘a.rs a constant ratio to 
the sine of tin', angle of I’l'fraction.*^ This is tin; hnv of refraction ; 

' It tli(' wiM'c M'N' in tin* lolVacl in;;’ incdiani, tlaai 

ill approaching^ tin; siii-tacc AU it would as hctoi-i? hi* attiacird towards the inori! jc- 
ti'act^n^ medium, so tliat its component velocity perjieiidicidar to the surlacc wouhl 
he diniinisln*d by the attraedion, and after traversing the curvi* N'N, it wouM 
cimirge into tlie second medium iu the direction XM, making an angle with the 
normal greater tliaii that made hy M'XT'. 
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and the fomiulci shows that if i be greater than r then greattSr 
than That is, the velocity of light in denser (more refracting) 
media is greater than in rare (less refracting) media, for know by 
experience that the ray is bent towards the normal (as in Fig. 2) in 
passing from a rare medium, such as air, to a denser medium like 
glass or water. 

We luire !*oaeh a crisis in the emission theory, for it has been 
proven! beyond doubt by dimi experiments on its ^'elocity that light 
tiavels faster in a rai’c medium like air than in a denser (more refract- 
ing) nuidium liloi water. The emission theory is therefore untenable, 
and the wave tluiory, which has not oidy successfully explained, luit 
even anticii)ated the results of experiments, has ])eeri universally 
adopted.* 

24. The jH'itiKt fan(> (widence in favour of the emission theory is 
\'(ii'y considei’a])le. In the first place it readily accoujits for the recti- 
lin(!ar pi’opagation of light, which at first sight looks more like the 
motion of projectiles than the propagation of undulations which have 
n temhmey to spr(iad out. Then it lends itself at once to the explana- 
tion of rays and shadows, while the aberi*ation of light is an immediate 
deduction. The so-called rectilinear propagation of light was the great 
dilliculty which the early supporters of the wav(5 theory had to face, 
and the account of it remained in an unsatisfactory state till the time 
of Young, a hundred years after the time of Huygens who sought for 
its (explanation in certain speculations as to the ultimate constitution 
of the ethei*. That no further progress was mjide until the time of 
^'oung has been attrilaited to the great impulse given to the study 
of the. motion of partiedes under the action of known forces l)y the 
grand discovei-ies of Newton, whi(ih diverted the attention of men of 
science into that channel i*ather than to the study of the pro])agation 
of undulations. 

^^'ith regard to the emission theoiy Sir (t. (I. Stokes says : - 
“ Surely tluj subject is of more than purely historical interest. It 
teaclies lessons for our future guidance in the pursuit of truth. It 
shows that we are not to (‘.xpect to evolve the system of nature out 
of th(^ depths of our inner consciousness, but to foll(3w the i)ainstaking 
induct iv(i method of studying the. phenomena presented to us, and be 
content to learn new laws and pi-operties of natural objects. It shows 
that we ai*o not to be disheartened by some preliminary difficulties 
from giving a patient heai-ing to a hypothesis of fair pi'omise, assuming 

• 

* Tliis (liHiculty ii) thi* tlnM>ry may he .siirmouiitiMl l)y a suita))l(' Ijypotliusis eon- 
fi-niiiig tli(‘ sn-uall('(l niKss ot'th** luminous corpus(*]<;. 

- Hu met f Lretures ou la-otuiv I., deliven'd at 1888 
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(ft course that those difficulties are not of the nature of contradictions 
between tl^e results of observation or experiment, and conclusions 
certainly j:leducible from the hypothesis on trial. It shows that we 
are not to attach too great importance to great names, but to in- 
vestigate in an unbiassed manner the facts which lie open to our 
examination.” 

25. Newton’s Theory of Fits of Easy Reflection and Easy Trans- 
mission. — The existence of both reflection and refraction at the surface 
of a transparent substance presents at first sight a great difliculty in 
the emission theory, for it is not easy to conceive how the same 
surface may at one time reflect and at another refract an impinging 
molecule. To meet the difliculty Newton was led from his obscn’va- 
tions on the coloured rings of thin plates (chap, viii.) to endow the 
luminous corpuscles with periodic jfliases or fits, as he terms it, of 
easy reflection and easy transmission, so that sometimes they are in 
a condition to be reflected, and sometimes in a condition to be re- 
fracted at a transparent surface. To communicate these fits to the 
luminous corpuscles he imagined all space to be filled with an all- 
pervading medium or ether. The lurninoTis corpuscles, on sti’iking a 
reflecting or refracting surface, excite waves in this ether which over- 
take them at regular intervals, and assist or oppose thcii* motion 
periodically, so tliJit at aiiy new surface they are refracted or reflected 
according as the wave assists or opposes the corjmscle. The element 
of periodicity thus so ingeniously introduced, and which is so funda- 
Tuentally involved in a wave motion, we should naturally expect to 
be independent of the angle of incidence. However’, to reconcile the 
theory with his observations on thin plates, Newtorr fourrd it necessary 
to suppose the length of a fit to vary as the secant of the angle of 
irrcidence, and it does irot appear easy to account for such a law. 

Boscovich ^ attributed the fits to a polar ity of the lurnirrous mole- 
cules, which by rotating pr’esented alternately their diflbrent sides to 
the reflecting or refracting surface, and Biot ex])ounded the same 
theory.- 

In conclusiorr, we may state that we belicrve a-u ingenious exponent 
of the emission theory, by suitably framing his furrdamental postulates, 
might fair’ly meet all the olrjections that have becur raised against it. 
It will be found, however, on an examination of the whole, that these 
necessary postulates endow the corpuscles with the periodic charac- 
teristics of a wave motion, and when this is introduced the corpuscles 
themselves may be eliminated, for the wave motion alone sufliciently 


^ Boscovich, Pfdfoso'jiJnte JVfUimdis I'hcvruf, 1758. 
- Biot, Traite dc Fhysi(nn\ tool. iv. |». 1. 
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explains the plnniomeria. Hence the one remaining argument againSt 
the supposition of coi'puscles is that they are superti nous, for we ]>elieve 
that no direct test such as has ])een supposed to he given l>y J^he law of 
I’efraction in regard to tluj velocity of light, or by interference pheno- 
mena, can decider l)(‘.twe(m tlui rival hypotheses. 


Ah7 /v/r/s j roiii .Vc nifHf 

following passag(^s, (piotcd dii‘(‘ct from Newton’s writings, 
(expound his theory in his own woixls, and sliow how much more 
idoscly than is ge.nerally suppos(Hl it nescmibles tlie undulatoiy theoiy 
now acce])ted - 

“ Wrri' I lo ;).ssiii)M‘ an liy jM>t liosis, it should la* tin's, if j)ro])()uiid<‘d iiioi-i' gcin'i- 
;ill V, so as not to <h‘l<‘i niiiH‘ w hat ligld. is, fiirtluT than tl)at it is sonu-thing or otlii’i’ 
capalilc (it exciting vil)ra( i<»n'>-* in tin* cIIkt ; lor tlnis it will hcconn* so gt'neral aaid 
coin preheiisive of other hy)K)th(‘s<*s as to leave litlh* room lor new ones to he in- 
vented” (IJiivh, \oL iii. p. lillh Ih'eendier H)7r>). 

npfiris, hook ii. part iii. prop. xii. : “ Kverv ray ol light in its J)assa,g(^ liiroiigli 
anv rel'ia,e(ing surface* is ]»ut itdo a certain transient constitution or stale, which in 
the progress of tin* lay r»*,turns a.t e([ual intei’vals and dis]M)st*s the ray at everf, 
return to hi* easil\ refraeled through tin* n(*\t r(*fraeting surface, and between the 
ret in ns to he <*asily i (*lleeted hy it. 

“Tliis isinanifest hy tin* fdh, Plh, l‘Jtli,and Ifdh ohservations (coloured rings), 
po]’ hv those ohservations it apjieai’s that oin* a,nd the sann* sort of rays at (*(|ual 
angles of incidenee on any thin transparent ]>late is alternately relh'etcd and trans- 
mit ti'd for many successions accordingly as the thiitkin ss of the ]»late incre.as(*s in 
arithmetical ]U('g](*ssion of the numhers 0, 1, ‘J, ‘5, *1, h, t), 7, etc., so that if the 
iirst ri*tlection (that which niaktjs tin* first or innermost of the rings of colour theie 
(h'sci-ihcd) he made at lhickm*ss 1 , the rays shall he transmitted at thickimsses 0, ‘J, 
t, f), S, 10, 12, I'tc., and therehy make the <*enlral spot and I'ings of light which 
apjiear hv transmission, and he rcllected at the thicknesses 1. .*}. a, 7, it, 11, etc., and 
Ihcrchy maki* the rings which ap[»(*a.r hy ix'llection. And this alteimale relh'ction 
and transmission, as I gatln*r hy tin* 2l(h ohs(*rvation (viewing them through a 
prism continues fai-aliovc an huinlrcd vicissitudes, and hy t he ohservations in the 
next part <if this hook (colours of thick plates) for many t housands, heing piopa gated 
tVoin one surface of a. glass plate to tin* other, though the thickness of the plate h(* a 
(juai'ter of an inch or above ; so that this alti'ination seems to he projiagated i’rom 
every refracting surface to all distances without end or limitation. This altemate 
rellection and refraction depends on both the surfaces of e\erv thin ])latc, because it 
di'pcnds on their distance. 

What kind of action or disposition this is ; w hi'ther it consists in a (urcula,! im^ 
or a \ ihrating motion of tin* ray. or of tin* medium, or somi‘thing cls<*, 1 do not ]i(*ri* 
ini[uire. Those that are averst* from assenting to any new discoverii's hut such as 
they can (‘Xplain hy a hy jiotlu’sis, ma,y for the present sU])}M)se that as stones hv 
falling upon water put the watei- into an undulating motion, and all bodies by ]»er- 
cussion excite vihi’ations in the air, so tin* rays of light, hy impinging on^any 
refrai'ting or reth*eting medium or substance, and hy exciting them, agitate the solid 
parts of the refracting or relleeting body, and hv agitating them, cause the hodv to 
grow warm or hoi ; that the vihralioiis thus (*xeited are propagated in the refracting 
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(fi' re{Iectiii^inp(liiim or subst.ince nnn*li sifter the nianiier that vibrations aro propa- 
gat(Mi in Unfair for causing sound, and move faster tbaii tbe rays so as to overtake 
tlnun ; and that when any ray is in tlnit ]»artof tlic vibration wliieb (!oiispir<*s with 
its niotionf it o.isily breaks through a refr;icting surface, ]»ut wlieu it is in the, c:on- 
trsiry part of the viluation which inipe<les its Jiiotion, it is easily retl(‘eted ; and l)y 
conse(pience., that every ray is successively <lis}»osed to be easily n'tle-ideil, or easily 
1 ransniitted, by every vibration which overtsikes it. But wlndlnu* tins hypothesis 
be true or false I do not. h(‘re consi<ler.'’ 

Optick's, fourth edition, 1750, book iii. Qu. 17 : ‘‘ If a stone be thrown into stag- 
nating water, the waves excited thereby continue .some time to arise in the place 
where the stone fell into tin* water, and are prt)pagatcd from thence in coneentrie 
circles upon the surfact'. of the wahu* to great distances. And th(‘. vihrations or 
tremor.s incited in the air by jiercussion contimn* a little time to move from the ])lace 
of ])crcu.ssion in eoncentrht spheres to great distances. And in lik(' manner, wlnm 
a ray of light tails upon the surface of any pellucid body, and is there refracted or 
rellccbsl, may not wa.ves of vibi-ations, or tremors, lx; thereby exeit(‘d in tln^ I’efract- 
ing or nillccting medium at the point of incidence and continue to arise there, and 
to be ])ropagated from thence . . . and arc not those vibrations propagated from the 
point f)f incidence to giaiat distance's ? And do they not overtaki' the, rays of light, 
and by overtaking tlnuii su(x*es.siv(‘ly, do tliey not put thou into the tits of (‘asy 
r(‘tli‘xion and easy transmission describeil above, t For i(“ the rays endeavoitr to 
recede from the densest part of the vibration, they may b(‘ alt(‘rnat(*ly acci^lcrated 
^iiid rctai’ded by the vibrations overtaking them.” 

And again, i)\i. IS : “ . . . Is not the heat of tin*, wai ni room eon V(;y»Ml through 
the vnruinH by the vi])rations of a much subtih'r medium than air ? . . . And is not 
this medium the same with that medium by which light is refracted and rellcet(‘d, 
and by wliose vibrations light communicates heat to bodit's, and is i)Ut into tits of 
(‘asy retlexion and ea.sy transmission ? ” 

In Qu, 19 ho employs this ether (as he calls it) to account for gravitation. “ Is 
not this medium much rarer within the dense bodies of th(‘ sun, stars, jdaiiets, 
and comets, than in th(‘ empty (T.lestial .spaces beUween them ? And in passing from 
them to gn'at distances, doth it. not grow denser and denser perjietually, and t hereby 
cau.se the gravity of tho.se gr<*at bodies towards one another, and of their ])art towards 
tlu^ bodi(*.s ; every body endeavouiing to go from the dens(‘r })a,rts of tin*, im'dium 
to wai'ds the rarer ? ...” 

Q\\. '2:^ : “Is not vision performed chi(‘lly by the vibrations (d* this medium, 
excited in the hot tom of the eyo by the rays of light, and propagated through tin* 
soliil, pellindd, and uniform capillamenta of the optii.;k nei v(‘s into the place of sensa- 
tion ? ” Hearing and animal nnAion he .su})po.se.s to be biought about also l^y the 
vibration.s of the ether. 
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Si:("rh)\ TIL — lNTH()ni;cTiox and Dkvklopmkxt of the Wave 

Tiieoey 

26. Early Speculations. — The founding of tlio wave tlicory of 
lik(‘ the (li.s(*ov(ay of the laws of refl(H*tion aiul refraction, has 

l)(‘(ni (‘rro]i(‘onsly attributed to Descartes. In the theory of Descartes 
vision was sujiposed to lie (‘xcited by a ])i‘(‘ssure transmitted in- 
stantaneously tliroiiL'l) an infinitely elastic nuxlinm tilling all s])ac(‘, so 
that it cont, aim'd nothiny analoi^ous to tlu^ continuous ])i-opayation of 
wav(‘.s.* Tlni oi-iyin of tin' doctrine mii;ht Ix'. traced liack to tln^ vayue 
s|)('culations of Aristoth*, and some .yeiaus of it may Ixi found in tin' 
writ in, ys of Lionardo da Vinci,- and in the eoi'ivspondenee of (hdileo. 
i\Ior(‘ or h'ss obscure ich'as were expr(‘ss('d l)y Gi imaldi and Hooke, ^ 
tlie latter of whom delined li^yht as “a (|nick viliratile movement of 
extn'im^ shortness'’;' Imt In*. sup])osed tliis movement to be propa- 
gated instantaiK'ously in all directions. His theory was cons(*(|uently 
little in advance of lln^ instantaneous pri'ssuri^ of Descarti's. Howevei*, 
it a.|)p(‘ars that Hooke was (piite jirejiari'd to admit that li,yht travelled 
with a tinit(‘ vt'locity (when ])i-ov(*d), and that he even anticipatc'd tin* 
proof. 

Tin' found(‘i* of a tln'ory is not, howi'ver, the author who mak(‘s 
mort' or h'ss vayiu' but liappy yuesses at it, and tin', credit of discovery 
is entb-ely due to linn who demonsti-ates. ( )th('i wis(', it would be v(iry 
ditlicult to Hx tlu' (late at which the undulatory theory of light was 
lirst formulati'd. 

27. Huygens, Young, Fresnel. — The iiaie founder of the wave 
t.ln'ory is undoubtedly Huygens, who in 10 78 tii*st stated it in a 
didiniti' form, and in lODti published a satisfactory ex[)lanation of 
reflection and n'fraction on the sujiposition that light is due to wave' 

^ ll is sHan^i* that witli liis i(l(‘as as to tlio iiatiiiv of licat, wliirli Ik? (IkHik's as 
“an inU'nial agitation of the particrlcs of a Ixjdy,” and tliuugli tliis viOratoi v motion 
I'xists in IuhHcs iliat aiv both hot and liiininous (/.#•. iiicandi'sccMit), and is tin? causi' 
of the “ instantaiK'oiis picssiin* ” transinittod in all direi'tions, yot there is no state- 
numt of a vilnatit)!! existing in the medium tlirongh whieh tin? pressure is ])ropagated. 

■- liiiiri, JI isloirr Jfs Mfitlu'iiitttiniirs rn Italic. • 

■' Mtcronra pitta , Ith).')) and /ve/c/v- IMstUnmoiis works of liooko, 1705. 
Si*(' p. 7t>, (‘le. 

J/Zeyeg/v/y;// /'//, p, 15. 
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niotiori in^the ethcr.^ Me also accounted for (lou])le refraction in 
uniaxial crystals — a phenomenon Avhich had l>een ol)sei‘vcd and d(‘- 
scrihed Martholinus - about 1G70. 

Maving failed to account satisfactorily for the ri'ctilinear ])ropaga 
tion of li^^ht or the theory of shadows, to whicli tlie cor[)Uscular tlieory 
Unit itself so easily, the wave theory, so well initiated by lluyginis, 
f(^ll into disrepute, and remained lifeless foi* almost a century. It 
was tlnui reviva'd l)y Dr. Youngs discovery of the celebrated ])rinci])le 
of interference. 

Although Huygens discovered what is known as the polarisation 
of light, he was unable to account for it on th(‘. wave llu'-ory, neither 
cotild Young, for these ])hilosophers supposed the wave disturbance 
in the (^ther to be longittidinal ; that is, in the dii-ection of the ray of 
light, this being the kind of vibration known to occur in the ])ropaga- 
tion of sound. And it wa»s not until Fresnel introduced with l>rilliant 
succ(‘ss a liap|)y guess of Hooke’s (1072), viz. that the light vibrations 
arc livinsverse — that is, p('rpendi<ailar to the direction of tlui ray — thaX 
the gi‘(iat diHiculti('s besetting tln^ theory w(‘re ]‘(‘mov('d, and the 
knowji ])henomena not only satisfac^torily (wplaincM.l, ))ut others not 
yet discovered werij anticipated. Foggendorlt remarks that ther(‘ 
is no other instance in tlui histoiy of modeiai physics in whicli tlui 
truth was so long ke])t down by authority. 

It was the pheuomenori of tlui polarisation of light that hnl to the 
tinal abatidonment of the wave theory by Newton. Having Indore 
his mind the longitudinal or sound vibrations, he could not coiu'eiNe 
how a ray could have dillei‘<'nt ])i-operlies on its ditlerimt sid(*s. He 
therefore fell back uj)on the emission theory, and d(*v(‘loped it a 
genius more; than human. 

28. Interference — Non -Materiality of Light —Experiments of 
Grimaldi and Young. — About IbO years Indore tli(‘ time of Young, 
Hrimaldi’’ remarked that in certain cases two lights wlum su])er[n)sed 
can partiallv d(‘stroy each other (and Hooke simultamM)usly laid claim 

' The only niitlior ylio eiiii he .'idvaiiced witli ;iny show »)!* n'.isoii as an antici- 
pator of Hnygeiis is th(‘ .lesuit J^lrdis. Uuygcnis mentions the iiiaiiusci ipt ot‘ Fardis, 
and cites him {Tniifc hi p. 18) as ‘‘one of those who have* <M)mm(meed 

to consider th (5 wav^es of light.” The ideas of I*ardis were iiicoiporated in tlie work 
ol‘ another rlesiiit, (.\ F. Ango //r/vw, Faiis. lhS2). It is 

h(*re explicitly statccl tliat light is dm* to waves in the ethej*, just :is sound is due tn 
waves in tlie air. 

- Erasmus Ihirtliolinus, Iiipf rivunfa cJiriisfuJIi JsfaniJiri (llsf/i((r/asf iri\ (Jopen- 
liag(^ii. lOtil) ; Amsterdam, U)70. 

^ Fro]), xxii. : “Lumen alhjiiando ])er sui commuiiieat ioiiem reddit o])scuram 
.supoiTicicmi cor[>oris alicnmle ac priiis illustivitam” ( /*J//isii‘o-J//t/J/r.sis t/t’ Linin)ir,roIon- 
hff.s rf, i I'lologmi, ]dd5). 
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to ilie same discovery), l)Ut from the manner in which liis gxpcrimeifts 
were coiiductcfl lie could not have observed any case of true interfer- 
ence. After allowinii; the suidi^ht to enter a darkened chamber through 
two small holes A and B (Fig. 3) pierced very near each other in the 
shutter, lie received the diverging cones of light on a screen. Kach 
depicted a eirculai* sjiot of light surrounded by a fainter ring. Having 
j)lac(id th(^ scream at such a elistance that th(‘-se lings pailly ovei’lapped, 
h(i o)>s(‘rv<al that the* illuminatiein appeared less in tlie e)V(*rlapping 





peirtiem than in tli(‘ I’omainder of the* rings. If erne of the ])encils was 
inteie‘e‘j)t(Hl by a,n eihstacle*, this dark ])e)rtion recejven'eel the* lirightness 
e)f the re‘st. Thus darkru'ss, he fe>und, may be proelueed by adding 
eine* light to another, anel on the*- either hand, the illumination may be 
incr‘e‘as(‘d by withelrawing a [leirtiein eif the? light. Idle eflee-t herej 
eibserved is, he)W(^\ei*, ])re)bably an optie-al illusion elue te) ('eintra.st. aiiel 
not a, true} case*, eif interfereiu'e. 

'The objee't of ( I l imaleli’s inepiii-y being merely to ase*e*rtain whether 
light was a material e.ir an accident, he ])re)secuted his researcli no 
fiirthe*]', foi* he* e‘e)nsiel(‘i-(*el the ex|)eriment fully jiroved that light was 
neit a material substance. 

\bMuig, em the*. othe*r hand, admitt(*el a very small pencil eif light 
threiugh a nai’reiw slit S in a shutter (I'dg. 4). This beam fell upon 

a. sci*e*cn perfe)rate}d by twei 
small pin-he)les A and B, very 
near each othe-r. From the 
apertures A and B> he had 
thus two small pencils of 
light which he received on a 
screen M, and he observed 
that at M, wlu're the* pencils e)vei’la])ped e*acli other, instead eif unifejrm 
illumination, a series of lirilliantly coloured bands appc'ared (Fig. 5). 
W hen he gradually increased the distance betwe(‘n the pin-holes the 
bands gradually diminished in Avidth till they finally disappeared. They 
also disapp(‘ared Avhen he st()p])(*d one of the apertures, or when he 
removed the slit S and allowed the sunlight to pass through A and J> 
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(Wrectly, as in Grimaldis experimont. This showed that the hands 
must be due to the action of the light from A on that from !>, and 
also that^ these apertures must 
be supplied from the same small 
sourc(; S. 

At any point of a dark l)and 
on the screen, the light coming 
to it from one aperture (A) is 
apparently destroyed l)y that 
coming from the other (H). In 
this case tlio two lights ai‘(; said 
to intc'rfere destructively. The dark bands are places where the source's 
A and W pi'oduce opposite ellects and neutialise each other, whereas 
in the l)right bands the two ellects are alike and tln^ illumination is very 
])rilliant. On the whole, however, there is no annihilation of the light. 

Tin; deficient illumination of the dark bands is accounU'd for in the Nodestruc- 
ex(*ossive bi*illiancy of the bi’ight bands. The whole ({uantity of light on 
the screen is the sum of the ({uantities which the sources A and 1> would lion, 
furnish separat(*.ly. The dark bands eonse(piently do not ]K)int to the 
(iniilliilfifioii of any ])oi‘tion of the light, Imt merely to a ]•edistri])ution 
of it on the screen ; and when w(‘. speak of desti’uctiv(^ inGnTerence 
at any point, it must be remembered that the illumination which is 
a])pai’ently destroyed there exists in ecpial (piantity els(nvhei*(; (see 
further, Art. 1-4-). 

It is soinetiimjs assei’ted that th(‘- mutual interferenca; and con- 
sequent })roduction of fi'ing(^s by two similar sources of light com- 
pli‘t(;ly overthrows material or emission theori(‘s of light ; for, it is said, 
we cannot conceive of two substances destroying (aich other, lint it 
should be remembered that here we have no destruction of light, the 
total (juantity remains the same, just as in the c:is(i of sa,nd or dust 
strewn on /i vibrating plate or in a sounding tul>e. If tin; dust Ik; 
uniformly distributed on the ])late before the vibration starts, it will 
when the plate is Imwcd collect along certain lines, leaving tin; other 
parts naked. The total quantity of dust however remains unaltei-ed, 
and the same law holds in Young’s interference experiment. ’Phis 
experiment would, conse([Ut‘ntly, not nec(*ssarily overthrow an emission Umissidu 
theory, ])ut rathei* force it to ado|)t some new hypothesis concerning 
the corpuscles and their mode of interaction, just as NcAvton invented 
his tlniory of fits to explain the production of coloured I'ings by thin 
})hg:es. 

The pi’inciple of interference is one of the most fertile in physical 
science, and many beautiful examples of its power will appear in the 
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sequel. Presently we slnill show how it reconciles the apiKirent recti- 
lirujar propagation of light with the wave theory, hthI answer the 
(lifficulty suggested hy Newton aiid those who espoused the emission 
theory; ‘‘If light consists of undulations in an elastic medium, it 
should diverge in (ivery direction from each new centre of disturl)ancc, 
and so, like sound, bend round interposed ol)stacles, and obliterate all 
shadow.” The reply of the wave theory is that light does l)end round 
obstachis (as Newton’s own experiments prove), but to a very small 
extent, on account of the (extreme shortness of its wave length, and 
shadows (exist IxM'ause the several portions of the latei'ally diverging 
light destroy each other’s eirect by interference. 

Sound is obs(ii v(Ml to bend round (*orners very much more than 
light, nie]'(?ly IxiCiiuse its wave length is vastly greater. 

29* A Medium necessary. — The radiations which we receive from 
the sun oi' fi‘om any other luminous body not only allect our sense 
of sight, which in itself is an evidence of work don(‘, ])ut also in gemu’al 
app]’ecial)ly heat <any body on whi(*h they fall. Besides the radiations 
which allect our sense of sight, and which we term light, a luminous 
body in g(meral emits others, which W(i detect by their thiuimd or 
chemi(!al action. Heat and woi’k being conv(‘rtible, we may, by 
nu‘asuring the luxating (‘fleet of the sun’s radiation, calculate the 
amount of emugy transmitt(3(l to us p(n’ 8(3Cond. We therefore leai'ii 
to regal'd the sun or any other luminous body as a source fi'om which 
(uiergy is emitb'd in all diriictions, and the (juestion now arises, — by 
what m(‘;uis is this energy propagated, and how is it stored while it is 
travelling to us from the sun or a distant star, f(ji* we know that it is 
not transmitted ifistantaiKMmsly, but travels through the interstellar 
spaces with a delinite vehxaty, viz. the velocity of light. 

Now, with our p!'es(‘nt experience, it d(.)(‘s not seem possible to 
conceive of more than two modes ))y which aaiy body as a soui’ce of 
a nu'cTanical influence, tia,v(;lling with a linite velocity, can ultimately 
allect and communicate (‘.nergy to another 1)ody situated at a distance. 
A mechani(*al intbumce im{)lies the intervention of a substance of some 
kind, and this substance may be either projficted forth from the in- 
fluencing to the influeiKied Imdy, like bullets from a gun, each particle 
travelling with a certain velocity and carrying a definite amount (.)f 
energy with it ; or it may exist as a continuous medium tilling the 
space betwe(ai the two bodii^s, and, being disturbed by one, the dis- 
turbance may be pi'opagated fiami })ortion to portion of the medium 
(each part being agitated by its predecessor, and in turn yieldint^ to 
the succeeding element the energy it received) till it finally reaches 
the second Ixxly. The waves excited bj' casting a stoiie into water or 
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b/a souiiclijg bell illustrate the latter method of propagating energy, 
and this forms the basis of the wave theory of light. 

i^oungis discovery of the so-called destructive interference of two 
lights suggests that light in itself is not a substance emitted by the 
luminous body. In addition the emission theory has failed (or reipiires 
interminable patching) to account for the ol)served facts. Scientists 
have consecpiently been compelled to have recourse to the wave theory, 
and to assume that all space is filled with some medium or substance, 
if we may so call it, difiering in its pro])ertics from visible material 
bodies, and that a luminous body, as such, is the source of a periodic 
disturbance of some kind which is propagated in all directions by 
means of this medium, or, as it is called, titr etJirr} 

The balance of experimental evid(m(*e is in favour of the theoiy 
that all optical and radiation effects are due to ra])id ])eriodic changes 
of some ])i‘Operties of tin', ether. Klectric, magnetic, and electro- 
magnetic eftects also a])pear to be due to the intervention of the same; 
medium. 

^ We know that sound travels thi’ough air, water, glass, and otlun* 
material substances with a definite; velocity in each, and ex[)i‘rim(‘iit 
proves that the propagation of sound in these substances is due to an 
uiidulatory disturbance or vibration, excited in them ))y the sounding 
body. Sound is not })ropagated in a vacuum. Its jfiumomena are 
conse(|uences of the vi])ratory motion of the; parts of the m/itcrial 
substances through Avhich it travels. When a musical note; is se)un(leel 
energy is transmitteel te) the air by the se)uneling boely and the air is 
thrown into vibratiem. This energy travels through the air as a wave 
motion, and pai't of it is spent in exciting the* tympanum of the 
hearer. Light, on the other hanel, is p]T)pag;it(*el with the gie;atest 
faedlity through the best vacuum Ave can ])rocure. It traverses the* 
interst(;llar spaces where wo cannot suppose any mate;rial substances 
to exist, except perliaps the nie)st excessively attenuatcel atmosj)heres 
or sporaelic groups of meteorites. It is propag;iteel with me)re e)i* less 
facility threjugh transparent substances, but in all cases with a velocity 
enormously greater than that of sound. Hence although the presence 
of mateiial substances modifies the propagation of light to some extent 
(as by refraction or diminution of velocity, etc.), yet th(;y an; by no 
means necessary to its conveyance from one part of space to another. 

The existence of some medium filling all space as far as the 
farthest star becomes therefore a necessity in the rational explanation 
of the phenomena of heat a-nd light, and before proceeding to the 
development of the wave theoiy of light, it will be well to consider 
1 Set* furtlier, Theorj/ of //ritlj pp. 51, rai. 



28 


INTRODUCTION 


CHAT. I 


some of the fundamental properties of this hypothetical igediiim — the 
ether. 

30. The Ether. — The assimi])tion of the existence of^a medium 
filling all s])ac(5 does not seem to have presented any serious difiiculty 
to the rcc(*-ption of the wave theory. A far more formidable ditliculty 
with which the early 8U|)porters of the theory had to contend was 
])r(*sente(l by the existence of rays and shadows. They could not 
explain by the Av^ave theory the apparent rectilineal* pro[)agation of 
light to which the emission theory lent itself so easily. 

Several (itliers have been postulated ])y different philosophers for 
(liflei'ent ])urposes.^ Newton supposed that a medium existed in which 
his luminous coi-jmscles travi^lled, and in which they were capable in 
certain cases of exciting undulations, lie also attempted to account 
for gi’avitation by the dilVerences of ])ressure in an ether, but he 
publisluK] little of his theory, ‘‘ because he Avas not able from experi- 
ment and observation to give a satisfactory account of the medium 
and the manmn* of its operation in producing the chief plienomena of 
natun*.” 

The only ether Avhich has survived is that conceived by Huygens 
to account foi* the propagation of light. The evidence in favour of 
it has accumulated with each discovery of science, and the properties 
of it as dedu(a‘(l from the phenomena of radiant light and heat are also 
thos(‘, re(]uire(l to explain the phenomena of electricity and magnetism. 
It may Ixi that this same medium forms the v(?hicle by Avhich gravitation 
is maintained betAveen material sul)s(anc(‘s, and in some manner as yet 
unknown to us forms the link of connection by Avliich the sun is en- 
abled to attract the earth and planets and keep them in tluhr oiTits.- 
The present tendency indeed of ])hysical science is to i*egard all the 

^ To I)(‘sc.Mrli*s tlu‘ b.irc cxisjciice of appaiNoUly at. a distam-o was a proof 

of the o.xi.stciici* of a r(»iitiinious aicdium Iictwccu them, for lie r(\i;a,i-(lc(l extension as 
the. sol*' i>ss(Mitial pr(»[)crly of matter, and matter a necessary eonditioii of ext<‘nsioii. 
“Ethers were iiiveiit(Ml for the planets to swim in, to eonstiUite, (‘Icetrie atino- 
spheres and magnetic. elHiivia, to convey sensations from one part of onr body to 
anolln'r, till all space was tilled several times over with etlno’s ” (,I. C. Maxwell). 

“ “11 is true that, notwithstanding the. labours of various seientilie. men, we arc; 
not in a, condition to give an explanation of gravitation, but our inability to ex])lain 
it by no means proves that it is a primary in-opert y of matter, incapable of explana- 
tion, or forbids us to suppose tlnat it may in some way be lu’ouglit about by tlie 
intervention ol tliat same su]»stanee Avhieh we find it iieeessarv t(» assume for tlui 
cxjjlanation ()1 the. phenomena of light on the theory of undulations. . . . Assum- 
ing lor the moment, as a thing at the present day resting on evidmiee <piite ovev- 
wht'lming, tliat light consists of undulations, we cannot fail to be impressed the 
multiplicity of i»urposes all bearing so intimately on our wellbeing, which, it seems 
probable, or not unlikely, are fuKilled by one and the same substance, endowed with 
l)roperties Avhieh we are only gradually learning” (Stokes’s Burnett lA'ctures). 
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pHluomena nature, and even matter itself, as manifestations of 

energy stored in the ether. When we electrify a body a certain 
amount of,energy is expended, and this is ordinarily regard(‘d as tlie 
enei*gy of the eb'.ctric charge, and may 1)0 recovei*ed at any time by 
discharging tlie liody. But where is the energy stored? We say it 
is stored in the ether. So again it may be that the enei'gy spent in 
raising a mass from tluj earth’s surface is stored in the ethei*.^ Hence 
wliat we call potential energy may be energy stored in the ether, and 
if it exists there as motion of the ether, then we may r(‘gard all energy 
as kinetic. 

To account for the propagation of undulations with a finite velocity 
and carrying energy, the ether has been cndowcul with the two radical 
properties of elasticity and density, or rather something coi’responding 
to elasticity and density.- When sound is })ropagatcd tlirough material 
substances, rarefactions and condensations arc produced, and to the 
forces of restitution called into play the propagation of the sound is 
diie,'^ while the velocity of the i)ropagation depeiids on the elasticity 
and density of the substance. There is, however, a series of pheno- 
mena in liglit^ which have no countei*])art in tlie tlnany of sound, 
and which lead to the conclusion that the so-called elasticity of the 
ether is very dilTei’cnt from that of the air. They suggest that the 
vibration of the luminiferous ether must be transve?‘se to the direction 
of pi’opngation of the light. Aii* and fluids cannot transmit transverse 
vil)rations, for they offer no resistance to distortion, and this is the 
property on which the propagation of ti’ansverse vibrations depends. 
When sound is travelling through air the vibrations of the air are 
longitudinal, that is in the direction in which the sound is travelling. 
Solids, on the otlier hand, arc capable of transmitting both kinds of 
vibrations, Init with a velocity enormously less than that of light. 
The elasticity of the ethcj’ has consc(|uently been assumed to be sonu;- 
Avhat of the nature of that of an elastic solid, but the propagation of 
light l)y it on this hypotliesis is encumbered l>y several diiliculties. 
The first is the possibility of longitudinal vibrations or undulations 
normal to the wave front, as in tluj case of sound pi'opagatioii. That 
no optical phenonien.a arise fi’om these has ]»een accounted for by suj)- 
posing the ether incomjn’essi]de, so that the velocity of })ropagation of 

^ furtliti!’, Tkf'orij i)f Ih'id, ]>. 70. 

- On tlii« ])oiiit SLM_; Theory of Heat, )>. r»‘2. 

^ In tliu (;mso of ii vibrating clastic, solid lln; energy is half in the fonn of kinetic 
energy, dne to tin; vibratory nu)li()n of the ])aits of the body, tin; other lialf b»ong 
])otciitial ; that is, stored n]> in the distortion of its parts (see Thomson and Tail’s 
ScduTdl rhilasophy, or Lov(?’s Theory if Elasticity). 

Tlio jtolarisation of light. 


Transverse 

vibrations 


Elastic 

solid 

theory. 



30 


INTRODUCTION 


l- HAP. I 


the longitudinal wave is infinite. Again, the phenomena of polarfta- 
tion and doulde refraction have led to incongruities and artificial 
assumptions. 

Since the vi))rations of trarisparent lajdies travel much too slowly 
to allow us for a moment to suppose that the propagation of light 
might be due to them, w(5 are forced to conclude that the ether which 
conveys the light is distinct from these trans[)arent media, and inter- 
penetrates tluun all fr(ady (and probably opatpui bodies too). It may 
be dillicult at first to admit that a solid l)0(ly like glass could possibly 
have ether freely pervading it ; lait we must rcnuimber that the ether 
is a nnalium aljout which our senses give us no direct information. 
We cannot see, taste, or smell it. It is only by the intellect that we 
become convinciid of its existence, — by studying the ])henoniena of 
natiin;, and finding how they may be cx[)laiii(id l)y it. A magnet 
attracts a ])i(!ce of iron evcm though a plate of glass be int(‘i’posod 
betwe(m them, and yet the magnetic influence is one which docs not 
directly allect oui' senses, l>ut we must conclude that whatever nu'dium 
enables the magnet to put the iron in motion, and communicate kiiu'tic 
(anugy to it, |K-rmeat(‘s the glass as well as the air and interst(‘llar 
sj)ace. Tiiis iiKHliiim also propagates light and Inait through many 
solid substances; it therefoi'o not oidy interpenetrates them, Imt is 
ca})al)h‘ of vibratiiig within tliem.^ 

Now altliongh W(; siij^pose the ether to freely })enneate all Ixulies, 
yet W(i must suppose that its vibrations ai*e controlled to some extent 
by tile matter of tlnsse bodies, for we ean })rove tliat liglit travels with 
ditVerent velocilii's in dilfereut transparent substances (a fact attested 
by the refraction or Ixmding of the ray in ])assing from one transparent 
Mutter uihI substance to another), while in opa(pie laxlies it is not propagated at 
‘dl. It is thei'idore natural to impiini if the free motion of the ether* 
is inlhuiuced by the jri'cseiicc of masses of matter oi* by matter mole- 
eul(‘s. Do bodies in motion in this oc(‘an of ('thei* eairv* witli them 
the ether tiny already contain, or do they allow tire ether* to pass 
through them fn'cly, as water woidd pass through a net, or, as Young 
imagined, like tiro air* tlirough a grove of trees ? Or does the ether 
o(i‘ei* airy resistance to the motion of tlie earth and planets through it, 
and do these bodies, by their motion, produce streams and eddies 
in it 1 

The whole (piestion of the state of the etber near the eartli, and 
of its connection with oi’dinary matter', is still far from being settled 
)>y exp(*i*inrent (see ehaj). xix.). 

' 1 iiis Inv iiih'rjH'iK'tration follows ns a natural (.■ons«Mnn‘iu*c of the voi tcx-atoin 
tlirorv of matter ( 77<ro/7/ y/o//, p. ctt'.y 
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• Whatever difficulties we may have in forming a consistent idea of 
the constitution of the ether, it cannot he doubted that the interstellar 
spaces are filled with an all-pervading medium in which the ultimate 
particles of matter and of our own bodies are continually l)atlu‘d, and 
yet of which our senses afford us no direct cognisance. And wluit- 
soever other functions appertain to it, one of the chiefest is the coii- 
ve3^‘ince from the sun to his system of that energy b^' which all its 
pliysical life is sustained. 

31. The Vibration. — Although all the phenonuma of interference 
afford us the strongest (‘vidence, tliat light is ])r()pngated as a vibration 
of the ether — that is, a rapid periodic cliange of its state or of some 
of its })roperties — yet the medium being hypothetical, we are almost 
wholly ignorant as to what it is that vibrates or how it vibrates. The 
direction to which the periodic change of state is related we tcuin the 
direction of the vi])rati()n, meaning by the vibration that pcuioilic 
change, whatevei* it may be. If it be a periodic displacement, then 
the direction of the vibiation is the direction of the displacement, but 
this does not necessarily coincide with the direction of propagation of 
the disturbance. In the case of sound we know well the nature of 
the disturbance and the properties of the vehicle. In the case of light 
we shall see that at least a component of the vibration is in the wave 
front, or transverse to tlu^ direction of })ro])agation. 

32. Special Forms of the Wave Theory. — Many of the ])hcno- 
mena of light, such as the colours of thin plates, can be cfjually 
explained by any form of wave theory, and cannot be substantially 
modified by a more exact knowledg<i of the constitution of tho (dher. 
However, in other parts of the subject, such as the theory of crystalline 
refraction and reflection, we are com])elled to make soiiui hypotheses, 
and if on devciloping the special theory built on thesci hyimthcses we 
find a discordance with any observed phenomena, this disagreement 
only disproves the special form of theory admitt(‘d, but the wave 
theory in its general sense remains intact. 

The necessity of transverse vibrations, and th(‘ incapability of 
fluids to })ro})agate them, led to the development of the most cidebrated 
special form of wave theory — that which regards the ether as an 
elastic solid. Here, hoAvever, we need not regard the ether as 
possessing all the ])roperti(*s of an elastic solid. All it r(M|uires is 
torsional rigidity, that is, resistance to change of shapes, oi* soim^ 
property analogous to the toi-sional rigidity of elastic solids, to enable 
it to transmit the transvei*se vibrations of light. A substaaice like a 
jelly could transmit (fither transverse or longitudinal vibiations, aaid 
the V(docity of the latter might be very great compared with the 
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former. To avoid the difHculty introduced by the possible ^oiigitudiiftil 
waves, Oreen and the promoters of the elastic solid theory supposed 
the ether to be incompressible, so that the longitudinal disturbance 
travelled with an infinite velocity. Sir G. G. Stokes has, however, 
remarked that althonglL the ether may act as a perfect fluid for any 
finite displacements, yet the displacement occurring in tin? propagation 
of light may be so small and so rapid that for it the medium behaves 
as an elastic solid. Cumbered with diflicultics which only increase as 
it is re(|uired to nieiit the demands of accumulating information, the 
clastic solid theory, although in many instances it comes near the 
ti’uth, can in optics be regarded only as a first sj)eciilation, but never- 
theless it must always retain a high historic interest. 

The tluiory which promises most favourably at present is that 
which regards the ether as a tui-bulent fluid, and light as an electro- 
magnetic phenomenon arising from very lapidly alternating electric 
polai'isations or “displacements,” as Maxwell termed them. WTien a 
body is elcctiified energy has been spent in producing the electrifica- 
tion, and this (nungy is stored in the ether around tlui body. To 
indicate this we may say that the ether is polarised, meaning thereby 
that its elements have suffered some direct(ul transfoianatioii in pro- 
p(‘rties, or change of state, by the storing of the energy. Electric 
phenomena ai'e ma,nif(‘stations of this emn’gy in transfoianation, and 
when tlui body is dis(‘hai*ged the (!ther is rideased from the enei‘gy and 
the conscqueait })()larisation. Similai’ remarks a{)])ly to an (‘lecti’ic 
current. Now if a body be rapidly charged and discharged, or a 
curi*cnt be |)assed rapidly in opposite directions, the ether around will 
be as I’apidly thrown alternately into opposite states of polarisation, 
and wlnm this Ix^comes v(‘ry rapidly periodic mc have the vibration of 
the ether spoken of in the wave theory of light. When the rapidity 
of tlu'se vibrations lies within c(‘rtain limits (red and violet) they affect 
the eye with the sense of sight ; below the I’ed wo detect them by 
their thermal, and above tin', violet by their chemical action ^ (see 
fui'ther, chap. xxi. ). 

Apart from its probable truth, the electro-magnetic theory of light 
shows us how careful we must be to avoid limiting our ideas as to the 
nature of the luminous vibration. 

‘ A ([iiasi-rigidit y lu; coiilrrml uii tlu* by other motions going on in 

it. 'J'hus l)y tilling it with vorth*os it might htH-ome (‘.ipal)!!; of propagating tran.s- 
vorse waves and stainling eleetrie .stress. 
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33. Wave Motion. — The essential characteristic of wave motion is 
that a periodic disturhance is handed on successively fiom one portion 
of a medium to another. Examples of it arc constantly presented to 
the notice of every one, as, for instance, when a stone is cast into still 
water or wlnui a sounding bell throws the air into vibration. 

That which is propagated from one part of the medium to the other 
is*cncrgy, not matter, for while any element of the nu'dium merely 
oscillates about its position of n‘st, there is a continuous handing on, or 
flow, of energy from one part to another. In the case of a projectile 
or a ciiiTciit, on the other hand, matter (lows from one place to another, 
and carries with it its associated energy, so that we have a flow both 
of energy and matter. 

If the medium be homogeneous and isotropic, a disturbance is 
propagated with the same velocity in all directions ; but if the medium 
be not homogeneous the speed may vary from point to point, and if it 
be homog(‘neous but not isotropic the spc(‘d may depend on the direc- 
tion of 1 ) 1 * 0 ] )agati on. 

In general the velocity of propagation depends on the nature of 
the medium and th(5 length of the wave, but so far as light is con- 
cerned the velocity in interstellar spaces seems to be the same for all 
wave lengths. 

34. Transverse Wave. — As an elementary introduction let us 
consider the nature of a wave of transverse vibi*ation and its mode of 
propagation. 

Take a flexible cord AB, one end B being fixed and the other A 
free. (A thick piece of india-rubber tubing 3 or 4 yards long answers 
very well.) If the free end A be quickly moved from A to A' (Eig. 
6, f 4 )^nd back again, tlie dis])lacemcnt communicated to A will run 
along A B as a wave. Eig. 6 (a) represents this wave travelling along 
AB. If A had been displaced in the opposite direction the wave 
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would travel as in (/i), whereas if A were displaced backwards m\d 
forwards continuously, a continuous series of waves would be pro- 
pagated along it as in (y). The ex[)eriment (a) may be easily repro- 
duced by giving a sudden jerk to one end of a rope lying on the 
ground. In all these cases we speak only of what hap])ens as the wave 

'a) Solitary wave. 

/^) M 

(7) Consecutive waves. 

r>. 'rraii!i\ rise W;iv<*s. 

travels from A to 11, that is, we suppose B very far away, for at 
])resent we are not concerned with what happens after the wave 
reaches it. 

Here it is evident that each element of the cord merely oscillates 
backwards and forwards, like A, through its position of rest, while flie 
disturbances is propagated from A towards B. There is a How of energy 
along the cord. 

lieliiiUidK . — dbvo ])articles such as a and b [Big. b (y)] arc said to lie 
in the sann^ pliase of motion when their displacements and direction of 
motion ai'e the same, and two particles in tlu? same phase are separated 
I’liase. by a com])letc wave length, or by any whole number of wave hmgths. 
'Jbvo particles such as a and r, whose displacements and diia^ctions of 
motion are opposite, are separated by half a wave length, or any odd 
number of half waves, and are said to bo in opposite phases of 
motion. 

The process which takes })lace in the cord may be illustrated by 
supposing AB a row of [larticles connected by elastic bands. When 
A is displaced it (hags the adjacent particle after it, wdiich in tui*n acts 
on the third, and so on, the disturbance being handed from one particle 
to the next. Thus by the time A has reacluMl its greatest distance A^ 
(Big. 7, /i) from its jiosition of rest, the disturbance will have travelhal 
along the line to some point Dp and the particle at will be on the 
point of beginning to move as A did. In doing so it will pull its 
successor aftei* it, and the disturbance will travel on in this way to the 
end of the line. But when A liegins to return to its initial position it 
drags the adjacent particle after it. This in turn reacts on tho^iiext, 
and so on, so that by the time A reaches its initial position the original 
disturbance (which was being propagated all the time along the line) 
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liSs reached^a distiince D., equal to tAvice the distance of from the 
end A of the line. The row of particles being now represented by 
Fig. 7 (y), let A., pass through its position of rest to an equal distance 
Aj^ on the otlier side. The configuration of the line is now represented 
by (^), ill Avhieh the original disturbance is just about to displace D.^ at 



'a) Ponm'cted particles. 
fi) Q,uart(‘r wave. 

Y) Hair wave. 
f5) Three-(piaiter wave, 
(e) Ponipl(d(‘ wave. 


Fifj;. 7. — Tninsvt'rso Wavrs. 


a distance equal to 3A1)^ from A. So again when A returns to its 
position of rest the line will l)e represented by Fig. 7 (e), the disturb- 
ance having now reached wdiile A has mad(i a coinph'.te excursion. 
ADj represents a complete w'ave. It is the distance which the dis- 
turbance travels along the line while the particle A makes a complete 
vil)ration. Now 1)^ is just about to repeat the oscillation ptuformed 
))y A, so that if A vibrates continuously 1)^ will ]>e moving in exactly 
the same manner and have the same displacennuit and direction of 
motion as A at every instant. and J)^ are in the same phase, and 
the length Al)^ is a wave length. Thus at distances of a wave length, 
or any multiple of a wave length ai)art, the motions of two particles 
are exactly similar, Avhile at distances of half a wave length apart, or 
any odd number of half waves, the disidacements and velocities are 
equal but in opposite directions. (This remark is of great importance 
in the theory of interference.) 

35. Plane Wave. — Instead of a single cord let us imagine an 
infinite number of parallel and similar cords Avith their ends attached 
to the same plane. For the sake of clearness let us suppose the plane 
to be horizontal and the cords to hang vertically from it. Then if 
the plane be moved parallel to itself, so that each })oint of it describes 
a short horizontal line, the ends of the cords, being attached to the 
plane, Avill be displaced horizonbdly and a transverse disturbance Avill 
run along each. At the end of any time this distui'bance will have 
travoiled to the same distance along each cord, and therefore the locus 
of those i)oints Avhich are just about to be distui bcd, or the 2vare front, 
Avill be a horizontal plane. If the plane be caused to oscillate regularly 
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bilckwurds and forwards a series of similar waves wil^. run alo/S^ 
(*ach cord. 

\V(i might now suppose the cords so numerous tliat tjiey touch 
each other, and wi; are thus furnisluMl witli an i(h*a of a continuous 
medium, disturlied liy a siu ies of ]»lane waves propagated through it. 

Th(‘. end of each cord has lieen sup])osed for simplicity to oscillate 
along a straight line, hut we might e(|ually lia\’e supposial it to descrihe 
any curve — thus in the case of waves in water the various particles 
generally descrihe circh's or ellipses in vertical planes, parallel to the 
din^ction of propagation, 

36. Spherical Wave. Let us now take tlu*- case of an infinite 
numlxir of exactly similar elastic (‘.ords attached to th(‘. same point, 
and div(irging in all din‘ctions from it. Further, let a disturbing force 
at th(i (‘(iiitre, acting in the same manner upon each, cause them all to 
undulat(‘. alike. TIu; <‘oi'ds being similar in all ri'spects, it is olivious 
tJiat th(^ wa.V(^s propagated along them will be alike and travel with 
th(^ sa-m(‘ vidocity. T’hus all points at the same distance from the 

centre will be in the sanu^ stat(‘ of disturbance at the same instant— 

« 

t.ha,t is, tlui locus of jioints in the same phase of vibration is a sjihere 
and the wa-ve fronts or wav(^ surfaces are spherical. Jf we imagine tlu^ 
coi'ds to till all the space around th(‘- centric we hav(', th(‘ case of a con- 
l-iriuous medium dislurbed liy a. system of spherical waves divanging 
from a point. 

/V/////7/ey/.- — The continuous locus of those [mints which are in the 
same phase* of vibration is calhal a trarr fnmf. 'Fhe word continuous 
is ins(*rtcd because; in e>se*ilIa(.ory meition such as we; are consiele-ring a 
systemi of succa^ssive; wave;s are' in similar ])has(;s anel a succession eif 
similar wave freints e’oexist, eae-h a, wave* length in advance; of its 
[U'e-de'cessor. Jn this se'nse; any sf/rjarr of nfual is a wave front. 

The wave fi’ont might be defined more closely as the continuous 
loeais e)f those [loints which are just on the; pefint of being distui'beel, 
and in this sense the term is freepie'.iitly used. This wave front then 
marks the limits to which the disturliance has just readied at the 
Instant considered. 


E,r(f lit pies 

1. Prove* that the e<juation 

// t( sin (ti - ./■) 

\ 

n'jtrcsiMits a wave* elisturhance iu whicli r is the' velocity of })r()[)agation, \ tlic wave 
length, If the ilisplaeeineut of a particle' lioin its jiosition of rest at the time /, aid -/■ 
the distance from the origin of the same pnrticle. 
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• For hivvity denote the angle ( d - .t')27r/\ by 0 ; then if we eliange x to ,);±\ we 
change 6 to ^^27r, and the sine of tlie angle remains the same, tlnn’efore tin* value of 
// —that is, the disjdaeement of the ])ai ticle under consideration is exactly the same 
as that of tl^f! ])artii!leat a distance X from it, or any nund)er of times \ from it. lienee. 
\ is the wave length. 

Again let. t become /±\/r, then 6 becomes f^±27r, and th(‘refore the valiu' of // 
remains the same as before. The value of // for the same particle is therefore periodic, 
and the periodic time T is \/r -that is, \— cT. But X the wav^^ ItMigth is the 
distance through which the disturbance is jwopagated in the periodic time T, eon- 
s(M|uently the quantity v is tin' velocity of propagation. 

The quantity a is termi'd the amptitude of the. vibration. It is (*vi«hmtly the 
greatest disj)lacement of any jairticlc from its position of rest. Tln^ amplitude de- 
]Kmds upon the nature of tln^ medium and the power of the. disturbing centre, and 
its magnitude, must Inna; he l(‘ft an <q>(m (piestion. 'fhe ]>eriodie. lime T can be easily 
determined in the case of sound, but in tlu^ ca.s<* of light tln^ vibration is so t‘.xc('ed- 
ingly rapid that it can only b(i (b^termined indin'ctly from the etpiation X cT, l)y 
means of a j)revioiis knowledge; of r and X. 

If we consieleer a row of particles AB, conn(;ett;d as in I'ig. 7 and initially in a. right 
line, their simultaneous ]iositions wlnui disturlxMl by an undulatory motion will be 
r(q)r(;.st;ntod by Fig. 0 ( 7 ). This curve; is det<;rmined by tin* iibove; (eepiation wlnm w»* 
suppose; t to l■^;main constant and x and // to be; the; abscissa anel oidinate* eef the 
parli(;le. But. if v e conlijie* our attemtieen te) a single parlie'h; that is, suppe)se* e-om 
stant while; t and // vary- the;n tin* same curve will ebdermine; the elisplace-.ment // e)f 
tfui particle; at any time; /, the; time' / bediig now the absedssa ed‘ the; e;urve*. 

Tims the; curve whicdi re;pre*se*.nts the simultane;ous displa,ce;me;nts eef all tin* 
particb;s also e;x[)ose's the hi.stoi’v e»f the; displae;eme;nt eef a single; partiede*. 

Siof/dc Hunnonic Midioa. If a partiede me)ve;s subjeect to the above; e;e)natie)n, it is 
saiel to e;xe;eute; a simple; harmonic vibration. The; motion he;rei eb‘se*ribe‘d is thal 
exe*cute;ei by a jeaidiede; const raieie'd te) meeve; em a right line* uneb;r the; ae;tiem e)t a le)re*e 
vai’ying dire;e.tly as the; elistance;. Such we)ulel be the; motiem e)f a, p.irtie;le; plae*ed in 
a smeeoth straight tube passing in any eiire;e*tie)n through the; e;arth. 

2 . — If a parti(‘le; move's round the; cire*U!nlcr(*ne*<; e>f a <*ir(;le; with unile)rm ve;le)e;ily, 
the; foot of the pe;rpe*nelie*ular from il e)n any diamete;r me)ve;s ba,e;k waiels anel fe)rwards 
ab)ng that diame;te;i* with a simple; harniemie; jiioliejii. 

Bet the; angular ve'bx'ity of the* ]»artie*le; be* w, anel let tin* time; be re;cke)n(*d trenii 





the instant the; })artie*le* le*ave*..s the e*xtre*mity A ( Kig. S; e)f se)me* e]iann;te;r OA making 
an angle a with OX. Then if 1’ be; the position eef the*, particle at any time* t the* 
angle;”AOF-w/ and XOP w/ I a. Hence, if OY be at right angle;s te) OX, the* 
elistane:*e y fre)m O eef the foe)t N e»f the; ])e;ri)e*nelicular freem V em the; eliameter OV is 

• 

// (f sin (u}t [ a), 

wheu-e (f is the radius of the ciivb*, anel is the amplitueb; of the vibiatiem of the foe>t 
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ot‘ t li(* ir 'r ])f. tin; linn; »)r ;i (Munplrtc i (‘volution v liave wT 27r,f;o 

tliat the (‘(juatioii may la; written 

. / 'lir! \ 

// d sin I a I. 

Or substituting rroni tlie e(juation \ cT \\t‘. liava* as before 


// if sin 




I f r is tlie. veloeity of the partieb* in tlie circle, llieii /•'!' '2Tr</. lienee it tlie. veloeily 

in Ibe eiide be tbe Ncloeify of* propagation of tbe \\av(*. aiel if’ tbe time T la.^ the 
p(!rio(l of 1 be. wave, ibeu t be einaimlerJinee of 1 lie circle is etjual to the leijotli of tbe 
wave, wliile its ladius i-epr(‘s(mls tbe. rxeursion of tin* iiioleeub' makiiio simpb* bar- 
moiiie vibial ions. 

Tbe mol. ion (if t be foot of't b(‘ pei p(‘n(lieular i" repn'seiiteil in I’ ii;’. S. tbe variables 
beiiii^ //and f, and tbe eo-ordi nates //and iof. Siniilaily tin* fo(>t M of tbe p(‘r- 
pmidieidar from 1* on OX (‘Ne.cutes tbe vibration 


,/• n cos Uof ! a) t( ( (IS 


'Jtt/ 

'V 


37. Algebraical Expression. — liOt 0 Im ;i fixed origin find // the 
dis])l}ieein(nit. of P, fit finy instfint, from its [losition of rest. 

.r 1)0 tlu'. distfiiKM' of P from (), 
measured idong OX, tlu‘ ])artieles 
fidjacmit to P will in their dis- 
jilfieiMl ])ositions lie on a (‘nrv(‘, as 
indiefiti'd in Fig. h, and the etjua- 
tion of this eurve tit the instfint 
under considerfition may i>e. writ 
tini in the form // a). 

Now l>v the ehfiraeteristic of wfivi* motion this curve will lx* propfi- 
gfited forwfird with ft velocity t\ find the displacement of tiny pfirticle 
P' will he (^Xfictly tlie same as tliat of P at ;i time / pri?\ionsly, pro- 
\ idl'd the dillerenci' of tlie fihseissfc of I*' and P is (‘qufil to /•/, whi're / 
is the lime of pro])figfition from P to P'. In fact the wave curve fit P' 
is mi'rely thfit at P moved forwfird through fi distance rf. Put fit P 
W(* hfive // - therefore fit 1*' we hfive 

// 0(.e r/i,' 

for the .r of P is eipifil to tlie ./• of P' diminished liy rf. 

It is clofir in itself thfit this e([Uation reprcsimts a Wfivii motion 

f 2 TT 1 

' The form // -hsiii|“^ [rf - .r) j A j was tacitly assumed by Xewtc.ui foi’ tin* 

(‘quatioii of motion of tlij air particles in sound propai^ation {rrluripla^ lib. ii. 
proji. 17). 
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trfi veiling v^tli a velocity G for // remains unchanged if ue replace t 
hy f + T and ./* hy its corresponding value ./■ + rT. 

(Vhr/'irise /////>•;-- -If v l)e the velocity of propagation, the displac(‘- 
meiits at any two points V and 1 *' will be the same at the tiim's / and /' if 


Hence 


./ X i\/' /’) oi * ./ - ./* r/ i H'. 

II /) -il,i.i'. f'. ./V !•/ 1-|7'. !'). 


which holds for all values of f\ and consecjiiently for /' 0, in which 

case we hav(^ 

If another distur])ance he running in the opposite dir(‘ction its e(juation 
Avill ])e // - /[rf 1- .>•), so that if th(‘ two he superj)osed w(‘, will have 

;?/ <l>irf .r'. \ /i r/ \ r), 

which re])r(‘sents th(‘ giana-al state of disturhanc(^ in a finite* stretched 
wirci when we* lias'e hoth di]‘ee‘t anel rellecteel wave*s. 

• A pai’ticular se)lutie)n e)f the ee[uatie)n // - .r) is ohvie)Usly 


The value of // will he umdtereel if / he* ine‘i*eas(‘el hy -7r/> r. 'hhe 
pe*riodic time is ihei efore 'V - ’Jtt/) r, Imt A / T - iV/). Th(irefe)re* ^ 


n 


it sill 


‘Jtt 
\ ' 


rt 


The gemeral fenan eif // is a [)e*rie)dic fnnct-ie)n. it has the^ saine^ 
values at distane*es ./•, x i- A, x {- :^A, e'te*., anel at tiine‘s /, / x T, / t \\ 
<itc., anel we^ know hy Fe)urie‘rs lliceiremi ('I'homson and Tait, Xitf. P/fll.) 
that any periodic function /(:) eif jierioel A e-an lie* e‘\panele.‘al a,s a se*rie‘s 
in the feirm 

/{■:) -A, sill I ai ) i A._.siii ( ! a,.) } A,: sin ( - ciit j ■ r\r. 

Hence we may write 

If A|siii”"^(r/ ./'i’) r A-j! sill ( rf x-j< ‘ etc. 

A A 


The completes vibration is therefore maele u[) of a seiieis eif su])erpe)S(‘el 
simple harnie)nic vibrations of wave lengths A, J,A, /jA, eitc. 

i\s we have reasein te) believe that waves e)f diflcrent periexlic times 


• IIciicu p is the radius of a circle of circiniirci'cncc 
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|)ro(luc(3 (liftererit impressions on tlie eye, just as notes of (^fterent pifeh 
produce different effects on the ear, we may therefore restrict our 
attention to waves of a definite length, and take 

or 

// u sill {(jjf a) 

jis the .standard ecjuation of the distui-hance in our investigations con- 
cerning light of a (hdinite wave length. 

IhjinilfDn. — ^TIkj whole angle :^7r( /•/-,/) A, or iof - i.s called the 
yV/Y/.s-c of the vihi’ation, and the angle a is sometimes called its epoch. 

38. Colour and Frequency or Pitch. -We have seen how a single 
wave or a continuous succii.ssion of wavcis (Fig. 6) may travel along a 
stretclied cord. Jn a siniilai* manner a continuous system of waves 
might Ik? gt;nerat(?d in the air or any other medium. Such a .system 
of waves may or may not affect our sense of h(?aring. Tin? pheno- 
menon of sound is produced hy a more or l(?ss rapid succession of 
waves, hut there; are major and minor limits to the I’apidity of vihi’ii- 
tion, outside, of which the ear fails to follow', and no sensation of sound 
is produced — that i.s, tin; sensibility of the eaa* is limited, atid the pitch 
of the note must lie within certain limits in order that it may affect 
the sense; e)f hearing. So a wave .system in the either may eir may ne)t 
alleict our semse of sight, ddie; semsations of light and cole)ur are due 
to a, very rapiel succe'ssiein of wave;s, hut the; sense e)f sight is liniiteel 
in range anel the ether vibration may he either teio slow or te)o rapiel 
te) allect it. The limits in this e‘ase‘, howeve;r, are ne)t nearly so wielely 
separateel as in the e*ase; eif .‘^ounel. The rapidity with wdiich the viedet 
wave;s suce'e;e*el each other has h(‘en e-alciilated to he less than tw ice as 
fa.st as that of the red, tile latter making about four anel the former 
about sevmi hundred millions of millions e)f vibrations per se;cond. 
The sensibility of tin; e;ye is thus eamliiied to much narrow'd* limits 
than that of tlu‘ ear, the intei'val between the red and violet being less 
than an octave, while' the e'ar posses.ses a range of several octaves. 
Vibrations too slow' to excite* the eye are i‘(.;cognised by their thermal 
(‘fleets, and those wdiich are too ([uick are; gemerally detee;te;d by their 
chemiead action. The former are most ellective; in heiating our bodie.s, 
w Idle; the latter facilitate the jiroseeaition of such arts as photography,^ 
anel are a very important factor in the grow'th of plant s, etc. 

• Ca[»tain Abn(*y lia.s siKU'vodcd in preparing pliotograpliie- plate.s witli bromide, ot 
.silver wliieli ai’e; capable ot bi'ing decomposed nut only by the violet end ot tlu^.spee- 
Irum, bnt also by the red rays, and by ray.s ot lower letrangibility which have wave 
lemgths nearly three limes that ot the real (see “ hakerian Lejcture,” Pfiil. Trans, lloi/. 
Sor., 1S81). 


//sin . 
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As tho^ pitch (or musical colour) of a note is determined by the 
frequency of its vibrations, so it appears to he the frecpieiuy of the 
vibratioi\ in the luminiferous etlier that determines the colour. For 
if a wave motion is propagated from one hum Hum to another, the 
vibration frequency in the second medium ought to bo the same as in 
the first, the vi])ration in the second being excited and foi'ced by that 
in the first. This bc'ing admitted, it follows that if the velocity of 
propagation changes in passing from one nuHlium to anothei’, the wave 
length must change in the sanni proportion, in accordance with tin; 
equation A ~ ?'T. Now it has ])een ol)ser\ ed that when light of a 
definite wave length passes from one medium to another, as from aii- 
to water, the colour of the light (say sodium light) rennains unaltered, 
so that the natui’al inference is that the colour impression on tin'. eyt‘ 
depends on the vibration frequency rather than on the absolute wav<5 
length. 

We have now thrc<^ methods of detecting solar radiation or wave 
motion in the ether. If the frecpiencjy of the vibi-ation lies within 
certain limits, it affects our sight, and we call it light. Outside theses 
limits the vibration may })e too slow or too I'apid to alfect our (*yes. 
In the former case we can detect the wav(‘. motion by its luxating 
effects. It imparts its energy to material substances and to oui* own 
bodies, exciting vibrations in them and producing physic^al changes, 
and we teiun it radiant In^at. It is not to l)e undei’stood thnt it is ojily 
th(‘ waves too slow to affect our eyes that possess any luNiting [)ower. 
This property is poss(‘ssed by the luminous wa,v(is also, but g(m(‘rally 
in a smaller degi’cc, so that those Avav(‘s which ailed oin* s<mse of sight 
may b(i calhnl biuiiiunfs heat n-aves, and those which do not may b(‘ 
tei’ined Hoihfinninon.^, or daiT, heat wavijs. Doth the \dtra violet and 
infra-red waves may la^ converted into luminous ua\’es. The. (ton- 
V(*rsion of the former is t(*rmed jliiorcsmirr and of tlni lat.tm* niJuro^rmn 
(Arts. -JeSq, L>qO). 

Heat and light ar(‘ conseqU(*ntly nalucc'd to the sann*. caus(‘, vi/. 
wave motion in tlie (,‘tlier, and afiy (‘thcj’ wavci may be, at tin' sann/ 
time, a light wave and a lu'at. wave. It is not that th(a*(i are two 
classes of waves, heat waves and light wavi's, but that we have two 
senses by which we can detect the sanni waves. riiey alfect our 
bodies with warmth and our eyes with light if tlu'ir wave ])(*riod lies 
within the range of our sensibility.^ 

Evidently in ^"oiing’s D^nnioii tin* In-at ravs and llio ac.t inio rays ilillcr IVoni tin* 
light rays only in tlndr wavo length or period, I'or he, states that “. . . we iiinst, 
therefore call liglit an intlueiiee capa])le of entering the eye, and atfe(ding it with a 
sense of vision. A body from which this intlnence apja ars to oi iginate is called a 



42 


WAVE MOTION 


CHAP. II 


Long 

\V{IV('S. 


The waves which are too rapid to affect our sense sight are 
termed artinir, waves or rays. Their extreme shortness probably 
({ualifies them to operate between the molecules of bodies an^l become 
effective in producing chemical changes. Beyond this point we have 
no means of (hjtecting the very rapid waves. It is otherwise, however, 
in the case of long waves. 

We have seen that although the ether vibrations may be too slow 
to affect our sight (as air vibrations may be too slow to affect our 
sense of hearing), still Ave are able to detect their presence by their 
heatirig efi‘e(;t. But there is a limit even to this. The ether Avaves 
may Ijc so slow that tluw Avill ))ass through our bodies without giving 
U]) any sensible portion of their energy, flow then are Ave to detect 
these long cthei* Avaves ? The recent brilliant (‘.xperimeiits of Professor 
H(;rtz (see chap, xxi.) liaA^e placed the means in our hands. We can 
now Avork with etli(‘r Avaves of any length, fi’om a few inches upAvards, 
I l(i!(5tofore we (tould detect only the radiant heat Avaves, Avhich are 
excessively short, rariging from ,oJoo itkVooo inch. 

The Ibii t/ian waves are excited electrically and detected clectricall}^ 
They may also be detected l)y their thermal effects. We have thus, 
as it wei’(^, ac(}uired another sense, for av(‘ have; now another means 
of investigating the ether, and connecting the various jfficnomena of 
nature. 

39. Average Kinetic Energy of a Vibrating Particle. — Let a 
particle vibrate acc'ording to the e(|uation 

// - (I sin (w/ - aL 

'riien its velocity at any instant is given by 

r - ' -((w rns (w/ - a). 


and if ni be its mass its kinetic energy is Now the foregoing 

expression shows that v varies from zero to ao> ; accordingly the mean 
<‘nergy during a comi)lete vibration Avill be 


J I — I f 1 -1 cos 2(co^ ■ a)]f/^ 

0 I * 0 *1 ^ ./ i) ^ ‘ 

I 1 , \ ^ 

j M - sin2''w/ - a) J ^ 
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liiniinoiis body. Wc do not include, in this definition of the term light the invisible 
inlliienees which occasion heat only, or blacken the salts of silver, although they 
both a])])ear to dilhu’ from light in no other respecds than as one kind of light diOfers 
from another, and they might i»rohahly have starved the pur]iose of light if our organs 
had been dilferently constituted” (Voung, “On the Tlieory of Optics,” LcAiuirs on 
Xatural Ph i hsoph y). 



ART. 40 


INTKNSITV OF ILLUMIXATIOX 


4S 


>\^iere (») - %/T. Hence the average energy is 

nntrcS- imr'*ir 

1 " T- • 

— The mean energy = j/z/r = i •. I ?///’- wliere r is the greatest 
velocity of the molecule. Therefore the mean kinetic cnei’gy is half 
the maximum kinetic energy. 

40. Intensity of Illumination. — We must now (hihne what we 
mean l)y, and how we measure, the infrusifi/ of light. Ju'ghts generally 
diftei* in two I’cspeets, viz. intensity and colour. In photometry we 
say that two lights are equally intense if at the »same distance away 
they produce the same illumination on a screen. If one candle pro 
duces a certain illumination we say that two such candles togetlu'r 
produce twice as much illumination, or that the intriisihf oi illumination 
is twice as great. Similai ly the intensity of illumination is directly 
proportional to the number of candles, pi'ovided tiny are all of the 
same powei'.^ Now the average energy of tluj vibration duo to any 
source is proportional at each point to tiui square of the amj)litud(‘, 
and tin; average energy due to ary number of souims is pi'o})orlional to 
the square of the am])litu(hi of the resultant vibr*ation, and this over any 
region is the sum of the av(;rage energies due to tin* sources sejrai'ately. 

This has led to two methods of estimating the intmisity of the 
illumination in terms of the energy of the vibrating m(‘.dium. In th(3 
fii‘st place, we may take the intensity of illumination as measui'ed by 
the energy per unit volume of the medium, and in this case if in stands 
for* the mass ])er unit volume the intensity by the for’cgoing ai’ticle 
will b(' measur’cd by the formida - 

1 ^ j - rp, . 

On the other* hand, we may mea,sure the intensity ly the (piantity of 
ener*gy tr’arismitted per unit time per unit ai*ea acr*oss a plane perpen- 
dicular to the direction of pr*opagation. In this case the velocity of 
])ropagation will come into account, and the intensity (for* a plane 
wave) will be measured by the pi'oduct of the vrdocity and the erier*gy 
per* unit volume — that is, by the formula 

^ /C7r-V/-X 

r- ■ 

^ This may he regarded as tlie deiiiiiti«)ii of an illuiniiiatioii /t times as intense as 
a given standard. Tljat the intensity varies inversely as the sejnare of the distanee 
from the source follows as an exjierimental fact. 

- In this expression we have taken into account only the kinetic, energy. In the 
ease of a vibrating elastic solid the whole energy is half kinetic and half ])otential, 
so that if the whole energy he taken as the measure of I, the ex]»ressions in the text 
ought to he doubled. 


Fiiergy 

eontiiined. 


Fnergy 
trails - 
luitted. 
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In practice, however, we deal only with the relative iii^nsities, aftd 
it follows from either system of measurement that if the periods of 
two vibrations he tlui same, then their intensities arci in tly3 ratio of 
the squari'.s of their amplitudes, or 

r 

r a- 

Th(^ relative int(*nsiti(‘s of two sounds of the same pitch, or of two 
lights of llu? same colour — that is, of the same jieriod or Avave length 
— are (‘onsiupiently compared hy the scpiai’es of theii’ am])litudes of 
vibration. I hit we cannot so easily compare tlni intensities of two 
lights of (lillermit colour, or two sounds of diherent jiiti^h, for they 
j)roduc.(‘. dissimilar impressions, and the time (T) of vibration enters 
the expr(‘ssi()ii for the mean energy of the motion. In the estimation 
of the relativi^ intiaisities of dillerent sources of light (which forms the 
subject of photouKitry) great (lilliculty is encountei'ed in the fact that 
dillenmt soiu'ces of light are in genei'al diilerently coloured.^ 

41. The Intensity varies inversely as the Square of the 
Distance. — Let us now consider a luminous point as the source of a 
system of sphmical waves diverging from it as centi'e. (h)nsider any 
one of th(‘s(‘ wa\(‘s of i-adius /’. This wave tiav(‘ls outward, (h^velop- 
ing itself and incrc'jising its radius with tlu^ velocity of light. It 
carries its energy with it, and after a time it is a s])here of radius /. 
Now if I deiioUvs th(5 miergy per unit tiim* transmitted across unit ai'ea 
of th(^ fiist wave sui‘fac(‘, and V the energy per unit area of the second, 
we have, since the eui'rgy of tin* tiist is handed on to the second, the 
whole eiiei'gv trausmittiMl pei* unit time across tin* wav(‘ Itt/'-I, and 
also the wholes (mergy ti*ansmitted ■l7r/’''r. 

( onse(juently 

‘ nr 1/ - 1 rniisl.nit, 

or the int(‘iisiti(‘s of the illumination at dillm*ent distances fiom a 
luminous origin are invi*rsely as the scjuares of the distances, a ridation 
which is verified by experiment. 

Ler. — Since the intensity is jiroportional to tlie sipiare of the 
amplitude, it follows that the amplitude of the vibration is inversely as 
the distanci’ from the origin, or 

ar (f'r constant. 


^ On tlic comparison of tin* relative intensities of tlic (litferciit c(»lour tliroiigliout 
the spectrnni see Colour .Urasurrmeut ami Mixture, hy Cai»tain Ahm'v. 
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• 42. The^Principle of Superposition. — When two or more soiwinitc^ 
(listurl)ancos are simultaneously impressed on the same elenuMit of a 
medium, tjie eiVect may be very complex, but in the ease of li<i;ht the 
displacements are supposed to be such tliat the com[)osition of them 
by direct superposition is allowable, for (‘alculations made on this 
assunj])tion agree with the observed facts, at h‘ast to tliat degree of 
accuracy reached by ex[)eriment. On this pi-inciple is based the wliole 
doctrine of interference discovered by Young in 1801. It folloAvs 
from it that any numb(‘r of separate disturbances may be ])ropagated 
flurnifih one anotlier in the same ])ortion of tln‘ nu'dium, (‘ach emerging 
fi’om that portion as if it had not been encountered by the others. 
Tdius rays of light from obj(‘cts all around us cross each other’s paths 
in all sorts of ways, but (‘ach travels on as if tlie otliers did not exist, 
fiach poi'tion of the ether is traversed by sti'c'anis of light fi’oni a 
multitmh^ of ditlerent sourc(^s, which are simultaneously propagated 
tliroiigh it. Hence W(i may conclude that at any instant the dis- 
tur))ance at any point of the ether is tliat due to the sujierposition of 
all the disturbances which r<‘ach it at that instant from the various 
|mrts of the surrounding medium. This is, in a gmicraliscMl form, the 
principle stated by Huygens in 1()78. It as.s(‘,rts that tlu^ disjilaccunent 
caused by any source of small vibraticjns is the same, wh(‘tlu‘r it acts 
u])()n th(' medium alone oi’ in conjuiu'Tion with other sources, provided 
the dis])lacements considered are very small. Tlu' c.ombim'd (‘Hect of 
several sources is tlieiadore the geometric resultant of the displaceimmts 
which would be prodmaal hy them acting separately. 

The nature of this jirincJple may be mach*. moi’e clear liy a simple 
cxamjile. Let a pendulum receive an impulse in any vei-tical plane 
passing through the jioint of suspension, causing it to viliratcj in that 
plane. Now when it is at tln^ lowest ])oint of the arc of vibration, let 
a second imjiulse be given horizontally in a |)lane ])erpendicular to 
that in whicdi it already vibrates. This im])uls(‘, if it had a,c,ted on the 
[lendulum at I'est, w(juld have caused it to vibrate, in the vertical ])lane 
of the impulse and through an arc d(*pcnding on the magnitude of it. 
Now it is found on trial that the distance of the boh of the ])(‘ndulum 
from either of these vertical jdanes is the same at any instant as if the 
other vibration did not exist, so that each vibration subsists inde- 
})endently of the other, although the re.sultant motion is a compound 
elliptic vibration. 

The two vibrations are luwe taken in separate planes in order that 
their coexistence may be more easily recognised. When the vibrations 
are in the sanui plane the residtarit vibratiem is also in that j)lane, and 
its amplitude, by the princi[>le of superposition, is the sum of the 
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amplitudes of the constituents when their directions conspire, afld 
their difference when they are opposed. 

43. To compound two Simple Vibrations. — Let a j^rticle be 
simultaneously impressed hy the periodic displacements represented by 
th(i eipiations ^ 

//, r/| sill (w/ - a,) and //.j — (w/ - a.^), 

which agree in periodic time and wave length ((»> - but differ in 

phase and amplitude. The resultant disjilacement at any time t is 

// //i ■< V-‘ ^i) I ^Cjsin {bjt a.y\ 

sill cos a, ! r/.jC(»sa.,) - cos 1 sin a, sin 

- A sin (w/ - a), 

if A cos a cos ttj cos a.^ 

iind A sill a sin a, sin a.^. 

Therefore hy sijuaring and adding Ave find 


A“ • //|“ \-ff2* + cos (a, -- a.j), 

and hy division “ 

^ a, sin a, i-//., sin a., 

tana---- “ — -• 

r/,(;osa| i n.,c().s a., 


' Fi’csncl, (Kfi s compUtrsyUim. i. pp. 288-‘JtKJ ; Mtntoirti antnmm' sur ht Dijlntc- 
ll(ni, 87- PJ. 

“ These, results may be ohtaiiKMl ^(‘oinetrieally as follows: — Let the jiarallelograni 
OA15C revolve round the vert<‘x 0 with uniforni an,^ular velocity. Then since 

A, B, C describe eireh's round 0 with 
a nniforni angular velocity, it follows 
hy E\'. ‘2, ]). 87, that the feet 1\ (,>, 
R of the ])erpendi<‘,ulars from A, B, 
(/ on any right line OX exeimte siniph*. 
harnionie vibrations along the line 
OX. Ihit sinee At- is e(|ual and 
[)ara,llel to OB, it follows that PR — 
0(X and therefore OR^OP I Ot,). 
IFeiiee. tln^ disjilaeenieiit of R at any 
instant is eijiuil to the sum of the 
<lisphu:(‘nieiits of P and (») ; or, in 
other words, the mol ion of R is the 
resultant of the motions of 1’ and 
superposed. Now R «*xeeutes a simple harmonic vibration of amplitude 00 
and phase XOO — that is, if the amplitudes of the vibrations of P and Q be repre- 
sented hy the lines OA and OB, while tin* phas(‘.s of the same vibrations are rejire- 
sentt'd by the angles OA and OB make with a lixed liiii* 0.\, then the amplitude of 
tin* resultant of the two will he dem)t(‘d hy OO, the diagonal of the paralh*l()gram on 
OA aiid OB, and tin* phase of the resultant will he represented by the angle 00 
makes with OX. The analytical method in the text is given in order that the 
student may become armed at oiiee- with a direct and powerful instrument of attack. 
[Oompare Art. 8t), Ex. 2. Figure 10 illustrates the cosine formuke. The sine 
formula* may, however, be deduced from the figure by supposing the phase 
measuri'd clock-wise from the vertical OV.J 
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THiis determines the amplitude A and the phase ud - a of the i-esultant 
vibration. *rf we denote the difference of phase of the component 
vibrations^ by (S we have 8 = — and tlie resultant amplitude is given 

by the equation 

i I cos5. 

('())\ 1. — If fS-0 or 2n7r — that is, if one wave is retarded on the 
other by any number of wave lengths — we have cos (S 1, and 

-I 

Cor. 2 . — If ^ - TT or {2n + 1 )7r, one wave is n^tarded an odd number 
of half wave lengths on the other, and 

If in addition /q — we have A « 0, and the waves in this case destroy 
each other. 

Cor. 3. — If - Att or (n -h A)7r, one wave is retailed a ({uarter wave 
011 the other, or (// i- A)AA and 

A“ - (( -j- ((.r. 

44. Distribution of the Energy. — In the case of a medium 
simultaneously disturIxHl by two sources of similar vibrations, we have 
seen that the amplitude of the resultant vibration at aaiy point V is 
determined liy the equation A- ~ -i- aj h 2/q^/.^ cos fS, where (S is the 

phase difference of the vibrations reaching P, and depends on the 
difference of its distances from the sources. If this (lilhuence is to 
remain fixed, then P may lie anywhere on a hyperboloid of revolution, 
having the sources for foci. The whole S[)ace around the sources may 
be divided up by a system of such surfaces, each determined by a value 
of ^ and a corresponding value of A. The average energy of the 
vibration of the elements of the medium at any one of th(*se surfaces 
is measured by A“, wdiich, from surface to surface, varies from a 
maximum + for d=2x7r, to (^q - for d - (2y/ i- I)7r. The 
average value, however, of A- throughout the wdiole medium will be 

-1 ff/, 

or the sum of the average energies of the vibrations excited by the 
sources acting separately. 

Thus when a medium is disturbed simultaneously by tw'o similar 
sources and ().„ the amplitude of the resultant vibration at any ])oint 
is the sum of the amplitudes of the vibrations wdiich the sources would 
excite if each acted separately only wdien the vibrations at this point 
are in the same phasg. The amplitude at any other point will depend 
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on the difference of phase, so that in some tracts of the medium theas 
is a large amount of energy, while in others there is very tittle. The 
interfering action of the two sources causes no destruction of energy, 
but merely a redistribution of it in the medium around them. 

For example, if that is, if the sources be of equal power, 

then at souk^. jiarts of the medium the energy will be or quad- 

ruphid, while at others it will be zero, but the average value through- 
out the medium will be -u‘“, viz. the sum of the average energies of 
the two e(HJal sources. 


Example 


Aliy iiiimlx!!’ ()l‘ wjivos of a type conipoiind into (»n<‘ of ilii* same! typo. 


Lor if 

U 

!f\ f ihd ‘ • 

. . 1 If,, si n (co/ a. 



- ( J .sill ujt 

P cos iof A sin {(j)f - a). 

Whoiv 

V 

— o, sin a,, 

<;<)s a,, 


t a n a 

sin a, 

cos 

{}' 

and 

A- 


,o., cos (a, - a.j) == P- 


(‘poc.li aiii^li's a\ Mild a.„ oti*., vary irn^i^ularly, tin* (diMiioo is that tlio ten^ 
iiivol viii.!Lj cos (tt, tto) uill ]»(' as niiich positive as ii(*,^ati vc, ' and will disa]>])(*ar from 
the riisult, so tlial tin* av(‘ra^(* valu<‘ of A- will he or 

jivcra<^(' intensity ' sum of component intensities. 

45. Graphic Representations of the Resultant of a System of 
Vibrations. — From the equation A-V-iq- f cos d it appears 

that the I'esultant amplitude A is the diagonal of a parallelogram of 
which the sides are a^ and n.„ and d the angle between them. 

Again the equation for tan o may he written in the form 

sin (a a,) sin (a a.,) -(), 


from which it I'ollows that if we draw a line making an angle a with 
the diagonal A, it will make angles and a,, with the sides and (k, 



1 1. Hi’.sull.uit of two 
similar Vibrations. 



Piii. I'J.- Ib'snltanl of a systrin of 
similar Vibrations. 


of the pai idlelogram. Thus we have the following construction. Take 
any fixed line OX (Fig. 1 I) and draw OP ecpial to and making an 

* Oil this point see E/icjf. Ihit. ninth edition, art. '‘Wave Tlieoiy,” hy Lord 
Rayleigh. Also Phil, Ma<j., Aug. 1880. 
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with OX, similarly draw Ot^ e<iual to and making:; 

(^)()X -- a.„ thmi it’ we eom])Iete the parallehy^raiu the diiiyoiial 

OU is e(|ual to A, and the angle KOX which it makes with OX is 
Cijiial to <t, while PCK^ is equal to the ditlertMice of phase e or «ij - <t.,. 

Or if POX and represent the phases </)j and </>., of tin', ccmiponenl 

vibrations, POX will be the phase «/> of the resultant vibration. Tlu; 
amplitudes, therefore, compound lik('- forces. 

d'o compound several -vibrations by this method W(‘ have only to 
draw OPp OP.,, (JP.j, etc. (Fig. 1 1^, ftoni O, e([ual to etc., the 

am])litudes of the vibrations, and making angles P^OX, P.,OX, etc., 
e(|uai to phases r/>p r/>.„ etc. ; then, as in the case of a system of forces 
(M inchin’s N/a//cs), the resultant amplitude is ecjual to /oOO, if there 
are // anqilitudes, and if G is the centre of mean position of tlu^ ])oints 
[\, IX, P.^, etc. 

It may be nioi’e instructive, howevtn*, to employ the method of the 
])olygon of forces. Thus draw OP, (Fig. l.‘l)e(jua.l 
to and making an angle </>, with OX, and fi’om 
P, draw P,IX = (e^, and making <Ik, with OX. Tlnm 
OP?, i‘oprt*sents the resultant of tlui vibrations a, 
and a.,. Similarly for a third draw IXP;, - and 
making an angle </>., with OX, and so on for any 
number. The line joining O to P,„ tlu^ extremity i.,... ni. tii.‘ \ 
of the line last di'awn, i'(‘j)resents in magnitude the 
amplitude, and its direction makes an angle with OX e(jua,l to tlie 
phase of the resultant vibration. 

These graphic- methods wt^ shall lind of great utility in tluj theory 
of dillVaction. 

1. -When the system of vibrations to be com))ounded foi ins a 
series in which the phase diffenmcc* of any two consca-aitive lei*ms is 
infinitesimal, but vaiying continuously from lei-m to term, then tin- 
angle between any two consecutive sides of thci vibration {)olygon 
will be infinitesimal. The ])olygon will cunsecjuently iK-.come a, eon- 
tiniious curve, as shown in P’ig. 11, such that the ehum-nt of hmgt h at 
any point M of the curve repi'cscmts the amplitudci of a corres[)onding \’ihi.ain, 
constituent vibration, and the angle which tangent at this point makes ‘ • 

with OX i‘e})i’esents tin*, phase </> of the same* vibration. Tlnj lim; 
joining O to M i-e|)resents the n^sultant of the sjslom of A’ibrations 
between () and M; the length of the liiu; OM i-e])resenting its 
am})litude, and the angle iM(_)X its phase. 11 P be a j)oint on 
the curve such that the tangent at J* is parallel to OX, then the 
arc OMP represents a s 3 'st(.‘m of vihratioiis varying continuously 
in phase from zero to tt — that is, ov^er half a [>eriod — and OP 

I-: 



A' 
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circle. 


5U 

represents the amplitude, and XOP the phase of the resultant of ^he 
system. 

Cor. 2. — If the system of vibrations forms a series of C(pial ampli- 
tude and e( [increscent phase, then the sides of the vibration polygon 
will be erpial and cipially inclined to each other. In other words, the 
vibration jiolygon will be regular and inscribed in a circle. Hence, 
when the number of terms is very great and the constant phase differ- 
ence very small, the polygon will, in the limit, coincide with its cir- 
cumscribing circle, and it follows that the resultant of an infinite 
number of vibrations of cijual amplitude, and varying uniformly in 
j)hase, may bo nipresented in amplitude ami phase by the chord of a 
circular arc. The general curve of Fig. 14 becomes in this case a 
circle, as shown in Fig. 15. The arc OM of this circle represents a 
system of vibrations of e(|ual amplitude and phase varying uniformly 




from zero to </). The chord OM represents the resultant, and the 
amplitude is therefore 

O.M -2/’ 

while the phase of the resultant is 

That is, the phase of the resultant is the arithmetic mean of the initial 
and final constituents of the series, and it is conse([uently the same as 
the [diase of the constituent corresponding to the middle point of the 
arc OM ; for, in the case of a circle, the tangent at the middle point 
of the are is paralhd to the chord of the arc. 

The diameter OP of the circle represents the resultant of a system 
of vibrations of equal amplitude, and 2)hase varying uniformly between 
the limits 0 and tt. The phase of this resultant is Jtt, and it is 
therefore a (piarter period behind the fii*st constituent of the series, or 
the same as the middle term of the series. If the amplitude of each 
constituent of the series be n, and if there be y/ terms in the scries, 
then if the series be represented by any arc OM of a circle, we have 
in the limit for the length of the arc 


Arc OM ~ na. 
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H^ice, if /• 1)0 the radius of the circle and </> the diHerenee of pliase of 
the first and last terms of the series, wc have 

/•0 — / e /. 

Consequently the amplitude of the resulUuit is 

sin h<t> 

O.M - 2y* sin \<b—na , 7—* 

If the pl\ase varies from O ' to tt, the arc will be a semicircle and the 
amplitude of the resultant will be lb* — that is, 


TT 

46. Waves of Different Lengths. — We have gt)od reason to 
])elieve that the velocity of pro})agation in air is \ ery nearly the sann^ 
for light waves of every length, just as wc know that sound waves of 
tlitleronl lengths travel witli the same velocity. Still whetlnu’ p be 
constant or not it is gefierally impossible for two vibrations of (liHerent 
p^aods such as 

sin (w,/ -j-a,), and //o -^Cjsin (w./ | a.,) 

to com[)letely destroy each other. We have seen that when = ok, = o), 
jiny numl)er of suclvAvaves combine to form a resultant wave A sin (d)/ - a) 
of the same period as the constituents, a,nd containing no trace of 
i-heir distinction. The two Avaves given above cannot, how(;ver, bo 
so compounded unless their periodic times 1)e the same — that is, 
unless we have consideration, therefore, of Avaves 

of different lengths may be kept pei-fectly separate, for their ultimate 
effect Avill be the superposition of their separate effetds, each possessing 
its OAvn individuality. 

1diis point is illustrated by sounding two notcis of diiferent pitches 
together (for example, a note and its fifth) ; or by the mixture of two 
colours. 

47. To compound tAvo Rectangular Vibrations. — If a particle be 
subjected simultaneously to tAvo simple harmonic vibrations of the 
same period, but in perpendicular directions, the resultant vi))ration is 
in genei’al elliptic. 

Let the superposed vibrations along OX and OY (Fig. 10) be given 
by the equations 

■r — a sin 0, 

7/ — ^ sill {d I' 5) 


Avlien 6 for brevity denotes the phase of one of tlie vibrations and d 
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their difFerence of ])hase. Now 0 is a variable containyig the tiifte, 
and to eliminate it we have 


// -b (sin cos 5-1 cos 0 sin 5i, 

and 

sin 0 ^ 

thei’efore 

cos 5 -1- sin 5 . / i 
b a \/ 

Hence 


or finally 

t/* 2,/'// - . . 

, • ; cos 0 — SI 11 “ 5. 

(tr b- (fb 

This c(piation denotes an ellipse having its centre at 0, which is con- 
sequently the curve described by the ixirticle under the simultaneous 


Vibrations. 


Fi:4. 17. 



Fi^^ ir>. 



action of two rectangular vibrations of the same periodic time, of 
amplitudes a and />, atid ditlerencci of phase (i. 

If fS be inoi’cascd l)y tt the e( [nation Ixicomes 

a;- //“ "Ixu .s . ~ 

I • 1- ■ cos 0 - sill- 0. 

/r-J /;- uh 


Idle greatest values of r and // are a and h respectively, hence if 
tangents AE and I>E be drawn parallel to the axes of reference, we 
have (Fig. 17) 

OA andOB = &. 


Al SO by putting 
curve we tind 

1 lence 


./’= () and // = 0 successively in the ei [nation of -the 
(,){] — (1 sill 5, and 01) — //sin 5. 


sin 5 - 


0(^. 

OA 


01 ) 

OB’ 


Again if we re])lace x by its maximum \'aluc a, we find // - h cos S for 
the ordinate of the ])oint E ; and if we replace // by its maximum value 
b we find ./* ^ cos (S for the abscissa of the point F, therefore 
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eos d = 


AE 

AP"" 


BE 

BP* 


Cor. Im — If the difference of phase 5 he zero or 2n7r the equation 
of the resultant vibration becomes 


a. 


// 

b 


- 0 . 


This represents a right line passing through 0 (Fig. 18) and 


[lakini 


ail 


angle 


with the axis of the 


tangent of which is a'Ji, 

Cor. 2 . — If th(‘. difiercnce of jihase be tt or 
{2ii+ l)7r, which corresponds to a retardation 

JA or (2/i+l)^, the resultant vibration is 
represented l)y 





Kil^s. IS Jiiid 10. — IMiJist' Dillt'i- 

• ll Mllllipll) of" TT. 


This is the equation of a light line passing through 0 (Fig. 19) and 
inclined to the axis of // on the other side at an angle whose tangent 
is (fjb. 

Thus we se(i that if two simple nictangular vibrations be com- 
pounded, the resultant vibration is a simple rectilinear vibration if 
they differ in phase hy any number of times ‘Jtt (or a retardation of 
any number of times A), and if a difference of jihase eijiial to any odd 
multiple of tt oi* a retardation of any odd multiple of half a wave 
length be introduced, the resultant vibration is still rectilinear, but its 
direction is turned through an angle 20, if 0 b(5 the angle the first 
vibration makes with either axis. 

This remark is of importance in the theory of polarised light. 

Cor. 3. — If 0 - W, or any odd multiple of W, that is, if there is a 
retardation of ]A, we have 



Fig. “JO. -IMkiso Ditt'en^nce a Iliglit Aiigl«‘. Fig. 21.~Ciiviilar Vibratioji. 


In this case the axes of the elliptic vibration coincide with the 
directions of the component vibrations (Fig. 20). 

In the first cases the two rectangular vibrations pass through their 
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middle points at the same instant, and in this case one passes through 
its middle, point when the other is at its extremity. 

If, in addition, - i, we have 

and the resultant vibration is circular (Fig. 21). 

Thus two rectangular vibrations of ecfual amplitude and periodic 
time will com])ound into a circular vibration if they differ in phase by 
any odd multiple of Itt, or if one be retarded on the other by any odd 
multiple of |A. 

48. Vibration of Permanent Type — Polarised Light. — It has 

been remarked already that the phenomena of interference lead us to 
believe that light is projiagated as a periodic disturbance or a periodic 
change of some soit in the condition of a medium. This periodic 
change is referred to as the vibration ; but as to the nature of the change, 
whether it is simply a periodic displacement of the elements of the 
medium, such as occurs in a vibrating elastic solid, oi- as to Avlietlnu' 
it is something of (piite a different nature must remain a mattci*^of 
speculation. In I'cpresenting the vibration l>y an e(|uation of the form 

y~a sill (w/ -{ a) 

no particular assum])tion need be made as to what it is that y 
represents, except that it is the change of condition at the time t. It 
is [lerhaps simplest to regard y as a disjffacement in the medium such 
as occurs in ordinary wave motion. This is the ordinary notion, ]>ut 
there is no advantage in imposing such a limitation on the nature of the 
disturbance, (ixcept for the ])urposes of distinct concejition in the mind. 

In representing a periodic change by a simple eijuation of the fore- 
going form it should be rememliered, however, that this eipiation 
embraces an inffnite succession of similar changes — that is, an inlinite 
train of waves of invariable type. Light is said to be polarised when 
the type of the vibration is maintained invariable. If the ether vibration 
consists in a periodic displacement, all the elements of the vibiating 
ether in the wave front describe similar, and similarly situated, curves 
which remain peunnuenfly the same. Thus if all the elements describe 
similar and similarly situated ellipses for any time the light is said to 
be elliptically polarised during that time. If they descrilie circles it 
is circularly polarised, and if they descrilie parallel rectilinear piths it 
is called plane-polarised light. The essential feature of polarised light 
is then that all the elements of ether in any wave front continue to 
desci’ibe exactly the same kind of orbits, or the nature of the disturb- 
ance remains pei’manently the same. 
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1. Any number of simple barmonic vibrations in (lifferent directiions, (HUeriiiif 
in jdiase but having th{3 same periodic time, eompouiid into an tdlij)tie vibration. 

2. Any simple harmonic vibration is e<piivalent to two o])j)osite cinndar vibra- 
tions. 

[For .73 — o. cos w/, ?/ — o. sino;^, 

is a circailar vibration, viz. a;- 4- = o-, so also, changing the sign 
of w we have 

;>• — a C(7S tot, ]! — - .si n tot 

as a circular vibration in the op])osito dirc.ction. A<Iding the 
,7;-components, and also the //-com])oncnts, we find for the 
resultant vibration 

a; - 2(t cos tot, // — 0. 

Conso({uently the two o])])osite circular vibrations com]>ound into a sim])lc rcctilin»‘ar 
vibration of double the amplitiule. 

Conv(!rsely, if we start with the simple vibration ,r cos we may write it in 
the form 

(1 ) x — ha cos tot, If - },(( sin tot. 

(2) x~ }^(t cos (ot , if — - .\o. sin <ot . 

Th(5 first luiir rc]»r(;sent a circular vibration of amplitude \a, and the .second pair 
reju’esent an opposite circular vibration of amjilitude ha. 

This result is of ini]>ortance in the theory of circ.ularly ])olai“is(!d light. 

An insj»ection of the tigur(3 shows at once, that a particle moving with simple 
harmonic; motion along a lino OV may be supiioscMl actuatc'd by two ecjual and 
op])osite circular vibrations of half the; amplitude;, for the, vcdoc.ities pcrpeiidiiuilar to 
this line destroy (;a(;h otlic'r, while; the vedocity along it is eloubled.J 

;b Two simple harmonic vibrations, in ree*tangular diieicdions, compounel into a, 
])arabolic vibration if the ]>eu‘iodie; time and phase of one; isilouble that of the; other. 
[Th e; eejuations of the; e!e)m])onent vibrations are 

X. — it, e*os "litot + a) — it e*os 
y __ 1) cos {tot I a) tf ce7S 0, 



therefore eliminating Q, we tind 




-1 1 . 


If the phase of one is not double that of the other, the; re;sultant vibration is of the 
fourth degree. 

The; above vibration is that obtainejjl by c;omj)Ounding a note and its octave. A 
furtheu' exercise is that of ce.nnjMmnding a note and its tiftli (jeerioels in the; ratio 2 *.:}), 
or any note; and another at an oetave + lifth interval from it (perioels in ratio 1 
Diagrams of the.se; cases will be found in t ri;ati.se;.s on Sound under the heael “ Lis- 
sajoiis’ tigures.”] 

1. If a system of vibrations dilfering in amplitude and wave le;ngth (or periodic 
time) be .superpo.sed, we have for resultant 


ij — sin 27r 



4- (t.i sin 27r 



4 - 


. . etc., 
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whi(t}i may be written in the form 

y - sin 27r ^ + a, ^ 4- a., sin 27r ^ + ^2 ^ + • ■ 

wh<!re T - 7 /IjTi - ^^e., being integ(!rs. This shows that y is 

])<iri()(H(^, for it remains unaltere<l when for ^ we substitute / -f T. The periodic 
linn; of the resultant vibration is tlierefore T, the L.C.M. of Tj, T„ T^, etc. 
r>. The e.ompoiKints of an (slliptic vilu’ation are 

X ~ ft si 11 bit and y -- h sin {bit 4-5), 

find the direction of tlie axes of the ellipse. 

[The directions are given by tan 20 - wlnin* tan 0 - 

d. Two elli])ti(; vibrations, givioi by tlie erjiiatioiis 

X\ - (f^ sin {bit -\- tti) I x.,~ff‘2 •'^in {oit I a.,) I 
y^ - - hy sin {bit I- / 4 /) j //o - k, sin {bit 4 - fio) J 

are. super]iosed, find the resultant vibration. 

[It the e.oinpoiieaits of the resultant vibration be 

X -- a sin {bit 4 - a) and y — b sin {cot -1 /i), 

we have 

fd'-i aj- i- 1 - 2 (f/f .2 cos (a^ tto) 
tr — 4- b,r 4- 25, c-os (/ii, - (i,) 

tan a tan +A;4"A1 

ft, COS a, f/.2 cos a.j " ^ 5, eos [iy 1 b^ (‘os J 

7. The (41ipti(; vibration 

.T = a si 11 bit^ y — b cos tot 

is (Mpiivalent to the two superposed circular vibrations 

;r, — b{a 4- b) sin cot ) x.y ~ h{^t b) sin cot \ 

?/i - 1 b) cos bit I 1 / 0 - - -- b) cos cot f* 

coiise([uently the ellijdic. vibration may be regarded as the resultant of two 0]>positoly 
(lireeled circular vibrations of amplit udes, i(o,4-5) and .J(o. -5) respectively. 

8. Sysfn/i of Discrete I\(rt teles — ^^illor Limit to the. hr iodic. Time.^ -A system of 
p(41ots, each of mass y>/,, is attached to a weight less string at e([ual intervals a. Tlie 
string is stretched with tension T along a smooth horizontal plane, so that the force 
of gravity does not enter the «piestion of the liorizontal tranverse disturbances, 
discuss tin; motion (P. (J. Tait, D/iey. Jirit. art. “ Waves”). 

Let the transverse displacement of the vtth pellet lx; at the tiim; /. The 
ecpiatioii of its ir.otioii is 

Of. , - 1 - - i 'd 

(th ft. ii. 


X X 

D’ Hu -/(a’), then .y«f i — /(a* f'{x), eonso(|uently we have 


and 


llu-\-C 


y,i- Hence m. 


*> r it 

which reduces to To 


' y,i 

d^^tj 


when a is very small, so that we recover the equation of vibration of a continuous 
cord. 
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Again, if .jj = A cos where .r-na, we have, from tlie above ecjuatioii, 

T 

- mur c^s {ict - l\r) = ^^[eos {wt - A’(.e + a)} - 2 eos (wt - tr) + eos {w/ - A-(.r <0! 1 

2T 

— - — - eos {wt - A:.r)(l - cos Ava). 


Heiieo 


IT 

a 


sin-yof. 


The j^reatest ])ossii‘le value of w is eoiiseciuontly ‘2^/T/^//^< — that is, we must have 
w<2/7rf, if e ])e tlie velocity of a disturhance in a cord under the same tension and 
of tlie same mass per unit length. I’he time of oscillation of a pellet is 27 r/aj and is 
: ' TTo/r or TT 

This question is closely connected with Stokes’s theory of lluoreseeiiee. For if a 
<listurl)ing force of shorter period than the limit givim above heap[died continuously 
to one. ol th(‘. pellets, there will he an aceumnlation of emagy in its neighhourhood ; 
and this energy, if we suppose the. disturhing force to cease, will he transmitted 
throughout the system hy vibrations of e<|ual or greater ]K*riod than the limiting 
value above, cori’esjumding to light of lower refrangibility than the incidmit, but 
having a definite superior limit of refrangibility. 

9. fhi the (h'OJip VeUtcit]} of a Train of //Tyres. --When a group of waves advances 
into still water, the velocity of the group is less than that of the individual waves 
#hi(;h constitute, it. The individual waves appear to advanci' through the grou]>, 
dying away as they ap[)roac.h its anterior limit. Sir (5. (J. Stokes first ex])lained 
this by regarding the group as formed by the su[»er])osition of two inlinite trains 
of waves, of ecjual am])litud(*, and of n(*arly ecpial wave lengths, advancing in the 
same direction, and the. same ext)lanation has been developed by Lord Hayleigh. 

If two infinite trains of waves be nq)resented by cos A(/7 ■ .c) and cos A'(r7 - ./•) 
where A.- = 27r/\ and — 27r/X', their resultant is 


cos k(vt - :r) \- cos //{r'i - .r) 


= 2 cos 


a'v'-fr 



lo. 




"2 cos ha cos [A(r/ where. a-(/{fr) . f - xdh. 


Xow, if A;' - A' and v' -v be very small, we have a train of waves whos(5 amplitude 
varies slowly from one point to another between the limits 0 and 2, forming a series 
of groups separat('(l from one another by regions cfunparatively free from disturbance. 

At any time t the position of the mhldh*. of that group which was initially at the 
origin is given by a — 0, or 

{If o' - kr]l. - {k' - k)x — 0. 

Hence the velocity of the group is 

X k' r' - kn 
i k — k 


or in the limit when the number of wav(*s in ea<'h group is infinite, the relation 
between the group velocity V and the wave velocity v is 

' Uk ■ ^/(l/x) 


( 1 ) 
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ivin(*ni])(*riiig that L c -'lirlT and that /.■ = 27 r/X, or, as it niay also be \^'ittt'ii, 


Tluis if n 


( 'as<*s 


\ 

- 1 -1 
c 

d lo^ V 

d h)<; A’ 

d lo<( r 
^ d lo<^ X 


v-d- 


\ 

V. 0, 

lb‘yne)lels’s eliseonnende’d 2)enelulnms 

■ AS 

V .d', 

I)e*e*p-wate*r ^M’avity waves 

-■ A'‘, 

'■ r, 

Ae*rial wave*s, ete*. 

• X - S 

V ;!7-, 

('a])illary wate*r waves 

■ A-S 

V 2,-, 

Flexural wave s. 


Tlid tli<*ory of (‘ajtillary wal(*r waves (V !]/•) has ])e(Mi i^iveii by Tlionisoii {1‘Iu'i. 
Mtftj. N<iv<*iu]»(a‘ 1871). Tlioir wa.vr len«;th is so small that the Ibree of lestitutioii 
dm* to ea-pillai ity lar^^r-ly exee(‘ds that dm* to j^ravity. The* Ilexural waves (V *2/') are 
those coiresjtondiii^ to the beiidiiii; of an elastic ir)d or platen (Kayhii^h, Thforijof 
Soft /n I, 1 IM ). 

I’rofessoi- Osboine Reynolds (AVd/*/*/’, 28rd Ani^iist 18/7 : also JIri/. ^tssoc. Rly- 
moiith) ,!^avi* a dyiiamieal e.xplanat i«)n of tin* fa(d. that a grouj> of dee[)-water waves 
advances with only half tin* rapidity (»f the individual wave’s. In this ease the 
<!n(*ri(y propa.,dal('d across a,ny point, wh(*n a train <»f waves is ^lassiipij, is oidy om*- 
halfof the (’iiei’^^y necessary to sup])ly tin* wave’s wliieh ]>ass in the* same time*, so 
that if the train e»f wave’s be* limite*el it is impeessible that its front can be ]tro]ia,i,^atefl 
with the full ve*locity <»f the* wave*s, as this would ini]»ly the ae’ipiisition of moic 
e'neri(y than can in fact be snpplie*el. Professoi- Re*yne)l(ls diel not e'onteinjtlale* the 

e*ase*s where moi'e* e*m*r<i,y is propai^ate’d than e*orr(*spnnds to the wave-s passiiiLt in the* 

same* time*, but his armime’iit. applie*d e*onV('rse‘ly to the’ re’sults alre*aely oive*n shenvs 
that sm*h e*a,se's must (*xist. The* ratie) e>f the* e*ne*i'i^^y pre)paL:,ate‘el te) that e)f the* 
passin,!;' \\ave*s is V/r. Tims the* (‘nei\ey pre)j)a^itate‘el pe‘r unit time* is \'/V e)f that 
exist in^i; in a le‘n<flh e)r \' time*s that e*xistiiii»- in a unit le-n^th. Ae'ceerelim^dy 

fhie’i'i'v ]>re)pai^ate'el ]»e*r unit, tinier (f{l'r) d(l '’1") 

l'hieeri»y (av(*i‘ai;‘ee ) pe*r unit. h*ngth e//’ d(l/X) 

[ Loiel Kavle-i^h, N»»te* on “ Rre)i^re*ssive* AVaves ” ( i /)ffs of fhr IjOiiihm 
Sorii'lii, ve»l. ix. Nee 1 ’J.o ; alse> Tltctu'ti of Sou iitl .] 
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49. The Principle of Huygens — Secondary Waves Wave 
Envelopes. - "-The lirst function of any tlieory of is to acconnl. 

satisfactorily for tlie so-called rectilineal* ])ro])aij^ati()n of lii;lit in a 
lionio:L;c neons nicdimn. Tlie coiunnnicst obsiu'vations on tlie shadows 
cast by opa((Ue objects or on the beams of light traiisinittiMl tbrough 
a^iertiires show roughly that light is propagatc^d in I’igbt line's oi’ nnfs, 
and, as we have alri'ady mentioned, this apparmit !(‘ct iliiu'ar ])ropaga 
tion would seem at lii’st sight to argue strongly in favour of tlu^ 
corpuscular tli(‘ory. W'Ihui the faed.s ai‘(3 more chisel y sciutirdseal, 
howevcu’, it is found that th<^ re'ctilinear pro])agation is only a]>])ro.\i 
male, for wlien tlie sounje of light is small, such as a narrow slit, tlien 
the shadow of an ojiaepuj obstaade (a wire, for example) is not so wide 
iis the obstacles, for light liends i*ound tiie edge's e)f tin' o))stacle 
into tlie ge'ome'ti icaJ shadow, just as se)unel bends re>unel corners, only 
in a miiedi smaller eh'gree. 

Hence any prope^seei theory must ace-ount, not for an accurate' 
rectilinear pi*(jpagation, but feir a.n approximate recfiline'ar propagation 
in Avhiedi thei’e* is a slight beneling round coi’iiens. Tln^ apparent 
superieirity of the emission the'oiy cemseejiuintly breaks down, anel in 
the explanatiein of this anel other jdienonuina, conne'e-teMl wdth thej 
passages of light through nai*row ape*rtures, and past thei edges of 
opaepie obstaedes, the wave theory obtains a eha ide'el advantage. 

It is well known that larger obstacles cast more e^r le'ss elistinct 
sounel shadows, still in such cases thei-e is consideral)le beunling round 
corne'rs, but the epie'stioir at once ai*ise‘s as to how far the possibility of 
o])serving this be'iiding depends e)n the wave; length. If the wave lenigth 
is very small will the aiiie)unt of obse*rvablc bemeling be also veiy small 
It will }»e seen fremi the following consideiations that this epmstion must 
be answei’cel in the atlirmative, anel that the a})[)i*oxiniate i*('e;tilinear pro- 
|)agation of light is a conseepicnce* of the minuteness e)f tlie wave length. 
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Accoidin^^ to tlui w;ive theoiy each point of ^ luminous body iS" a 
ceiitr(i of (listurliarico, or a source from which waves are propagated in 
the (‘Ther. It is th(‘refore necessary to form some conce|>iion of the 
manner in which a wave is propagated. 

Let 0 (Fig. 2.*^) be a centre of disturbance, and let ah be the front 
of a splierical wave diverging from it. The radius of the wave 

increases with tln^ v(?locity of light, so that 
the distui'banee now at (iJ» will an instant 
later l)e at a'h\ and the single wave ah in 
travelling out will distui’b all the elements of 
the medium over which it })asses. Thus the 
distui‘banc(‘ of any one (‘lenumt of the inedium 
('auses a subse({U(‘nt distur])ance of all the 
other elements, and we may I'Cgard the dis- 
])lacements of the (‘hnjnmts of the wave 
fVont alt as the cause of the subsec pient 
disj)lac(Mnent of tln^ elements of a'h'. W ith M, AF, (‘tc., as centres, 
describe' a, sei'ic's of (Mjual small spheres^ to represemt the wavelets 
d(iV(^lo|)(*,d by th(‘ centres of disturbance Af, AF, etc. All these 
small spluncjs touch a spluna*. e7/ having its centi'e at (), and in 
this manner we get a, new wavi* front ah'. In this manner the wave 
ah is propagated to al/ by the small secondary wav(‘s ai-ising from the 
front of the original wave ah. T’he envelope of these si'condary waves 
is the grand wave, a, ml in this view of wave envelo])es Huygens rc'garded 
a wav<^ as being ])ropagat(‘d. 'fhe etfecTiva? })art of each sc'condary 
wave in gem'rating the piimary wave' he supposed eontiiu'd to that 
portion of it which touches (he envelope. 

The energy of ah is thus lianded on to e///, and in the same 
manner fj’om ah' to a"h", etc. Fonsecjuently each |)oint of the wave 
front in any of its antt'rior positions may b(‘ considered as a centre of 
distuihama^ from Avhi(*h a secondary Avavi'- divi'rges, and the aggiegatc^ 
ellect of these srrondarjf Avaves at any ])oint must be the same as that 
of the primary wave itself, when i)assing through that point. 

Or, more generally, if round the origin O any ideal closc'd surface 
be describ(‘d, the whole action at any ])oint outside' this surface, of the 
wave's elive'rgiiig from O, may lie re'gareled as due to the motie)n ])ro- 
pagated aci’oss the varieuis elements e)f the surface — that is, each 
e^lement e)f the surface, as a centre of disturbance, se'uds Avaves to the 
])e)int uneler cemsideration, nnel the disturbance there is the resultant 
of tlu'ii* combine'el action. The ge'ueivil ])robIeni, therefoi'c, is to de'tcr- 
mine the natui’c of the disturbance at any point, when the full 

^ This assuiiu's thi; iiiediuni to he isotropic. 
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])#i’ticuhirs displacoineiit :it ciKih point of anv siu faci' surrounding' 

the oi'i^nn (.) are known. It is convenient, lio\ve\ er, to (‘lioos(‘ tin* \vav(‘ 
front as tl^f; surface of resolution, foi* tin* vil)rations at it at an\' instant 
are all in tlu' sann^ phase. 

I hus if nJ) be the front of a wave div(‘rging from O, tlum all points 
on the surface of alt an* in the same ])has(‘ of motion at any instant, 
and, as time ])i-ogresses, each point passes thi-ouiih all tlu‘ phases of th(‘ 
vibration originated by (). Kaeh j>oint of must, lluut'fore, b(‘ 
regarded as tlic oi'igin of an fniitf of waaa's, and in ealculati no- 

tin' displacement at any ])oint outside uh, we must eonsider all the 
wav(‘s which reach that ])oint snimlfaiicifnslfi from the various points 
of ah. J hese waves will have left th(‘ various j)oints of ah at dilTerent 
times previously, and will, tlnMadoie, be in dill'erent phases when they 
reach the ])oint. d he general ])i*oblem, therijiore, is to tind the 
resultant of a system of vil)rations of ditlercmt am})litudes and pliases, 
(h'termined by the distances of the A^arious points of ah from tin* j)oint 
in (juestion. 

In oi'der to make tin’s clearer let All (hiy;. ‘Jo) r(‘j)r(\s(‘nt th(‘. trace of 
a*plane ])arallcl to the fiamt of a system of plaiui waves travelling; 
towards (). At any instant the various j)oints M,, M.,, M.,, (‘tc., of 
AM ai'e in the same phase of motion, and this phast‘ changes ]>(M'iodic 
ally as the tiim; progi*esses. Kach point of AM, n\ii;a]'(hMl as a centre 
of distui*banc(‘, is tlu' oriyin of an inlinite train of wav(‘s (which (liv(M',i»:e 
as spheres around it if the medium be isotropic^), so that at any 
instant tlie disjhacenumt at 0 is the residtant of an infinit(‘- s(‘ri(‘s of 
distui-bances ])i‘o])agated from tln^ various poinis of AM. 1'he j)ha.st‘s 
of these distui])ances .arcMletermined by the (lisfanc(*s of () from tin* 
various points of AM, and their ainplitudi's (h‘]Hmd upon the inclination 
to the wave fi'ont of the line joining () to the corresponding tamtie of 
<listurba!ice. Thus, if /• ])e velocity of |)ro])agation, tlu‘ wa,v(*s reach- 
ing () at any instant an; -the wave which left M at tlni time OI' /• 
t)reviously, the wav(i which left at tli(‘. time. OMj /• |)revi()usly, th(‘ 
wave which left M., at tlui tiim'. OM,, r previously, (*tc. etc., so that if intir 
the variation of phase with time lx*, known, them the phases of all tlui 
<listurbances rt^aching () at any instant are known, and th(‘ir ampli- 
tudes can also be calculated if tluj law of variation of am])litud(! be 
known, so that the resultant eilect at () can Ixi esh’mattid.* 

^ iriiyi^cns to explain tlnM*cctilin»-;ir ]»i-<)|>aoat ion of liy tlio 

pin of \VMV(' eiivclojK's .'iloiio. Thus li' tf/j I Kig. ‘J-Jj to an a jxMtnrn, and Of/// a 
cone of liglit falling on it from 0, hr- j,/i f/ that the elfpi-t of racl) elcMiient of f//f 
in generating was eonfmed to the apex of the se<-ondai v wava* or that paid of it 
Avhieli loueh<‘s the enveh)pt3. This praetieally a^Niuneil the wiiole ^jne^tion, and it 
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The ([uestion now arises as to what is to limit the secondafj’’ 
waves (liveiging from each point of the primary wave as origin. In 
an isotr()i)ie mediniii the disturbance of each little wa^ spreads 
generally in a spherical form. Are we to suppose the sphere com- 
[)lete(l so that eacli small wavelet is propagated backwards as well as 
forwards ? 

W(; know that a single wave may he transmitted along a sti'etched 
cord, or through the air. In this case tlui agitation of any ^loint 
causes the future agitation of those in advance of it, l)ut of none in 
the direction from which it has been propagated. Thus in Fig. 7 the 
wave travelling along the cord AT> disturbs in turn all those parts of 
th(i cord in advance; of it, Imt has no eiiect on those behind it. For 
this 1 ‘eason it has been supposed by some that each ])oint of the 
I)Timary wave s(;iids forwaid only a hemispherical wave, viz. that half 
of the s(;condary spherical wave which lies in front of the primary 
wave. P'urther, if the distur])anee is zero at the base of this henii- 
splierc, it is natural to suppose that the intensity of the disturliance 
diminishes gradually from the vertex towards the base. This would 
be the case, foi* example, if the intensity in any direction varied as tffe 
cosiiu; of the oblicpiity, or inclination to the wave normal. 

The law which determines the intensity at each point of a 
secondary wave has been inv(;stiga.ted ])y Sir G. G. Stokes.’ He has 
shown that the ell'ect of an elementary wave at an external point 
varies as (1 + cos where 0 is the obliquity, or angle between the 
wave normal and the line joining the point to the centre of the 
elementary wave. This factor will vanish only Avhen 0 = 7r, that is 
for points directly ))ehind the wave. According to this law the 
secondary wavelet must be regarded as a complete sphere, the dis- 
turbance varying gradually from a maximum at its forAvard apex to 
zero at the diametrically opposite point in its rear. The eflect pro- 
duced at any point by a Avave element dejiends also on the direction 
of vibration in the element. Professor Stokes finds it })roportional to 
the sim; of the angle betAveen this direction and the radius vector to 
the point. 

It Avill be suilicient, hoAvever, for our present purpose to admit 
that the effect produced at any point by^ a secondary Avave depends 
iq)on the oldicpiity, and diminishes as the obliquity increases. 

^vas U'l’t to Fiosnol {(Karns, torn. i. \k 17-1) to show tliiit tlu; secondary waves diverg- 
iiig rroiii the various points of ((h must he taken into account, and that these l)y 
mutual intevftJrenee iiuiy mmtnilise each other in some regions of space, and hence 
produce darkness and shadow. 

’ On the Dynamical 'theory of Dilfraetion, J/utfi. and PJnfs. Papers^ vol. ii. p. 
243 ; Cavib. Phil. Trans, vol. ix. p. 1, 1S19. 
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^ 50. Definition of Poles and Half-period Elements. — The pole 
of a wave ^vfth respect to any external point () is that point of the 
wave which is nearest to 0, or more accurately, that point of the wave 
from whicli the disturhancc reaches O in the least time. If the wave 
is plane the pole of 0 is the foot of the perpendicular di*awn from it 
to the wave front, and if the Avave is spherical, the pole is that point 
where the wave is intersected hy the line joining 0 to the centre of 
the sphere. 

In general, if the wave be neither plane nor spherical, we define the 
pole (or poles) of a Avave as the point (oi- 
points, or continu(ms locus of points) on tln^ 

Avave front, from Avhich light is propagated 
to O in either a minimum or a maximum 
time. 

TiCt P (I'h’g. 21) be the pole of a Avave 
Avith respect to the [)oint (), and (hniote 
OP by 1). Tlu; distiirl)anee from P reaches O 
S(X)ner than the disturbance from any other 
jiihnt of the Avave. With 0 as centre and a 
radius b + A A descri))e a curve on the Avavo 
front. This curve is the intersection of the 
Avave front Avith a sphere of radius h ± IX i»».-u.iii.im‘ih )(1 RUMji.-iits. 

and centre (), and Avill include a small element of area on the Avavc 
front around 1* AAdiich Ave shall call the first linlf-period element or r:one. 

With 0 as centi’c and a radius h -h X describe another sphere uHiCt- 
ing the Avave front in a second curve Avhich Avith the first curve Avill 
include a little annulus or strip or area on the Avave front. This area 
Ave term the second half-period element. Similarly by describing other 

spheres of radii h + b -t- etc., Ave obtain curves on the wave front 

including the 3rd, Tth, etc., half-p(;riod elements, the 7/Ah half-period 
element being iiiDjrcepted IjetAveen the spheres of radii // (// - ^)IX 
and 1 //iA. A half-period element Avith respect to any point 0 is 
then a narroAV strip of the Avave front surrounding the pole P of that 
j)oint, and such that the difference of the distances of its inner and 
outer edges from 0 is half a AA^ave length. 

51. Comparison of tAvo Consecutive Half-period Elements. — Let 
us noAV consider the mutual effect of tAvo consecutive half-period 
elements, M^M.^and at the point 0 (Fig. 24). For this pur[)ose 

let the annulus be divided into a series of concentric circular 

rings of infinitesimal area. This may be supj) 0 sed to be done ])y a 
system of spheres described round O as centre Avith radii r, r -f (3, 
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? ?• -f 3(3, etc., where (3 is a very small quantity (a suhmultiple 
J.A) and is the distance of the inner edge of M^M.^ from 0. Then, 
if be divided up in the same manner, the first ring of will 

l>e half a wave length nearer O than the first ring of and being 

conse(piently opi)Osite in phase they will neutralise each other at O if 
the arn[)lit.udes of the vibrations which they transmit are e([ual. In 
the same way the second ring of M^M,, will be opj^osite in phase to the 
second ring of the third to the third, etc., so that the consecu- 

tive strips of one half-period element tend to neutralise the coiTe- 
sponding strips of the other, and if their amplitudes are e({ual they 
will destroy each other completely. 

We have now to examine how far e<[uality in this respect is 
realised and on what cjuantities approximate equality depends. For 
this purpose it is necessaiy to remember that the elementary rings 
into which the half-period elements have been divided are such that 
they are at uniformly increasing distances r, r 4-3, /• + 26, etc. from O, 
and they consecpTently send vibrations of uniformly increasing phase 
to O. Kings constructed in this manner will not be rigorously equal 
i?i area, and the amplitudes of the vi])rations they transmit to 0 may 
differ accordingly. In ordci* to find an expression for the area of any 
such ring let XX' (Fig. 25) be the width of the annulus, and let 

OX' -OX = 6 where 6 is a very small 

(piantity. Then if x be the mean radius 
of the anmdus its area is 27r.rXX'; Imt 
by similar trhuigles XX' : 6 : : r : where 
r is the mean distance of the strip from 
O, hence :/* . X X' = 7 (3, and the expression 
for the area becomes 

27r?’5. 

This expression shows us that if the 
rings arc so constructed that (3 i*emains 
constant, then their areas increase as they 
recede from the centre ; but the increase 
of amplitude arising from this increase of 
area is exactly counterbalanced by the diminution of amplitude arising 
from increase of distance from O, if we take as a first assumption that 
the amplitude of the vibration transmitted to O by any ring is propor- 
tional to the area of the ring and inversely as its mean distance from O. 
Since the area of the annulus is 27rr6, this assumption leads to the con- 
clusion that the amplitude of the vibration due to any annulus is 
proportional to 
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an4 therefore tlie same for all the rings. The corresponding rings of 
two consecutive half-period elements would thus produce e(]ual and 
opposite elljpcts at 0 and w'ould appear to neutralise each other com- 
pletely, but as yet wo have not introduced any consideration as to how 
far the amplitude of the vibration due to any element depends on the 
oldiquity — that is, upon the inclination of the wave normal to the line 
joining O to the element in question. At present we shall merely 
assume that the effect of obliquity is to diminish the amplitude so that EtlVct of 
the effect produced at O by any element diminishes as the radius of 
the ring increases. The result of this assumption is that the eleimmt- 
ary rings of the half-period element arc more (‘Ifective at O than 

the corresponding rings of IVLM.j, and instead of complete neutralisation 
we have an outstanding difference for every consecutive pair of zones, 
and the resultant of these outstanding differences is the integral effect 
of the \vave. 

It is interesting to notice the effect of this diminution of amplitude 
on the resultant of a single half-period element. If such an ehmicnt 
be divided, as above, into a great numlier of concentric I'ings of 
c(ifticrescent phase, and if thei*e were no diminution of amplitude 
aiising from increase of oblhpiity, then, when represented graphically, 
the resultant of the whole zone would be represented by the diameter 
OP of a circle OMP, as shown in Fig. 15, p. 50, the phase of the 
resultant being 90'^ behind that of the vibration coming from the iniuu’ 
edge of the zone. The effect of diminution of amplitude, however, is 
such that in constructing the curve OMP the elements of length 
diminish as wc proceed along it by revolving the tangent through 
e(|ual increments of angle. This leads to an increase in the curvature 
of the amplitude curve corresponding to any given portion of the zone, 
and, as a consequence, the phase XOP (Fig. I t) of the resultant is less 
than 90^ behind that of the inner edge of the zone. The phase of the 
resultant of a single half-period element may thus be less than that of 
the central element of the zone and may correspond to a ring of the 
zone situated between the central I’ing and the inner edge. 

Before concluding the comjiarison of two consecutive half-period 
elements it will be useful to examine, the outstanding difference 
arising from obli(juity in so far as it depends on the wave length. 
have found that the amplitude of the vibration due to any elementary 
ring is proportional to 'JttSj when the oblhjuity is neglected, and if we 
denote the oblicpiity by 6^ and the distance OP byy; we have cos 
and consequently any function of 6 may be expressed in tei ms of r and 
the constant p. Hence, if the law of variation of amplitude with 
o])li((uity be known, it . may be expressed as a function of r, and the 
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.'iniplitude of the \ ihnitioii due to any elementary rini^ may he written 
in the form 

k=iifU). 

d1i(‘ amplitude of the vibration due to the coi’i’espondiiig ring of the 
eons(*eutive zon(‘ will tlier(‘.fore be 

A' --/pi/’ I i la\i\r) • ftc. 

As these are opposit(i in phase tlndr joint ellci't will be 
A^ A - i <'U‘. , 

Any So that if k is small tin; outstanding ditVerenee will ])e a small (juautity 
])roport.ioiial to A, viz. — 

Ibaice when A is small, the resultant of two consecutive zones is small 
eompai’ed with (‘ith(‘r. 

IA)r e\am|)l(',, if we assume that th(‘ amplitude varies simply as the 
cosine of the o])li((uitv, we have /(/) =ye/’ and /(/’) = -yVA so that 

< 'osiiic law. A A'— .VpA/V'A 

II 1 US with this law of variation (or with Stokes’s laAv, p. ()’2) the 
onlstanding dill'erencc vari<‘.s dir(H:tly as A and inv(‘rs(‘ly as the square 
of th(^ distance; in otlun* words, as the z(>nes ri'cedi^ from V tlndr 
ellei^ts b(*coni(; smaJler and mon*- nearly e(jua.l to ea,ch otlun*. 

52. Plane Wave.— -In ordm* to estimate tlu? whole ellect of a 
j)laiu! wavi‘. at any jioint () we divide it, as in tlu^ fori'going article', 
into a system of half-jieriod eh'uu'nts with respect to 0. Let 
denot(' the resultant eth'-ct at. () of the first half pi'riod element, a/.> 
that of the seiajiid, and so on. Tlnm since the coi’responding rings of 
two consecutive half-[)eriod eh'inents are opposite in jdiasc at (), the 
whole I'Hect of the plain' wave is represented by the sin'ies 

S - ///| ' //c_. I m.. v/q -t-cti*. 

The only dedinite knowledge which we have as yet deduced conia'rning 
this series is that the consecutive terms are very nearly equal and 
gradually grow less and less in absolute value as they recede from the 
])eginning of the series, and setting out with this information, it may 
be easily shown that its sum S ai)[)roximates in tin'- limit to tlu^ value 
},iiiy For since the successive terms decrease continuously according 
to some law, from the lieginning to the end of the series, it follows 
that if ordinates 0///^, etc. (Fig. 20), be eivcted at equal distances along 
a right line OX, so tliat the lengths of the ordinates represent the 
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///p ///.^ t‘tc., of the son’os S, thou ;i siuootii cui v(' may ])o 
(Ir.-iwii tliroui^li the extroniities of these ortlinaU's whieh will lu' either 
concave owconvex towards tlu^ axis OX, aeeordini; to tlu' law of vaiia- 
tioiiof tluu'oiistitiUMits tin 
of the series. Now ob- 
viously - ///.„ 

and — 

and constM|uently S 
is tin* sum of the 
iiit(‘rc(‘|)ts w.Jf, 

etc., and this sum in- 
elnd(‘s tlie alt(*rnate 
st(‘|)s oidy oi th(‘ stairs h'adini^ down from ///j to X. Ihit th(‘ sum of 
all the stej)s {ni^ ///.,) h- (///., - ///.,) i etc. is ol)\ iousl v ///p heiiet* tln^ 
sum of the alt(M‘na.te stc'ps must in tlu'. limit he half of tin' whole 
that is 

S - - .L/o. 

In deduein<.,^ this la'sult tin' oidy condition that has hi'i'ii introdiua'd is 
that tin', terms gividnally diminish to z('ro, so that tin' (‘urv(‘ gradually 
a j)j)roaeh(‘s, and ultimately toueln's tin' a.xis ()X. 

d1n' same reasoniiiii; provi's that tin' sum of all tin' terms afti'r tin' Mnxiimn 
aj)j)roximat(‘s to .I /y/,,, and eonse.(pient ly tin' error introdina'd hy 
neylei'tiny all the terms after the doi's not (‘xee(‘<l 

Now, if the waA'e lent^th la' V(‘ry small, a small arc 'a. around P will 
contain a hiryc' numher of half-p(n*iod ('h'nn'iits, and tin' resnltant. 
ell'ect of this portion of tin', wave', will la* a})proxima,t(‘ly the sann* as 
that, of tin' eoniph'tc; wave, tln^ ('.rror la'inj^ h'ss than half tin* vaJne of 
the last half-pc'i'iod element, whieh, winm // is lai’ye, la'conn's \'aiiish 
iiiyly small. WC (‘onclmh', tln'rc'forc', that, when A is small, tin* 
rl'frr/irr portion of the AvaA’e is confined to a small area aronnd the j)oh' 
of tin' wave. If this area la' intc'ree])t(‘d hy an opaepu'. ohstaele tln^ 
rc'maimh'r of the wave' will have no a.ppn*e.ia,hh‘ elleet at () - that is, a. 
small obstacle at 1* wn'll serec'ii () almost ('iitirc'ly from tiu' ware', a.nd 
this is what we mean when wa* say that liyht is pn^payated in riulit 
lines. 

The apj)roxima.te rectilinear ])ropa^ation of lii;T.t is, tlna'cfore, a 
coiis(*rjuenc(' of tin* extri'ine shortness of the wave length, and is ex- 
plained Icy the principle of intc'rfeiamee comhined Nvith Iluyyt'ns’s sup- 
position conc(‘i-nin<;- scicondary wav(*.s. \\'ln*n tin* wa\-e leni^th is lar^c*, n< ii<liii-. 
as in the case* (T sound, the ])(*ndini;’ round cornel's hc'ccmn's v(*i'v 
noticeahh', but in this case also fairly distinct shadows a.rc' east, and 
screening’ oeeurs, when’ the obstacle is larm* compared Avith tlni waive 
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length. The only (lift‘(?i*ence is that when the wave length is snfall 
the intensity falls oh* much more rapidly as we recede within tlni 
geometrical shadow, and as the limits of oliservation arc flctermined 
by the intimsity, the extent to which liending is oliservabh; is enor- 
mously less in the ease of light than in that of sound. 

h'he foregoing results, deduced fi’om the series S, may be also 
den‘v(^fl in a veiy eonviuiient and instructive manner by aid of the 
elegant gi’aphie method of Art. 45. Thus, if we construct the ampli- 
tude curve for tlui first half-period element, it will be rijjiresented, as 
we have already seen, by an arc i)(io (Fig. :^7), which is very nearly 
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a s(‘.micircle, and in the same way if the construction be (\\tend(‘d the 
second half-p('riod ehnnent will be repi’esented ly an arc n//A, which is 
also neai’ly a semicii'cle. The resultant of the first half-])eriod is 

0/7, 

and the resultant of the second is 

VL, - (ihj 

while the resultant effect of the pair taken togethei’ is 

m , m., — 0/v, 

tl\e dilferenc(^ ()/> being small compared with either ///^ or //r,. Simi- 
larly, if the construction be extemded to the other half-period elements, 
so as to embrace the whoh‘ wave front, the third half-})eriod will give 
rise to the ai*c the fourtli to etc. etc. Hence the complete 
curve representing tlie wliole wavt‘. is a spiral of an infinite number of 
nearly circular convolutions of ever-decreasing radius sui-rounding a 
point J on the line Oe, very appi’oximately halfway between 0 
and 0 . 
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Since OJ^-cprescnts tlie amplitude of the vibration excited by the 
whole Avave, and since Oo = ///^, it follows that in the limit we have 

So also the figure informs us (as does also the series S) that the elVect 
of the first two, or any even number of half-p(‘riod elements, is less 
than the effect of the Avhole Avave, Avhile the eflect of any odd number 
of elements is great(‘r than the ellect of the wlioh* Avave. In (‘itlun* 
case, as the number of elements is increased, the delu'it or excess of 
ellect over (hi gradually diminishes— that is, the lengths Or, (h/, etc., 
become more nearly e([ual to (_)J. 

W'e are consequently led to the conclusion that if lh(‘ Avhole Avave 
is sci‘(*ened off, except the first half-[)eriod (‘lenient, the intensity at 
the point () undei‘ consideration Avill Ixi about four times as gn'at as 
that pi'oduced by the wlioh^ wave, Avhereas, if the ap(;rtur(^ b(^ increased 
so as to transmit two half-])eriod elements, th(‘ intemsity at () Avill be 
rciluced almost to zero. By increasing the atxntnre so as to transmit KHVm;! o 
three half-periods the intensity again rises to a. maximum, and by 
furtlu ir iner(‘asing it so as to transmit four elenumts tlui intensity falls 
to a- minimum. Jly still further increasing tin* apm'tuia*. tlie intensity 
at () ])asses through a succession of ma-xima and minima, but these 
liecome less and less pronounced as the number of (^hmumts is increased, 
so that after the aperture reaches a certain limit further incr(‘as(‘ Avill 
jiroduce no noticcailibi (dlect in the illumination at (). Noav a larg(j 
number of these eleimmts is included in a small area around B, tlu^ 
j)ole of (), and AA^e conse(jucnt-ly conclude that tlie (*llectiv(^ portion of 
th(i Avave is restricted to a small area around B in so far as the illumi- 
nation at (_) is concerned. 

On the other hand, if Ave considm* the (‘lh!(;t of ] hieing a small 
screen, instead of an apertun*, at the pole of t Ikj wava*, we see at once 
that when the screen just covers tln^ first zom*, the aniplitmb; of the 
vibration at O will be repi*esented by eJ, for tin*, part On/e of tlui 
amplitude curve is cut off Avhile the remainder of tin* spiraJ I’emains 
(‘ffective. Siniilai'ly, if the senien covers two (‘lennmts, the intensity at 
(-) Avill be repnisented by the S([uare of />J, and so on. We concluihg 
ihei*efore, that as the sen^en incivases in sizi* the intensity at O 
gradually diminishes to zero Avithout passing through maxima or 
minima, and that Avhen the screen is large enough to covm* a con- 
siderabhi number of zones the illumination at O falls lielow the limits 
of observation. 

These theoretical deductions ai-e fully conlirmed by the results 
obtained by experiment, as Avill be seen later on, and it may l^e vvelPto 
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remark that there is no complementary relation, such asjjnight at fift^t 
sight be imagined, connecting the intensity at 0 when part of the 
wave is transmitted through an aperture with that obtained^ when the 
same part is obstructed by a screen, and the remainder transmitted ; 
for, in the former case, the illumination passes through maxima and 
minima as the size of the aperture is varied, whereas, in the latter case, 
no such maxima or minima occur. 

53. Spherical Wave. — In the same manner we may calculate the 
effect of a spherical wave at an external point. Let C (Fig. 28) be 

the centre of the Avave, P the pole of 0, 
and let OM' - OM - 8, where S is a very 
small quantity. 

The area of the annulus intercepted 
on the surface of the wave by two spheres 
described round 0 with radii OiM and 
OM' is 

SpluTiciil Wave. ^ 



where 6 denotes the angle OCM. For since MM' is very small the 

annulus is a circle of mean radius a sin 0, viz. the perpendicular from 

M on 00, (( being the radius CM of the Avave. 

Now if N be the foot of the perpendicular from M on OM', 

NM' NM' 

OM'G, .*. OM' sin OM'C-OC sin OCM', 


or since the angle MOM' is very small and NM' = 8, Ave have 

+ sin 0 ,^ 

consequent!}^ tlie area of the annulus is 


2Trrd-— . 
a + b 

lor a plane Av^ave <? = (M- i = co , and the area becomes as before 
27ry(S. 

Hence if wi^ neglect the A^ariation of amplitude arising from 
obli(|uity and take it to vary directly as the area of the strip and 
inversely as tlie distance /•, Ave find that the amplitude produced at 0 
by any annulus, such that the difference of the distances of its inner 
and outer edges from 0 is is simply proportional to - 


' Or thus: r-~a‘ \-{(f, + bf--2ti{a-\-h)vos0^ . nlr~(i{a + b) sin Odd, hut here 
dr^d and UM'^^adO, tlierofore at once rd^{a }-h) ALM' sin 0. 

Or if 0 is the i)]iase (Htfereiice, the ani])litudo is proportional to \(pa/(a ■}- b). 
For a given phase ditference the intensity is ju-oportional to 
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an^ conseque^i^ly all rings for which 8 is the same produce effects of 
equal magnitude at 0. We find, therefore, as before that when the 
effect of (A)liquity is neglected the consecutive half-period elements 
destroy each other at 0, but when the obliquity is taken into account 
the effects of the various zones at 0 gradually diminish as they recede 
from the pole P, and the whole effect is the sum of the series 

8 = - m.j -f - 9«4 + etc. , 

in which the terms gradually diminish from left to right. From this 
stage all the reasoning of tlie foregoing article applies together with 
graphic construction, and we conclude that the whole effect is approxi- 
mately the same as half that of the first half-period element, or 

8 

54. Wave of any Form. — When plane or spherical waves are 
reflected or refracted at curved surfaces the wave front in general 
becomes of a more complicated character ; hence, in order to complete 
the problem of the rectilinear propagation of light in isotropic media, 
it IS necessary to consider the case in which the wave front is a surface 
of any form. The first point to be remarked about such a surface is 
that it may present several poles with respect to any point 0, for it 
may be such that the radius vector drawn from 0 to a variable point 
on the surface passes through several maxima and minima as the point 
traverses the surface. These poles are the points in which the surface 
is touched by a sphere of variable radius described round 0, and they 
may be isolated from each other, or they may in some cases be con- 
secutive points on the surface and form a continuous locus or curve of Foie locus, 
poles. 

Now since the radius vector from 0 to any pole P (Fig. 29) is 
either a maximum or a minimum, it follows that the line OP is a 
normal to the surface at P. For this 
reason the element of surface in the 
immediate neighbourhood of P will have 
sensibly the same effect at 0 as the cor- 
responding element around P taken either 
on the tangent plane or on the sphere of 
closest contact with the surface at P. 

Hence when the wave length is very 

small, so that a considerable number of >Vcue of.ui} F)im. 

half-period elements are contained in a small area around P, this 
portion of the wave will produce an effect at 0 which will not be 
sensibly increased by increasing the magnitude of the area in question. 
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or if this portion of the surface be intercepted by a sc|ieen, the dark- 
ness at 0 will not he sensibly increased by increasing this size of the 
screen. 

As we recede from P the obliquity increases, and as before we 
can see from general considerations that two consecutive half-period 
elements at a distance from P very approximately neutralise each 
other. For if we consider two consecutive half- period elements 
intercepted on the surface by spheres described round 0 with radii 
r-lX, r, and r + iA, then, if A be small, any two neighbouring 
portions of these elements will be related to each other as the 
neighbouring {lortions of two consecutive half-period elements on a 
plane or spherical surface, at a distance from the pole such that the 
obli(iuity is the same. When this obliquity is sensible the outstand- 
ing diirerence of ellecb between two consecutive half-period elements 
will consequently be vanishingly small when A is small, and the whole 
elective portion of the wave Avill be limited to a small area surround- 
ing each pole. 

In the general case, therefore, the whole illumination at 0 will 
appear to come from the immediate neighbourhood of certain points 
on the surface, and this illumination will not be appreciably influenced 
by screening off the remainder of the surface. These points may lie 
isolated and can be treated as separate sources when they are removed 
from (‘ach other by a large numlier of half-period elements, the effect 
of each being approximately the same as half that of the first half- 
period element, or they may be close together and form continuous 
loci on the surface, so that the illumination may appear to come to O 
from certain curves traced on the surface. 
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REFLECTION 

55. Reflection, Regular and Irregular. — When light fulls upon 
the surface of separation of two media, part of it is generally turned 
back or rejircfed. Thus when a pencil of light, admitted into a darkened 
room by a hole in the shutter, is allowed to fall upon a polishetl 
metallic mirror, a reflected beam may l)c seen ^ leaving the mirror 
and travelling along a certain definite path. This portion of the light 
IS said to be ref/idarhj reflected, in contradistinction to another portion 
of the light, which, after falling upon the mirror, is scattered at the 
surface in all directions — or irregularly reflected. This scattering is 
due to the inecpialities of the reflecting surface, and it diminishes as 
the polish of the sui'face is made more perfect.- 

It is by means of this scattered light that we see most of the bodies 
around us which arc not self-luminous. Thus if the light were all 
regularly reflected from a mirror the eye would be affected only when 
placed in the reflected beam, and then a bright image of the sun would 
be seen in the mirror. If the eye were elsewhere, no light would enter 
it and nothing would be seen. The scattered light, however, is diffused 
in all directions from ordinary objects and enters the eye from all parts 
of the surface, so that they can be seen in every position of the eye. 

In speaking of reflected light in future we mean that light which 
is regularly reflected according to the laws which Ave are about to 
enunciate. The so-called irregularly reflected light, when there is any 

^ F)y means of reflecting dust particles in the air which scatter the light in all 
directions. We cannot, of course, see light travelling through space. It only allects 
the eye when it enters it, and therefore must either enter it directly from the source 
or be reflected into it. 

The expression “irregularly reflected ” is here rather an abuse of terms. There 
is no irregularity in the reflection. The irregularity is confined to the reflecting 
surface. The ordinary laws of reflection are obeyed in full, and are not departed 
from unless the linear dimensions of tlie reflecting surface, or of the rugosities on it, 
are small compared with the wave length. 
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oc(;asi()n to speak of it, will ke specially niferred to as^scattered &r 
diffused light. 

56. Laws of Reflection. — The Ixjarn of light falling ^ipoii the 

7niri‘or is ternuxl tlui 'nicvh>)d ///////, and the angle which its direction 
niak(is with the perpendicular (oi‘, as it is often called, the nornuil) to 
the ,sui‘face at the ])oint of incidence is named the of 

whihi that ])a.i t of the light whi(di is ivflected is known as the irjlorfcd 
h(jldy and the angle which its dii*ection makes Avith tin; normal to the 
surface is the <>/ rrfh'rfioii. Th(‘- relations hetAveeii the angles of 

incidcmc.e and l•(iflection have heen known from tlui earliest times, and 
a, re stated in tlui (f Jlrjlrcfion : “The angles of incidence and re- 

flection are in the same plane, and are eijiial.’’ 

The first pai't of this stat(unent affirms that the reflected ray lies 
i?i the j)lano ('ontaining the incident ray and the normal to the surface 
at th(i point of imadence, Avhile the second expresses the equality of 
the angles of incidence and n^flcctioii. 

The intensity of the reflected light generally increases Avith the 
anghi (d incidence and Avith the ])olish of the surface. It also depends 
hugely on the nature of the medium from A\diich it is incident, and on 
that from Avhich it is reflected. For example, much more light is 
reflect(‘d, under the same circumstances, from a plate of glass in air 
than fj’om tke same plate immersed in Avater. The variation of the 
reflecting power of a surface Avitli the angle of incidence is AA^ell illus- 
tratixl by compaiing Avater and mercury. At peipendicular incidence 
water reflects about the fiftieth part of the incident light, Avhile 
merciuy i*eflects a, bout tiie tAvo-thirds ; but at an incidence of 
they each reflect about 7 '2 [)er cent of the incident light. 

An accurate exqxu imental proof of the laAvs of reflection is fui’iiished 
by obs(;r\'ations with such an instrument as the Meridian ( •ircle. Adjust 
tin; Udescope to observe a star directly, and then observe the reflection 
of the same staT semi in the horizontal surface of a basin of mercury. 
The telescopic in these tAvo observations Avill lie found to make the 
same angle, on op])osite sides, Avith the vertical line.^ 

The graduation of such an instrument is the most perfect that can 
be accom))lished by human skill, and yet the smallest divergence from 
the preceding law has never been detected. 

57. Illustration of Reflected and Refracted Waves. — ^If a perfectly 
elastic ball inqnnges directly on another of equal mass at rest, the 
second liall will exactly take up the motion of the first, Avdiile tlie first 

* ()])s»*i’vations of this kiiul jir* iiuide in sevcriil ol)srrvatori(‘S. The 

niinnte disconlaiiee observed has never invii attributed to inaeeurat*y in the laAv. 
See tilt’ annual volume of Grrunrirli (>/wyro///yy/.s*. ] 
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• •B 
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# • • ••• 

B 

'••b' 


coTnes to the spot where it impinged on the other. The whole 

process is as if the first loall moved on through the other without dis- 
turbing it or being disturbed itself. 

So again, if a numl)cr of similar balls Ixi placed in a row (Tig. ‘10, a), 
and if the one at the end (A) be struck in the dir(5ction of the row, it 
will move forwaid and impinge on the second and come to rest there, 
while the second moves forward to strike the third, and conu's to rest 
in turn. In this manmir the blow 
is communicated by each ball to (“) 
its successor, and the disturbance [[i) 
travels along the whole line, leaving 
all the balls at rest excejit the last 
(I)), which moves forward Avith the 
communicated to the first (A). This 
wave travelling in air (as in sound) alon 
Now let us su])pose that after the rotv All we have another- row 
AT>' (Tig. 30, /i) of heavier balls. When the ball 11 mov(‘s foi ward 
it sti'ikes A' and reliounds (since its mass is h^ss than that of A'). 
A^^ the same time A' moves forward and strikes its mu’ghbour, 
which in turn performs its part, and the disturbance travels along 
the row of larger balls A'lT, each coming to i*est when it im])inges 
on its successor, because they are all of the same mass. Ilut the 
state of things has now altered in the row AB, for B has rcboumhal 
from A', and, travelling backwards, has struck its neighboui- and come 


Fi;^. 30. — Din’fl Jiiid HelU'cteil Waves. 

velocity and energy initially 
is the (*ase of a compi’cssional 
a uniform straight tul)e. 


to rest. This disturbance is handed on from l)all to ball as a disturb- 
ance along the row in the backward direction BA. Hence the dis- 
turbance in tin; first roAV (AB) has given rise to two other disturbaiua's, 
— a direct one in the scicond set ATT, and a reflecttMl one in the back- 
ward direction BA in the first set. 

In the sadiie manner we may suppose the distui’bance to ai’ise in 
the row of larger balls. Thus if B' Ix^ stiuck the im])ulse will be 
communicated jdong the line to A', and A' in its turn will move 
forward and impinge on B, but as B is of less mass than A', th(‘ 
ball A' will not come to rest, but will follow after B, and, th(U*cfor(‘ 
(if the balls be imagined connected Avith weightless threads), A' will 
pull its successor after it, Avhicli in turn will act upon its neighbour, 
and so on. A second distui’bance is set up in tlu'. row AT>', Avhich 
consists of a further motion of the balls in the same dirc'ction as the 
o r i g i n a 1 (1 i s t u r 1 .) a n c e . 

^^"e may now liken the two I'ows of balls to tAVO media s(‘paratcd 
by a common surface. The smaller lightm* balls Avill correspond to 
the rarer medium and the heavier balls to the denser. W hen any 
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(listui]);u!( (j ori^iiijitrs in one of the niedi.'i it is ])io[)a^ite(l thi’ou^h 
it, and when it ariiv(‘s at tlie surface of se])arati()n two new disturh- 
anees an; set up, oih‘. (refraeded) in the second niediuni, a«d adiother 
(reflect(id) in tin* first ni(‘dinni. It th(‘refore follows from the wave 
thciory that wh(‘n lii^’ht, ti‘a\ (*]IinLC in one nu'dium, conies to tin? suiface 
of anothei', part of it should pcanitrate into tin* sia-ond medium, or 
we should ha\(; a ri‘.fracted wave, and part of it should la*, t)ro])agated 
backwards in the fii'st m(‘dium in the form of a rc'Iiected Avave. 

Since the, ])li(mom(}na of the reflection and refraction of light exist, 
we must admit that tin*. etln*r is modifi(*d in some Avay by the pr(‘sence 
of matt(;r, and dilferently in diHi*r(*nt substances. For (example, the 
(itlnn- in glass cannot, be in the sann*, (londition for \ ibration as the 
ether in air or wat(*r. Its so-r'alled elasticity and density — that is to 
say, thos(^ propin ties which enable it to propagate wave motion — are 
moditi(*d by tin' substama*. which it ])erm(*at(*s. 

58. Deduction of the Two Laws of Reflection.— Let A A' ( Fig. .dl )be 
tln^ snrfac(*. of s(‘para,tion of two nu'.dia, and AH tln^ front of a plain* 
wav(5 incident on it. Fiach succ(*ssiv(^ portion of the surface as soon 
as tin* wav(* reacln's if, becom(*s the centia^ of two diveiging waAU'f?, 
OIK* (r(*flected) in the U]>p(*r medium, and tin* other (refracted) in the 
]ow(‘i’. Thes(* wa\ (*s travel with ditleri'nl, \’(dociti(*s, but if the medium 
b(^ homogiineous and isotro[)i(^ tin* s(*.conda,ry waves will b(; spherical. 
At pr(‘sent we shall confiin* our attention to tin? retlectc'd wave. 

li IiA' and .M F be p(‘rpendicular to tln^ wave front Al>, tlu'U !> is 
the ])ol(* of A and M is the poh^ of F, so that A' is illuminated by the 

(*lem(*nt of the wave at I>, and F by 
tin* (*l('.ment at j\I ; or, in other words, 
I>A' and MF anj in the direction of 
what Ave call the i‘a.ys of light. W hen 
tin* light fixmi F r(*aches A' the light 
from M has arrivt'd at F some time 
befon.*,, and Avould have rt'.ached N if 
it had not been obstruct(*d by the 
surface, but on reaching F a I’ctlected 
Avav(*. is develojaal which diverges into 
a, sjihi'ie of radius FM' - FN, and similarly tin*, l•e^lect(‘d Avave at A 
has diverged into a sjihere of radius Alf- AI). 

If tin* plane of the Avave All and the surfact*. of S(i])aration A A' 
be perpendicular to the plane of the pajun-, the line through A' per- 
pendicular to tin* pkine of the jiaper is the inUjrsection of the surface 
of sejiaration Avith the Avavo front at A', ddirough this line draw a 
plane to touch the I’ellected Avave diverging from A and let the point 



.‘{1. ndlrcl n III Ola I’iaiif A\a\i-al a 
I’laiu- Sui I’afo. 
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<)!• contact ])(^T>'. Now since Al]' is the radius of this wave, at the 
instant the light fi’oni 1) reaches A', it follows that AH'- HA' AD, 
since the • I’eilected light travels with the same velocity as tlu‘ 
incident. nee thti ti'iangle AA JV is (Mjual in all res[)(*t“ts to tlu' 
triangle. AA'H or to AA'D. Conse<[uently if from V avc lt‘t fall a 
])erpendiculai‘ PM' on A'P/ we will have PAI'—PN, an<l thei‘efoi-(‘ tln^ 
1 ‘eHeetod wave divin-ging from P will touch at AP the taaigimt plane 
A'P)' to th(‘ wav(^ from A. Similarly tlu' waves div(‘rging from 
every point of tlui surfa(‘e will touch the same plane. This ])lane 
is therefore the ]*etlected wav(‘ mivi'lope, and A'B' is tin* ti’aee 
of the rellect(‘d wave at the instant the light from P> reaches tlu' 
])oint A'. 

Th(‘ angle A'AB is the angle Between the jilane of the incident 
wave front and the surfaiai ; it is ther(‘for(‘- (upial to tlu* angle hetwi'en 
the normal to the Avave fi*ont, oi* the ray, and the noianal to the suifaia.*. 
Hence A'A I) is (apial to the angle of incidmice. Similarly A A'B' is 
e(|ual to the angle of refi{‘etion, hut these angles aiv eipial hy thc^ 
e(pialitv of the triangles ABA' and AB'A'. 'Fhe lims A P>', PM', (ge., 
ate th(^ noi’mals to th(‘. retlect(‘,d wav(‘ front, that is tin'. i(‘H(‘eted rays. 
Any one of tluise rays oliviously lies in th(‘ jilami containing the 
corresponding incident ray and the normal to th(‘ surface. Tin* two 
hiws of rchiMition are thus complet(;ly a(‘counted for hy the Avave 
theory. 

Let us noAV investigate the mattei’ a- little more closely. It appeals 
from what has hetm alr(‘ady said that the etVectivcj ])ortion of the wav(‘ 
AB in illuminating I* is confined to a veiy small element around M, 
the foot of the perpendi(*ula.]* from P on tln^ wa.V(' front. So in lik(‘ 
manner, if A'B' Avei’e the incident Avaa t*, A B would la* tlu; i-(;ilect(Ml 
Ava\ e, the ])ath heing (;\actly r(;ti-ac(;d, and P would he illuminated hy 
the element of A'B' ai'ound AT. We should therefori; (‘.xjiect that the 
(;lement AT of the i(;llected wa,V(; is illuminated hy tlu* ])oint P of the 
surface, or further hack still, hy the element AI of the incident wave. 
It is easy to show^ that this is the case.. 


On tlu* liiu; AA' find ])oints P, P,, P.„ etc. (Pig. o2), such that the 
])ath AIPpM' (‘xceeds the path AIPAP hy half a, wavi* length, the ])ath 
AlP.AI exc(*eds MPAP hy tw’o half Avave 

M 

lengths, i;t(*. ; that is, each path exceeds its 


jiredecessor hy half a w'aA C length. It is AA^ell 
known, of coui’sc', that the path AIPAP is less 
than any oth(*r if the lines AIP and PAP an* 



<*([ually ine.liiu'd to tlu; surface. Therefore 


the path AIPAP is that along Avhich it takes the light the least time to 
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re;ich M' from M after reflection fi’om the siirhico Al>. ^ lherefore*in 
estimating tlie illnini nation at Ar by the reflection from A A we may 
consirhn* each point of AA' as the origin of a disturbance propagated to 
M', and find tin; l•(^suItant effect. The surface Ireing divided up into 
half-period ('lements, as indicated above, we can easily show as befoi*e 
that of thes(i (ilenients tliose immediately airmnd are the gr-eatest, and 
that tin; elements diminisld i*aj)idly at fii'st and then rnoi'e slowly till 
they becannci pi'actically e<|ual, arid being opposed in eflect at M they 
prodiKMi no illumination there. ( onse(jUcntly the effective portion of the 
sui‘fac(i AA' in illuminating M' is confined to a very small element of 
th(i sin faia; at \\ If M is a single luminous point an eye placed at M' 
will p(‘rceive a ])i*ight point in the dii‘(‘ction MW The illumination 
which njaches .M' from M is pi‘ 0 ])agated in the same time and as if it 
came from a point situated at an ecjual distance on the other side of 
the surface. Similarly every point of the reflected wave is illiuninatral 
by a (M>r‘r‘es})onding jioint of th(‘. incident wave as if the light came 
fr*om the corivspoiiditig point of a line through A pai-a.llel to A'W 
(Kig. .*)!). This lin(‘- is the r’eH(‘ction of All in the surface. We sec^ 
t.h(‘u that each point of the rvilected wave is illuminat(?d by that ])oiflt 
of th(‘ incident wave which sends light to it in tlui least tinu}. This is 
an examphi of “ tlu‘ iri inciple of l(‘ast time,” which is of very wide 
ai)plication and fei'tility in the theory of light. 

W(' have now prova^d that, th(‘, distur-banc(^ at any point M of the 
immhmt wav(‘ is ])i‘opagat(‘d along MP, and after* r(‘Hectionat P it travels 
to M', a, coi’i’cspoiiding poiirt on the })lane A'lf. The plarn*, A'lP is th(i 
locus of th(i }H)ints which a]*e simultamioiisly disturbed. It is the re- 
flected wave, while PM and PM'ar-e r*ays obeyirrg the laws of reflection 
e-rrurreiated abov(' (Art. oO), 

Per. -The time taken by light to tr-avel from any ])oint of the 
irrchhart Avave to the cor*r-es})ondirrg poirrt M' of the reflected Avave is 
the sanu' for* all rays arrd a minimum. Tor MP -i PM'~ MX== PA'. 

59. Reflection of a Spherical Wave at a Plane Surface. — Let us 
noAv corrsider* the casii of spher’ical AAaves diver'girrg from a centr*e 0 
arrd fallirtg u])on a ])lane rellccting surface All (Fig. 3d). Let the 
Avave tVorrt at the instant under considei’ation nreet the surface at A 
and P in tlu^ plane of the figure. Kadi point of the surface betAV(‘en 
A and P Avill have become by this time the centre of a reflected Avave. 
ddrus if the sui’face had not ]>ecn present the AA^■lve Avould have pro- 

• Tin* in tlie c*k*iiionts I’Pi, I^Po, is well exhibited ]>y deserihiiig a 

system ol ellipses with M and M' for foei and innjoi’ diameters ecpial to / | l\, /-f-A, 

/ h i;\, etc., where / - MP+ M'P. If tlie line AA' isa tangent to the innerellipse the 
inten-epts made on it hy the other eonies are the half-pe.riod elements. 
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c«rIo( 1 uii()])sU'Ucted, riuI would occupy the position AN1>. The etlect 
of the surface, however, is such tluit .M, the foot of the perpendicular 
from 0 on*AB, has become the centre of a spherical I’cHected wave of 
radius ]VIN' = MN, and an}^ other point is the cimti e of a spherical 
reflected Avave of radius PQ'= F(^). 

It is clear that all these reflected aativcs Avill touch a sphere of 
centre O' and radius O'N', Avhei-e MO' IMO. For join O' to P, and 
produce the joining line to meet this 
sphere at (i'. Then = O'X' 

OX-OQ, and 01^-0'P, therefore 
P(^), ~P(^', or P(^)' is e(|ual to the 
radius of tin; Avavelet diverging from 
P, and it is also normal to the sph(‘re 
AX'P. lienee the reflected wave 
diverging from P touches the sphere 
AN'P>, and this sphere is therefore 
the envelo])e of the reflected Avaves, 
or the limit to Avliich the reflected distu]‘)>ance has h(‘en pi‘o])a- 
g^ted when the incident Avave ni(i(‘Ts the surface at A and P. 'Flnj 
I'cliected wav(i front is conscapiently a s[)h(;r(‘. div(‘rging from O' as 
centre, or the reflected light ap})ea,rs to div(‘-rge from a point O' on the 
other side of the surface, and at the saimj distance from it as 0. This 
point is termed tlu; iuia(j(' of O in the surfa(‘e. 

B(d‘oi'e dismissing this ease it may be noti(‘ed that the effect of a 
])lane surfaces in reflecting a s|)hericai wave is simply to I’cversi^ its 
curvatui’ci. Thus the incident wave AXB divei’ging from O is (?on- 
A'erted into a Ava,v(‘ of eipial radius divei-ging from t 

60. Measurement of Curvature. — As tin', effect of rcfleciion, or 
refraction, is in geiuiral to change the cui’vature of a wave, it will ])e 
conveni(‘nt to define the measurement of curvature befoin dealing Avith 
Avaves I'eflected or refracted at curved surfaces. In tlui case of a 
uniformlij bent curve (such as a. circh*) the curvaturi; is measui*ed by 
the bend per unit length — that is, by the anghj Ixitween th(‘ tangents 
at the extremities of a unit length of tin*, curvi*. In the case of a cij cle 
this is numerically ecpial to the angle subtended at tluj centni by a unit 
length of tin; circumference, or the, same as the ratio of any angle at 
the centre to the arc subtending it. Thus the general nu'asurement 
of the curvature of a circle is — 

CiirvutuiT — - ^ _ , 

;ir(! f) 

Avhei*e f) is the radius of the cii'cle, and the angle is expressed in 
circular measure. 
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When the curve is not a circle the r«ate of bending varies from 
point to point, lint the curvature at any point is still measured by the 
limit of the above latio when the arc and angle are taken yery small. 
The curvature of a cur\'e at any point is thus the reciprocal of a 
length — namely, the radius of curvature, that is, the radius of the 
circle osculating the curve at the point in question. 

The curvature of a small arc, AB (Fig. 34), may be conveniently^ 

sagitta. expressed in teiaiis of the s((gitfa BM. Thus we have I^M x MQ = MA-, 
but when PM is small MQ = approx., and consequently 
PM = MA‘'^/2p — that is, for an arc of given chord, the sagitta PM is 
directly proportional to the curvature. And this is what would have 
l)cen expected, for in the limit PM clearly measures the bulge or 
bend of the arc. It follows, therefore, that if two arcs, APB and 



AC^B (Fig. 35), have the same chord AB, their curvatures are directly 
as their sagitUe PM and QM. Or if the arcs touch each other, as in 
Fig. 36, and if a tangent be drawn at the point of contact, then the 
intercepts PM and QM made by the arcs on a })crpendicular to the 
tangent are proportional to the curvatures of the arcs. For in the 
limit these intercepts clearly measure the amounts of bend of the arcs. 

E,r . — If the curvature of a circle be a when its radius is p, prove that when the 
radius becomes p -l r the curvature becomes 

t (T 

<T = 

1 + ca 

[111 tliis case we have o-^llp and 

-1 

/H-C 1-1 c/p 1 f (’(T J 

61. Reflection of a Plane Wave at a Spherical Surface. — We 

shall now consider the reflection of a plane wave at a spherical surface. 
Let AMB (Fig. 37) represent the reflecting sphere, and XABY the 
trace of a plane parallel to the front of the incident Avave. As the 

^ Tliis method of treating the problems of reflection and refraction was given in 
full by Professor S. P. Thompson in 1889 {PML Matj. vol. xxviii. p. 232), and was 
partially employed in the first edition of this work. 
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wme approaches the surface (from left to right) it comes into the 
position of a tangent plane to the surface, first touching it at some 
point M. tAt this instant M becomes the centre of a reflected wave, 
and as the original wave moves farther to the right, each point of the 
surface in turn becomes the centre of a reflected wave. Thus when 
the incident wave occupies the position XY, the part l)etwcen A and 
B will have been reflected by the surface into the wave AN'B, such 
that MN' = MN, for MN' is the distance to which the reflected dis- 
turbance travels, while the incident wave travels over the distance 
MN. 

Now when the arc AH is small, MN is proportional to the curva- 



Fig. 37. Fig. 38. 


turc of the surface and NN' is proportional to the curvature of the 
reflected wave. But 

NN'=r2NM, 


and we conclude that the curvature of the reflected wave is twice that 
of the reflecting surface. The action of the surface in reflecting a Impressed 
plane wave is therefore to imprint on the reflected wave a curvature 
equal to twice the curvature of the surface. In other words, when a 
plane Avave is reflected at a convex spherical surface, the reflected 
wave diverges from a point ¥ halfAvay l)etween the centre of the 
mirror and its surface. This point is called the principal focus of the 
mirror, and the distance MF is termed its focal length. The focal 
length / of a spherical mirror of radius p is consequently determined 
by the equation 

Since 1// measures the curvature impressed on a plane wave by 
reflection at a spherical surface, this quantity measures the curvature 
producing poiver of the mirror and is termed the focal j)0wer. It is power. 

G 
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clear, therefore, that tlie focal power is equal to twice tlie cnrvatnr(»of 
the inii i’or. 

The case of a concave spherical mirror is sliowii in J''iy. .‘IS, in 
whicli MM represents tlie rollectini; sui'face and X^^ is the trace of a 
j)lane parallel to the face of the incident wave, sup[)osed travidling 
from left to right. If the reliecting surface had not In'cii ])res(mt 
X\ would rcipi’csinit tln^ incident wave in omi of its jiositions, but by 
the rell(‘cting action of the snidai^e MX is convert(’d into X"N', where 
obviously in the limit M N - IMX', and therefore tin; curvature ot the 
rellect(Ml wave N'N' is twice that of th(‘. reHecting siii‘faci‘. The centre 
T of X'N' is consequently halfway between () and the surfac(‘, or tlu^ 
action of a concave lelh^cting surface is to convert a plane wave into a. 
sph(n*ica,l wave, of twice the cui*vatui-(‘ of the surface, which conv(;rg(‘s 
to a point halfway h(‘tween the cimtrt^ of the iniia'or and its surface. 

62. Reflection of a Spherical Wave at a Spherical Surface. — 
have s<3en that a plaiU3 surface in I'eHecting a s])h(‘rical wave 
simj)ly revei’ses the curvature of the wave, and that a spherical sui-- 
face imprints twice its own curvature on a plane wave in reflecting it, 
w(; miglit thei’efore suspect that a spherical surface in reflcctingia 
spinu'ical wave would reverse th(3 curvature of the incident Avave, and 
in addition impress it witli twice the curvature of the reflecting surface, 
dliat this is tlie case is very easily proved. Thus if W(; su])])os(‘ a 
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spherical Avave AXll (Fig. 39), diverging from a source 0^, to be re- 
flected at the, surface of a s] Clerical mirror AMR, then the Avave Avhicdi 
would liave occupied the position AXB, if unobstructed, will lie con- 
verted into the wave AXTl by the reflecting action of tlic min*or, and 
tlie I'clation lietween the tAvo Avaves is detci'inined liy the equality 
MX ~ MN'. 
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•From follows at oiic(5 tliat 

I)N I I)N' 2I)M, 

or th(^ sum of the curvatures of tlie incichuit and reflectcnl waves is 
equal to twice the curvature of the mii-roi-. 

In the case of a conv(;x reflecting surface, if ANB (Fig. 40 } re- 
presents the position which the incident wave would have gained if 
unohsti-ucted hy tlie rellecting suidace, AX'B the I’ellected wave, then 
j\lN MN', and consecpiently 

* 1)N'-J)X JDM. 

But if we remai’k that in this case the curvatui’(i of the incident 
wave is o])])()site in sign to that of the reflected wave and of the 
mirror, we may wi*ite this (upiation like the foregoing in th(‘ form 

DX I 1)N'-.21)M, 

that is, with proper attention to sign we may say in general that the 
curvature of the rellected wave is ecpial to the curvature of the incident 
wi^ve reversed added to twicer the curvature of the mirror. I'his may 
also he expressed by saying that the curvature of tlie iniiTor is the 
arithmetical mean of the curvatures of the incident and relhicted waves. 
Denoting the curvatures of the incident ajid rellecte<l waves by 
and res[)ectively, and that of tln^. mirror by (r, the fundamental 
e(piatiou for the rellection of a sidierical wave at a spherical surface 
takes the form 

Hence the sum of the curvatui'cs of the incident and reflected waves is 
ecjual to the focal power of the mirror. 

The interpretation of this equation is that if the incident wave 
diverges from a point 0^ at a distance from the mirror, tlie rellecUul 
wave will converge to (or diverge from) a ])oint ( )., at a distance />., 
from the mirror such that 

1 1 2 
} - , 

Pi p-i p 

where /> is the radius of curvature of the miri'or. 

The points and (b termed ronjuf/nfr fori with regard to tlie 
mirror, and are such that a wave diverging fiom either will after 
rellection converge to (or diverge fi*om) the other. 

tVv/ -— Wlien (b is i*^t infinity the Avave becomes plane — that is, pj 
is infinite, and the incident light forms a parallel heani, so that 
1/p^ 0 • and Ave have the equation of Art. Gl, viz. (r., ^ 2(r and 
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63. Wave of any Form reflected at any Sur^ce. — In Hie 

preceding articles we have considered the reflection of plane and 
spherical waves, but the theory may be applied to a wave PQ (Fig. 41) 
of any form reflected at any surface AB. Consider the light incident 

at any point A of the surface. This 
point is illuminated by the element of the 
wave at P where P is the pole of A, or 
that point of the wave from which it 
takes the light least time to reach A. If 
the curvature of the surface at A is not 
infinitely great the light will be reflected 
at A as from an element of the tangent 
plane at this point, so that the reflected 
light travels from A along a direction AP', such that AP and AP' 
make equal angles with the normal at A, and lie in the same plane 
with it according to the ordinary laws of reflection. 

It may happen that the wave PQ has more than one pole with 
respect to A, that there may be several points P such that the time 
required by the light to reach A from them is either a maximum of a 
minimum. In this case the light will appear to come in rays from 
each of. these points to A, and we will have a corresponding set of 
reflected rays. There might be a curve on PQ such that each point 
of it is a pole of A, the light then would appear to travel to A from 
the whole of this curve. Examples of such cases will appear in the 
sequel. 

To find the form of the reflected wave take any system of points 
A, B, etc., on the reflecting surface and determine their poles P, Q, etc. 
With A, B, etc., as centres and radii r, r, etc., such that PA + r = 
BQ + r' = etc., describe spheres. These spheres touch the reflected 
wave P'Q' at the points P', Q'. The reflected wave may therefore be 
described either as the envelope of these spheres or as the locus of the 
points P', etc., taken on the reflected rays such that PA + AP' = QB + 
BQ' = constant. Hence if a set of rays he drawn perpendicular to any 
wave front in a homogeneous isotropic medium, they will after reflec- 
tion (or any number of reflections) he perpendicular to the new wave 
front,^ and the length of any ray from wave front to wave front will 
be constant and the same for all the rays. The same proposition holds 
likewise for refraction. 

hays, hrom what has been proved we see that it is approximately 
legitimate to regard the light emitted from any point as made up of 
very narrow pencils or rays, and that after reflection each little beam 
^ Mahis, Journal tie Vtkole Pdytcclmique, call. xiv. p. 1, 1808. 
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or^-ay is refle^ed on the other side of the normal to the surface at an 
angle equal to the angle of incidence. In dealing with problems in 
the reflection of light we may therefore consider the light propagated 
in rays if it facilitates the solution. Yet we must carefully bear in 
mind that rays have no physical existence, for it is waves that are 
propagated and not rays. The following examples are added for the 
sake of comparison ; — 


Emmples 

1. If a plane mirror on which a pencil of light is incident be turned through any 
angle about an axis perpendicular to the plane of incidence, the reilected light is 
deviated through twice that angle. 

[The direction of the incident light remains fixed in space, hence if the plane 
reflecting surface be turned through any angle 0 the normal will be turned through 
the same angle, consequently the angle of incidence i becomes i:kd. The angle of 
reflection is also altered by the same quantity, therefore the angle between the 
incident and reflected rays is 2^±2^, but originally it was 2/, therefore the reflected 
ray has been turned through an angle 2B. 

This theorem is of wide application in practice, for plane mirrors are extensively 
usid to indicate, by the change in the direction of a reflected ray, the motions of 
magnetised or electrified needles, and for many other purposes in physical apparatus.] 

2. Show from Ex. 1 that when a plane wave is reflected at a spherical surface 
the curvature of the reflected wave is equal to twice that of the surface. 

3. Light emanating from a luminous origin Ois reflected at a plane surface, prove 
from the doctrine of rays that the reflected light apjiears to come from a point O' 
on the other side of the surface, such that the line 00' is per]>endicular to the 
surface, and 0 and O' are equally distant from it (Fig. 42). 




4H. 


[The lines joining 0 and 0' to any point of the surface are eipially inclined to it, 
hence every reflected ray passes through O'. An eye ])laccd in the reflected light 
will receive a cone of light of which 0' is the vertex. The light will consequently 
a{)])ear to come from O'. This point is called the image, or leflcction, of 0 in the 
surface. The reflected waves arc spheres with 0' as centre.] 

4. Light diverging from a point 0 is reflected at a concave spherical surface, find 
the conjugate focus by the doctrine of rays. 

[Let C (Fig. 43) be the centre of the sphere and p its radius, and let P be a point 
on the surface at a distance from A small compared with the distance OA or />. 
Then if OP be any incident ray and PF a reflected ray, CP is tlie normal to the 
surface, and therefore bisects the angle OPF. Hence 


OP : PF : : OC : CF. 
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But approximately OP = OA = pi, and FP-FA^py, therefore 

Pi{p-p-) = p2iPi-'P)^ 

112 

or -f - 

Pi P‘2 P 

wliicli is the algehraie statement that the row [AFCO] is harmonic — a property at 
onee evident, for PA and PC are the bisectors of the angle OPF, 

The reflected rays therefore pass through the ])oiiit F determined by the above 
equation, and the reflected waves are spheres round F as centre. Of course this is 
only an apin'oxirnation. When O is infinitely distant the light falls upon the 
mirror in a parallel beam, and the point F, to which it converges, is termed the 
principal focus. It lies halfway between C and A, or the principal focal distance/ 
is e(|ual to Jp. This follows from the above equation, for l/p^=0 and po=/. For a 
plane mirror p — qo , so that pj - - p.^] 

r>. The e(|uation of Example 4 may be written in the form 

(/>! "/)(Pe-/)-A 


where/ is the principal focal distance, or 2/-p. /is therefore a geometric mean 
between tin; distances of the conjugate foci O and F from the principal focus. 

, 6. Light diverging from a point 0 falls uj)on 

. a convex spherical mirror, find the position of the 

/ conjugate focus F. t 

the point 0 (Fig. 14) and the centre of 
d C mirror lie on opposite sides of the surface. 

\ TIk; radius p is therelbre to be rec^koned negative. 

Hence if p^ is positive p.j will be negative, and 
* 0 and F will lie on opposite sides of the mirror. 

The focus F is in this case virtual ^ that is, the rcllected light appears to diverge from 
it and the reflected wave is a spliere diverging from F as centre.] 

7. If p and q denote the distances of two conjugate foci from the centre of a 
sjdierical mirror, ])rove that 


S. Light diverges from a point F, find the form of the surface* whicli will accu- 
rately reflect it to anotlicr [)oiiit F'. 

[The surface must evidently be such that the lines from F and F' to any point of 
it are equally inclined to the tangent plane at that point. Now a fundamental 
property of an ellipse is that the lines joining the foci to any ])oint of the curve are 
c(pially inclined to the tangent at that point. Hence light proceeding from one 
focus will be reflected to the other, and the surface generated by the revolution of an 
ellipse round its major axis will therefore satisfy the conditions of the ])rol)lem. The 
surface is therefore any spheroid liaving F and F' for foci. If the surface is a hyper- 
boloid of revolution then one focus is the virtual image of the other, and if the 
surface is a paraboloid of revolution, the second focus being at infinity, the light 
proceeding from the first focus will after reflection travel in a parallel beam in the 
direction of the axis of the surface. 

We arrive at the same conclusion by regarding conjugate foci as two points such 
that the time taken by light to travel from one to the other; by reflection at tlie 


* Such a mirror is said to be aplanatic. A spherical surface is aplaiiatic for rays 
diverging from its centre only. 
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si^faco, is constant, or the same for all paths. Eor if p and p be the distances of 
F and F' from any point of the surfacio we have 

• p + p'=i constant, 

hut tliis is the fundamental property of an ellipsoid of revolution. 

If mercury be placed in an elliptic dish and disturbed at one focus the reflected 
waves may bo seen converging to the other focus.] 

9. A luminous point is situated between two ])lane mirrors inclined at a given 
angle find the number and ])Osition of the images formed by siiccicssive reflections 
at the mirrors. 

10. Show that when an eye is placed to view any image formed by successive 
reflections at tw’o mirrors, the a])])arent distance of the image from the eye is capial 
to the distance actually travelled by the light in coming to the eye from the luminous 
point. 

11. A luminous ])oint is placed between two plane mirrors inclined at an angle 
of 27''. Prove that the number of images is thirteen or fourteen, according as the 
angular distance of the point from the nearer mirror is less than or greater than 9^ 

12. If the light of the sun be admitted through a small hole an image, of the sun 
is depicted on a screen placed to receive it, but if it be admitted through a large 
a])crture we obtain an image of the aperture. Explain this. 

[Each small portion of the aperture depieds an image of the sun, and the com- 
plctii system of these images forms the image of the aperture.] 

13. If the fraidion of light reflected at the first surface of a ])arallel ]dato be a 

(t#iere being no regular inttn'fereuce), that transmitted by tbe first surface, reflected 
])y the second and again transnntttul by the first, is a(l - a)-. That reflected three 
times and transmitted twha; is a‘^(l a)“, etc. Hence the whole reflected light is 

R--a 1-(1 -a)“(a-ta-^ + a^ + . . • 

I -+ a 

14. The intensity of the light reflected from a }>ile of plates has been investi- 
gated by Provostaye and Desains {Ann. de Chcniie, xxx. p. 159, 1850). If be 
the ladhiction from ?a, plates the reflection from tn l-l plates, as above, is 

0(/y/, -j. 1 ) - ct -p (1 _ a)“0(//t) (1 4- a0(vn) + )- 4 , etc. } 

_a4- (1 - 2a)0(?>?.) 

1 - uL(p{in) 

But 0(1) -^a, therefore we find 0(2), 0(3), etc., and generally 


0 ( //;.)- 


in a 

1 4- (//t - 1 )a 


Stokes has extended this to the case in which the ])lates exercise an absorbing in- 
fluence {Proc. lloij. Soc. xi. p. 545, 1862). 

15. A S3^stem of rays Ixnng such that they all cut a given surfac(i orthogonally, 
construct a mirror wJiich will I’cflcct the system to a given focus (Sir Wm. K. 
Hamilton, Trans. Hoy. Irish Academy, vol. xv. p. 80, 1828). 

[Take on each ray a point siu‘h that the sum (or difference) of its distances from 
the orthogonal surface and the givam focus is constant. TIkj locus of these ])oints 
is the surface of the required mirror.] 

16. If rays diverging from a point are reflected at any surface the reflected rays 
are cut orthogonally by a system of surfaces, and after reflection at any nund)er of 
surfaces the whole hmgth of each ray from the source to any orthogonal surface is 
the same for each ray (Hamilton, ibid.). 

[The medium is supposed isotro})ic and the orthogonal surfaces are the wave 
surfaces.] 
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64. Refraction, Snell’s Law. — When light is incident on the 
surface of a transparent medium a portion is reflected ; hut anotlier 
portion enters the medium, pursuing there in general an altered direc- 
tion. This portion is said to he refracted. Generally we may say that 
when light is incident at the surface of sc]jaration of two media one 
portion is reflected back and propagated in the first medium, while 
another portion is refracted and transmitted through the secoAd 
medium, if it he transparent, hut absorbed immediately at the surface, 
or within a very small distance from it, if it be opacpie. 

The angle which the refracted ray makes with the normal to the 
surface is called the angle of refraction. If 
the first medium is rarer than the second, 
for example, air and water, the angle of 
refraction is less than the angle of in- 
cidence, the refracted ray is bent towanU 
the normal (Fig. 15) ; on the other hand, 
it is bent or deviated from the normal if 
the first medium is optically denser — 
that is, more highly refracting than the second. 

The relations connecting the angles of incidence and refraction are 
known as the La7/’s of Refraction. These Avere arrived at by Snell about 
1621, but first stated by Descartes in the form — “The incident and 
refracted rays are in the same plane with the normal to the sui'face ; 
they lie on opposite sides of it, and the sines of their inclinations to it 
bear a constant ratio to one another.” 

Denoting the angles of incidence and refraction by i and r respect- 
ively, the relation between them is stated in the formula 

sin V* 
sin r 

The constant ratio fi is called the index of refraction. It is in general 
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gfeatcr or lesj^ than unity according as the first medium is rarer or 
denser than the second.^ When light passes from vacuum into any 
medium tbe ratio is termed its absolute index of refraction, but when it 
passes from one medium to another it is termed the rebttive index. 

65. Deduetionof the Laws of Refraction. — The theoretical deduc- 
tion of the laws of refraction is in all respects similar to that of the laws 
of reflection. Let AB (Fig. 46), as before, be the trace of the incident 
plane wave, and AA' that of the surface 
of separation, both planes being per- 
pendicular to the plane of the paper. 

Let V be the velocity of light in the 
first medium and v that in the second. 

Then if H^e the time required by the 
light to traverse the distance BA', we 
have BA' -vt = AD, and if the wave 
had been unobstructed by the second 
medium, it would occupy the position 
A'ND (parallel to AMB) at the end of the time t. However, since 
tfte disturbance travels with a velocity v in the second medium, the 
point A becomes the centre of a spherical wave of radius vt = AC, or 
such that AD : AC : ; r : //, for AD - vL Similarly, at the end of the 
time t any point P of the surface will be the centre of a refracted 
wave of radius PM', such that PN : PM' : : : v. Thei*efore 

AO AD A A' 

rM'~rN“PA'’ 

and hence if a plane be drawn through A' perpendicular to the plane 
of the paper to touch the sphere diverging from A, it will also touch 
that diverging from P, or from any other point of the sui-face AA'. The 
plane through A'C, perpendicular to the plaruj of the paper, is thei’efore 
the wave envelope or the locus of those points which are just about to 
be disturbed at the end of the time t. As in the case of reflection, we 
may show that the point M' of the refracted wave is illuminated by the 
point P of the surface, that is, the disturbance at M is propagated along 
the path MPM' from M to M', and we shall show immediately that 
this path is that along which it takes light the least time to travel from 
M to M', and that the principle of least time is obeyed in refraction as 
well as in reflection. 

The angle AA'D is the angle of incidence and the angle AA'C is 

^ It is not universally true that the denser media are the more highly refraotin^^ 
for exanqde water, of unit density, has a refractive index 1 for yellow lii<ht, 

whereas oil of turpentine, density 0*885, has an index 1*4744 for the same liglit. 




90 


REFRACTION 


CHAP. V 


Velocity 

test. 


the angle of refraction ; denoting these by i and r r^pectively, ^e 
have 

AD _ sin _ 

AG~ Bmr~ 

i 

Hence we have the law of refraction, viz. “ the sine of the angle of 
incidence ^ears a constant ratio to the sine of the angle of refraction,” 
while we have also the additional information that this constant ratio, 
or the refractive index, is equal to the ratio which the velocity in the 
first medium bears to the velocity in the second. 

The bending or deviation of a ray of light in passing from one 
medium to another is then due to the difference of the velocities of 
light in the two media. The greater the change of velocity the greater 
the bending. If light travels more slowly in the second medium than 
in the first, v is greater than v, i is greater than r, fi>l, and the re- 
fracted ray is deviated towards the normal ; the reverse is the case 
Avhen V is less than /'. 

Now we know by direct observation that the deviation is towards 
the normal when light passes from a rare medium like air to a dense 
medium such as glass or water. The wave theory therefore indicates 
that the velocity of light in air is greater than its velocity in glass or 
Avater in the ratio of their refractive indices, and experiment proves 
this to bo the case. 

The emission theory, on the other hand, points to the opposite 
conclusion. According to it mni/^inr = v /v (Art. 23), so that in those 
media where the bending is toAvards the normal the light travels with 
increased velocity. Here then the conclusions of the tAvo theories arc 
contradictory, and experiment, which alone can decide betAveen them, 
supports the wave theory conclusively. The emission theory is conse- 
quently untenable in its original form, and requires serious modifica- 
tion in its fundamental tenets in order to meet this difficulty. 


Examples 

1. If the velocities in two media he r, and ^ 2 , wliile the velocity in vacuum 
is t\ the absolute refractive indices of the media are 

Ml = 

Avhile their relative refractive index, or the index of the second Avith respect to the 
iirst, is 

The hiAv of refraction may consequently ho Avritten in the form 

IXy sin 'i=/f,sin r. 
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# 2. For any number of media we have 

/^12 • • • • Mn-l, 

or the contiiftied product of the relative refractive indices of n substances is equal to 
the ratio of the absolute refractive index of the Tith to ifhat of the first. 

66. Construction for Reflected and Refracted Waves (Huygens). 

— We have now the following construction for the wave fronts of the 
two portions into which a beam of parallel light is divided when it is 
incident on the surface of separation of two transparent isotropic 
media. 

Let the plane of the paper be perpendicular to the plane of the 
incident wave, and also to the plane surface of separation of the 
media. 

Let AH (Fig. 47) be the trace of the incident wave on the plane of 



Fi^. 47. 


the paper. The plane of the wave is a plane through AB perpendicular 
to the plane of the paper, and the surface of separation is a plane 
through AA' perpendicular to the paper. With A as centre describe 
two spheres of radii vt and vt, where t is the time of propagation from 
B to A', and v and v are the velocities of propagation in the first and 
second media respectively. 

The radius AB' of the upper sphere is eijual to A'B, and the radius 
AC' of the lower is A'B//x. The ratio of the radii is equal to the 
ratio of the velocities in the two media, or equal to the relative 
refractive index. 

From A' draw planes perpendicular to the paper to touch these 
spheres, and let A'B' and A'C' be the traces of these tangent planes. 

These tangent planes are the limits to which the disturbance is 
propagated at the instant the wave from B reaches A'. They are the 
reflected and refracted wave fronts respectively. The perpendiculars 
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AB' and AC' on them from A are the reflected and jjefracted ra^'s 
arising from the ray incident at A. 

The media here considered are isotropic, and the wavel diverging 
from liny point are accordingly spherical. This is not the case in all 
media, yet the construction foi; the wave fronts remains the same : viz. 
with A as centime des(^ibe the waves, whatever shape they be, which 
havil diverged from it at the instant the wave from B reaches A'. 
Through A! draw tangent planes as before to these waves. These 
planes are the reflected and refracted wave fronts. 

67. Total Reflection. — If the first medium be rarer (less refracting) 
than the second, the radius of the second sphere is less than that of 
the first, but the radius AB' of the first is equal to BA', which is less 
than AA', hence the radius AC' of the second sphere is always less 
than AA', consequently A' lies outside it, and it is always possible to 
draw a tangent plane to it from A'. There is then always a refracted 
wave. It is otherwise when the second medium is rarer (less refract- 
ing) than the first. In this case the 
velocity in the second is greater than 
in the first, and the radius of tMfe 
second sphere is greater than the radius 
of the first. It is therefore greater 
than A'B, and may be great^/ than 
AA' if the incidence exceeds a certain 
limiting value. If the radius of the 
second sphere is greater than AA', the point A' will lie inside it, and 
it will l)e impossilde to draw a real tangent plane to it from A'. 
Conse(pieritly there is no refracted wave, and the light is all reflectctl 
back into the first medium, as shown in Fig. 48 . 

The light in this case is said to be totally reflected. This limit is 
reached when the radius AC' of the lower sphere is equal to AA'. In 
this case 

. . A'B A'B 

so that the limiting angle of incidence at which total reflection occurs 
is given by the equation 

sin i — fi, 

.A 

where jx is the refractive index of the rarer medium with respect to the 
denser. If, however, /x denotes the relative refractive index of the 
denser medium, the limiting angle is given by 

sill 

This angle is known as the Critical Angle, and total reflection occurs in 



Fig. 4.S. 
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tte case of li^t passing into a less refracting medium if the angle of 
incidence is greater than the critical angle. 

The existence of total reflection is frequently taken advantage of 
in the construction of optical instruments, and notice of it often homes 
within reach of ordinary observation, as^ when the surface of water is 
viewed in a glass hold above the head, the silvery Ijrilliancy of the 
surface being due to the total reflection of the light. 


For water the critical angle is about 

. 48° 

27' 

For crown glass ,, ,, 

. 40° 

30' 

For chromate of lead it is^only 

. 19° 

28' 


Example 


If light is refracted at a plane surface, prove that the deviation — that is, the 
dillerence of the angles i and r — increases as the angle of incidence increases. 

[When i is small we have i—fir, and therefore the deviation is = = 

i{fi - 1 )//x. The deviation conse- 
quently increases with the angle 
of incidence. When i is not 
small it follows at once from the 
Ijw of refraction that sin i in- 
creases more rapidly than sin r, 
or that i increases more ra[)idly 
than r — that is, that i-r in- 
creases with i. This may bo 
shown geometrically as follows : 

— Let OP (Fig. 49) be any line 
representing the velocity in the 
first medium, and’ on the same 
scale let OM represent the velocity in the second. Witli 0 as centre and OM as 
radius describe a circle. Then if the angle 0PM be the angle of refraction the angle 
OMN will be the angle of incidence, for we have 

OP V. sin i sin OMN 



Fig. 40. 


OM 


r-lr 


:A4 = 


sin r sin 0PM 


Hence 0MN = ^, and if OP be parallel to the refracted ray and PM parallel to the 
normal then OM will be parallel to the incidemt ray. The angle POM is consequently 
equal to i-r and therefore represents the deviation. Now it is elear that POM 
increases as r increases — that is, as i increases, until the line PM becomes a tangent 
to the circle. At this point, in the ease of light refracted from the second medium 
into the lirst, the limit is reached beyond which total reflection occurs and refraction 
ceases.] 


68. Relation connecting the Intensities of the Incident, Re- 
flected, and Refracted Waves — The Energy Equation. — Since the 
incident wave is diyided into a reflected wave and a refracted wave, 
its energy must be equal to the sum of the energies of the other two. 
The reflected and refracted waves derive their energies from the 
incident, and it is clear that a pencil of length v of the latter gives 
rise to a reflected pencil of length v and a refracted pencil of length v\ 
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and the widths of the pencils are proportional to AB, and A1C' 
respectively (Fig. 47). Hence if a, c he the amplitudes of the 
corresponding vibrations, the energy per unit volume will propor- 
tional to pi-, //c“, where p and p are symbols for the two media 

representing what we may call the density of the ether, or that 
property of it j^hich correspoTids to the density of ordinary mattei*, 
and by which it possesses energy when in motion. Hence the energy 
of an incident beam of length v arid width AB will be proportional to 
VfXfr . AB, and we have the equation 


Hence 


rpa * . Al> - rpfr . A'B' + vpc * . A'(J'. 
rpdr^ cos i ~ rpfr cos i + v'p'c^ cos r, 


or, since vjo' = sin if/sin r, we have ^ 

p{(r ~ i“) sin 2r 
p'c" sin 2i 


It is not unusual to find it asserted that the S(|uaie of the ampli- 
tude of the incident vibration is e(iual to the sum of the squares of 
the amplitudes of the reflected and refracted vibrations ; but thffe 
could 1)0 true only if p/p' = sin 2/ysin 2?‘, a law which might exist if 
sin 2r/sin 2i were constant instead of sin ?7siu r. We would then 
have a refractive index measured l)y the ratio of the densities of the 
ether in tlie two media. The amplitude of the refracted vibration, 
however, depends on the mean energy per unit volume, and this, we 
have seen, depends on the density p' of the ether in the secotid 
medium or on the velocity of propagation. 

(for , — Ihvo suj)positions have been made with respect to the 
(piantities p and p', one by Fresnel, that the velocity of propagation 
is inversely as the s<[uarc root of the ether density, or that 

p siii-V 

r -- •> — • .» • ’ 

p r- tiiiri 


by which the energy e(]uation I’cduces to 

tr-fr tan 7* ,, v 

~ • (r resile 1 s energy equation.) 


The other supposition, made by MacCullagh, is that p = p', or the 
ether density is the same in all substances ; we have then 

sill 2/ energy equation.) 


^ This equation may be written down at once by observing tliat llie energy in 
the triangle ABA' (Fig. 47) is equal to the sum of the energies in the triangles AB'A' 
and AC'A'. 
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0 69. The Principle of Least Time or the Law of Fermat. — When 
light passes from any point M to another M' (Fig. 31) by reflection at 
a surface, \^e have seen that the rays PM and PM' are equally inclined 
to the surface, and consequently their sum is less than the sum of the 
lines joining M and M' to any other point on the surface. The path 
MPM' is that which will be traversed in the least time in passing 
from M to M' by reflection at the surface. 

A similar law governs the refraction of light, viz. if light })ass 
from any point M (P'ig. 50) to any point M' in another medium, the 
path MAM' traversed by the ray is such that the 
time occupied in travelling over it is a minimum. 

For if the time along the path MAM' is a mini- 
mum, the time over this path must be c([ual to 
that occupied in traversing the consecutive (very 
near) path MA'M'. Hence if AB atid A'C be 
drawn perpendicular to MA'and M'A resj^ectively, 
it follows that the times of travelling over the 
distances AC and A'B are equal, since MA-MB and M'A'-M'(^ 

1 fcjiice 

A'Ji AC AA'siiii A A' sill/’ 

/ , or - , 

V V r 

that is, 

sin I V 
siiir V 



Hence if the time occupied in traversing the path l)c a minimum, the 
ordinary law of refraction is obeyed, and conversely. 

.Denoting the rectilinear paths in the two media hy I and the 
law of P^ermat asserts that 

I r 

-1- , = anmmiium, 

V V 


or 


l-\ — II niininiuiii. 


If the same ray passes through several media we have -(^/c), that is, 
w/x/, a minimum, and if the refractive index of the m(?dium changes 
from point to point, the path of a ray becomes a continuous curve, 
and the length I in the above formula becomes a small element of 
the curve. The principle of least time, according to which the wave 
front is always as far advanced as possible, may, for a medium of 
variable refractive index, be written in the form 

fds . . r , 

1 ^ -minimum, or I jufAs’ — minimum. 

We are to observe, therefore, that in all cases of refraction through 
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prisms, lenses, etc., when light travels from one point to another l|^ 
ray pursues that path which requires least time. For example, when 
the various rays pass from one focus of a convex lens to it» conjugate, 
those which travel through the centre of the lens transverse a greater 
distance in glass, and a less distance in air, than those which pass near 
the edge ; but all rays require the same time to travel from one focus 
to the other, viz. the minimum time. 

70. Refraction of a Plane Wave through a Prism. — A j^rism of 
any material is a wedge-shaped portion of it contained between two 
planes called its faces, which intersect in a line termed the edge of the 
prism. The angle l)etween the faces, is called the angle of the prism. 

Let AHC (Fig. 51) be a section of a prism by the plane of the paper, 
supposed perpendiculiir to the edge of the 
prism. Consider a piano wave of light incident 
on the face AB in the direction PQ, the plane 
of incidence being the plane of the paper, and 
thus peiqjendicular to the edge of the prism. 
C The light being refracted into the j)rism in 
the direction (Jlv, making an angle r with the 
normal, will sulfer a deviation i - r at the face AB. If the angle of 
incidence of QR on the second face l)e r, and the angle of emergence 
along RS be the light will suffer a further deviation i - r\ The 
light will now emerge in the direction I\%S (if the angle of incidence / 
on the second face be less than tlie critical angle) and the total devia- 
tion (3 from the original course PC^ is 

5 “ (t -f i ) — (^' I' i 4* i — A, 

where A is the angle of the prism, which is equal to r + /, since it is 
equal to the external angle between the normals at Q and R to the faces. 

A plane wave BM (Fig. 52) incident on the face AB is refracted 
into the prism, and travels through it as 
a plane wave AD. It then emerges from 
the second face AC as a plane wave ON. 

Any point S of the wave ON is illumi- 
nated by a coi*responding point P of the 
incident wave, and the law which governs 
the propagation of the disturbance is 
that the time of propagation along all 
paths joining pairs of corresponding points on BM and CN is the 
same. For example, the time along MAN = time along PCJRS = time 
along BC. Hence we should have 



Fig. r>2. 


M A F AN - fillC = ft(BD 4- DC), 



ART. 71 


REFRACTION THROUGH A PRISM 


97 


AP> sill i -1- AC sin i' --At(AB sin 7* + AC sin r), 

which is true if the law of refraction (sin i = /xsin r) is obeyed. 

Hence NC is such that the disturbances reach it from MB in the 
same time ; they are therefore in the same jihase, that is, NO is the 
wave front after refraction through the prism. The rays which pass 
near the edge of the prism traverse a shorter path in glass, but a 
longer path in air, than those which pass near the base, the long air 
path MAN occupying the same time as the shorter glass path BO, and 
the ratio of the lengths of these paths is the refractive index of the 
glass. 

The deviation (8) is measured by the angle between MA and NA 
produced ; but MAB = 90 - % and NAO = 90 - i ' ; hence 8 = i + i' - A. 

Now if /X be increased while the angle of incidence i and the angle of 
the prism remain the same, the angle of refraction r will be diminished, 
for siru' ^ /X sin r. Hence the angle of incidence r on the second 
face will be increased, for r + r' = A, and conscijucntly the angle of 
emergence if will also be increased to obey the I’clation sin i' -- /xsin r'. 

Hl)nce if, while i and A remain the same, the refractive index be 
increased, the angle of emergence if will be increased, and the total 
deviation i + I' -- A will be increased by the same amount. 

The amount of deviation, thercfoi’c, d(‘-pends on the refractive 
index, that is, upon the velocity of propagation in the prism. A\'e 
should consequently expect that if ordinaiy solar light contains many 
constituent waves which travel with dillerent velocities in the prism, 
they should be deviated hy ditlerent amounts on emerging, and a 
beam of parallel light incident on the first face should be a dispersed Disju rsion. 
beam on emergence from the second face. That this is the case was 
first demonstrated by Newton.^ 

71. Colour and Velocity. — The experiments of Newton prove in 
a clear and masterly manner that lights of dilFerent colours are refracted 
by different amounts in passing through a glass })rism or on entering a 
new medium, the red light being deviated least, the violet most, and 
the intermediate colours (orange, yellow, gi*een, and blue) in continu- 
ous transition by intermediate amounts. But we have seen that the 
bending of the ray on entering a new medium is a consetpience of the 
difference of velocity in the two media, and the greater this dilFerence 
the greater the deviation. 

AVe therefore conclude that the velocity of the violet light is least 
and that of the red greatest in the prism, while the intermediate 

^ See extracts at end of eliajdcr. 

11 
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colours travel with intermediate velocities. We have reason to belike 
that all the colours travel with the same velocity in free space, and 
with practically the same velocity in air, for if the red travelled faster 
than the violet it would follow that a star rea})pearing after eclipse 
should at first appear red, as the red light would reach us first, and 
then gradually change tint till it finally became white when all the 
colours have had time to arrive. Similarly, when the star is just 
disappearing at eclipse it should be violet coloured, as the violet would 
be the last to reach us. 

Now as no observation of this nature has ever been made it follows 
that the violet waves must differ in some respect from the red, and this 
difference must exist either in the wave length oi* the periodic time of 
vibration, or both, for if they all had the same periodic time and wave 
length there would l)e nothing left by which we ccmld distinguish the 
red waves from the violet. The waves then in air must have different 
pei’iodic times and different lengths, for since they travel with the 
same velocity, the cc|uation 

shows that the periodic times are proportional to the wave lengths. 

In the case of refraction there is one element which is likely to 
remain unaltered, viz. the periodic ti^ne of vibration. For the vibration 
in the second medium is excited and forced by the vibiation in the 
first medium, and these will in general be executed in the same time. 
The time T then is the same in the incident and refracted wave, so 
that if the velocity changes in the second medium the wave length 
changes proportionately by the equation 

v'T - \'. 

Hence it follows that when refraction occurs 

and the quantities 

remain unaltered. 

So far as we have yet gone the theory has not indicated whether 
the red waves are longer or shorter than the violet; all we have 
arrived at is that the shorter the wave length the shorter the periodic 
time is in a vacuum. Further on experiments will be given which 
show that the red waves execute about 395 billion (395 x lO^-) vibra- 
tions per second, while the violet vibrate about 7G3 billion (763 x 10^-) 
times per second, or nearly twice as fast as the red. 


V \ 


X X fp 
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^•The dispersion of the colours (as it is called) by a prism shows 
that although all the waves travel with the same velocity in free space, 
yet in den»e media, like glass and water, the velocity of propagation 
depends upon the^wave length or periodic time. 

Ejnrisc. — Light iiicidiMit at an angle i is refracted through a ])ai*allel i)hite ol 
glass. Waves of lengths \ and Xo arc refracded at angles and r.j respectively, 
tind the relative retardation hy transmission tliroiigJi the plate. 

Let P(^) (Fig. 53) Ix' the front of a plane wave ineiflent on the face of the ]»late 
at an angle and ()|0 the direction of the incident 
light. Let PiM and PN bo tlie directions of the 
refracted rays. The planes 0X1 R, and OXR.j, 
j)erpendicular to PM and PN, are the refracted 
wave fronts, which on emergence, if the plate be 
parallel, will ])roceed parallel to P(>. Thus the 
emergent wave fronts are R,H and R/-, and if the 
plate had not been present the original waye front 
would have been propagated to OLA. Hence the 
elfeet of -the plate is to retard one wave by an 
amount AB and the other hy AR.,. The relative 
retardation of orni on the other is therefore RoB. 

But if e be the thickness of the ]»late, we have R|I) — e cot /’|, RoD — c cot r.j, hence 

R.,B-R,R.,siii ir^sui f(R,l)-RJ)), 

--(i sin /(cot r.j-cot r^), 

-r fi., cos i'o - /J-i cos r,). 

This e.xample will be of use hereafter in the consideration of the colours ot mixed 
jjlates and of doubly refracting crystals. 

for . — When / -/• — 0, the light isijieident normally, and we have the retardation 
as is otherwise directly obvious. 

72. Refraction of a Spherical Wave at a Plane Surface. — Let 

spherical waves diverging from a centre O (Fig. 54) fall upon the plane 
surface AB of a transparent substance. If the wave had not encoun- 
tered the second medium it would 
at some instant occupy the position 
ANB, a spdiere of radius OA and 
centre 0. The velocity in the second 
medium is, however, diHerent from 
that ill the first, so that M has 
become the centre of a wave in the 
second medium of radius MN', where 
MN : MN' = r^:r,, or 

XIN^ MX'. 

Similarly any other point P* will be the centre of a spherical wave 
of radius equal to PQ//x, and the refracted wave will bo the envelope 
of all these spheres. In the figure we have supposed the second 



Fii'. D4. 
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substance more refracting than the first, so that their relative imleii 
is gi’oater than unity. The consecjucnee is that the incident wa,ve 
ANl) is flattened down into another ANT) ofless curvatuiie.* 

Now MN and MN' imi ])ro|)ortional to the cui’vatnres of the two 
waves. Ibmce the relation ])etween the curvatures is determined b}^ 
the foregoing e(juation, and may be expressed by saying that the cur- 
vature of lh(i incident wave is times that of the refracted wave. 
Denoting th(‘se curvatures by fr, and (r., resp(‘ctively, this relation may 
be repres(‘nted in any one of the following forms ; — 

(I, fjia.j, or o-j/a-.j - r, //*.,, or ■ 

where a,nd /i., are the absolute indi(;es of tin; fii\st medium atid 
sec>ond nuidium i*es])(;ctively. 

If f)^ and represent tlu^ radii of curvature, we have = 1 
<r^=l /'/>.„ and cons(MjuentIy the relation between the distances of the 
])oints () and O' from the surfac(^ is 

or/)jr, or p,//;o 

73, Refraction of a Plane Wave at a Spherical Surface.%^- 
The ea.s(5 of a ])lane wa,\(‘. incident on a s}>herica.l refracting surface 
is one of extreme simplicity when (‘onsidcu’ed from the point of view 
of the wave; tlu^ory, Tims let AMD (Fig. 55) re])r(‘stmt tlu^ surface of 
a, refracting spluu’O and XAIIV the trace of a, })lane parallel to the 
front of the incident wav(i. If tlie ndracting sphere had !iot been 
pres(‘nt would represent the incident wav(} in one of its })ositions, 
but by the action of the sphere the portion ANH of the plane wa\(i is 
retarded and taku'.s the foian of the curv(‘, ANTl, which is apj)roximately 
an ai'(‘ of a- cii*cle wlum All is snudh Now MN and NN' an; ]jropor- 
tional to the curvatures of the surface and refracted wave respectivedy, 
and the relation b(*twc(m these is determined by the (apiation 

MN-a^MN' KMX XX'). 

That is 

iulW' [lii 1 )M N . 

Ibmce if cr be taken to represent the cui‘vatu]-e of the suiface and </ 
tliat of th(‘ refract (‘(1 wave, we have 

, IJ. 1 

0- - (T. 

' It Al) is small tlia an* AX'U will Ixi a]>])i-()\iinal<‘ly a circh' liaviiiyf its ci'iitn* at 
n'. 'rii(> 1i iu‘ ti)i-m of tlio i(_‘rract(Ml wave is not a spluiro, liow<.*vri', hut a ])aiall(d to 
a liy[H*rboi()i<l, so that tlic imrvo AX'l) is a ]>a)'alh*l to a liyperhola (soc K\. 1, p. 111). 



AKT. 


PLANK WAVK 


101 


* The case concave refracting sphere is shown in Kig. oG, wlu're 
N'N' is the front of the refracted wav(; and XN is th(‘ corrcsj Handing 
])osition of* tin; incident wave. Here again we have MN=/aMX', 
from which we derive the same formula as that obtained for a convex 
surface. In l)oth cases tlierefore the action of the refracting sphere is 
to imprint on the refracted wave a curvature eipial to {ft 1) fi times 
that of the refi'acting sphere. This impresst‘d curvature (/ is always 
less than tliat of tlie ndracting surface it, and when [l is gnxiter than 
unity — that is, when the sphere is more liighly ivdVacting than tlu; 
nuHlium in which it is immei’sed — the curvature of the rcdVactcd wa.ve 
is of the sanu^ sign as that of tlie surface, but of opposite sign when //, 
is less than unity. ITencc when //. is greater than unity the focus F, 



^’is^ rj.'j, I'v^. r.r,. 


to which the refravted wave converg(*,s (oj- from Avhich it aj)pc:irs to 
<livei‘g(‘), bVs on the same si(l(; of the surfaci^ as its centiH* ; })ut when 
//. is less than unity the focus and centi-(‘ lit*, on opposite sides of 
th(* surface. Tluj relation betwe(‘u tlu^ focal distance / —FM and tin* 
radius /> of the rcdracting sui’face is, sinct*, (/ = 1 /‘and fr= 1 )>, 


If tin; absolut(‘ indit'cs //, and be used iiist(‘ad of tln^ r(*lati\e 
index g — g./gj the above formula* Itecome 


/X., Ml 

(T, 

M,, 


ai)(l /• />. 

■ Ml 


Tilt*, curvature (/ im])resscd on a plane Avave by refraction at a spherical 
surface is called the fere/ j/nin'r of the surface. It is m(‘asur(Ml by the 


• ■iirvatuiv 


F.u-iil 

)>owfr. 
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reciprocal of /, and means the curvature impressing power of the 
surface. 

It has now been proved that the refraction of •a spherical 
wave at a plane surface changes its curvature from to = 
while the refraction of a plane wave at a spherical surface impresses 
a curvature «-(/x - 1)///, on the refracted wave, and we shall see. in the 
following article that when a spherical wave is refracted at a spherical 
surface the curvature of the refracted wave is the sum of these two 
([uantitics. 

74. Refraction of a Spherical Wave at a Spherical Surface.- 

Let the surface AB (Fig. 57) of the refracting medium be a sphere of 

centre (J, and let a spherical wave 
AN'B diverging from 0 meet it at A 
and B. If the second substance be 
more refracting than the first, the 
spherical wave, which at any instant 
would have occupied the position 
ANB, will be flattened iiito the surface 
AN'B. This surface is the envelo^^c) 
of the sphere described with any point 
P of the suT'face as centre and radius 
PQ//X. It is the wave surface, and such 
that the disturbances from 0 reach every point of it in the same time, 
viz. the interval re(piircd to travel directly from 0 to A or B. The 
refracted wave AN'B is propagated normally in the second medium, 
and if ONN' be a common normal to both waves, in any position we 
have 



The efiect of the refraction is therefore to diminish or increase the 
curvature of the wave surface according as the velocity is less ot* 
greater in the second medium. 

In the same manner we may construct the refracted wave when 
the incident wave and the refracting surface have any form. 

If the angle AOB be very small the refracted wave will be 
approximately a sphere diverging from a centre O', and the relation 
connecting the curvatures of the two waves with that of the surface 
may be easily determined, for the ecpiatiori MN = /xMN' may be 
written in the form 

1)N - DM). 

That is 

DN-/iDN' -(/X 1)].)M. 
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Hence if the ^urvatures of the incident wave, refracted wave, and 
surface be denoted by o-^, o-^, and o- respectively, we have the relation 

- , (T “ O', 

O'! = jLtO-o -{fi-l )<T, or = fjL. 

(T — a. 2 

Theiefore rr., is determined by the equation 

/ ^ O', U 1 

- O', — (/4 - 1 )o', or O'., — j O'. 

“ M M 

The I'clation between the conjugate focal distances is consecpicntly 

P> P\ P 

If the relative index fi be replaced by ratio of the 

absolute indices of the two media, the relation between the curvatures 
takes the symmetrical form 

and the relation between the conjugate focal distances becomes 

Ml _ Mo M i -M o 

Pi P2 P 

The same formula holds good for a convex refracting surface if the 
sign of the curvature of the incident wave be reckoned opposite to 
that of the surface. 

Cor. — If p and q denote the distances of the conjugate foci O 
and O' (Fig. r)7) from the centre C of the refracting surface, then 
_ p ~ ‘p, fKj - /) - Y, iind the foregoing formula becomes 

Ml Mo_Mi Mo 
q p p ' 

oi‘ in terms of the relative index /a wc have 

p 1_M 
p q p 

Ejnvmple 

A pencil of light div’erging from a point falls directly on a refracting sphere of 
radius p and passes through it, liiid the focus of the transmitted rays. 

75. Refraction through a Lens. — A lens is a portion of a trans- 
parent substance, such as glass, quartz, or rock-salt, ))Ounded by two 
surfaces of such a shape that light diverging from a point 0 (Fig. 58) 
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and falling on one face, will after transmission converge to, or diverge 
from, another point O'. That is, the surfaces of the lens are so shaped 
that a wave which is spherical before transmission remairfS spherical 
after transmission. The surfaces of the lens itself are not accurately 
spherical, but only aj)proximately so. The true curve of the surface 
which will accurately refract to a point light diverging from another 
point is the Cartesian oval (see Ex. 7, p. 113). A surface which refracts 
to a point the light diverging from another point is called an aplanafic 
surfacr^ and the points are called conjnfjdte foci with respect to it. The 
fundamental relation connecting conjugate foci 0 and O' is that the 
time of propagation is the same along all the paths l)y which the light 
reaches O' from 0. Thus in Fig. 58 if light diverging from 0 is 
refracted l^y a double convex lens AB to the point O', any spherical 
wave diverging from O emerges from the lens as a spherical wave con- 



Fi>?. 58.- Apliiiiatic Lens. 


verging to O'. Every point of this wave is a pole with respect to O', 
and all the disturbances which simultaneously reach O' are in the same 
phase. The illumination at O' is consequently very intense. At points 
outside the cone O'AB there is destructive interfei’cnce and daikncss. 

The relation connecting the conjugate focal distances, or the 
curvatures of a wave before and after transmission through a lens, 
follows very simply from the principles of the wave theory. In the 
first place, let us consider the case of a concavo-conv^ex lens (hig. 59) 
in which the thickness MN and the aperture AB are small compared 
with the focal distances. This is taken as a typical case because the 
cui-vatures of its surfaces are of the same sign, whereas in the double 
convex lens (Eig. 58) the curvatures of the fac(*.s are of opposite signs. 

The relation which we are about to deduce might be obtained im- 
mediately by applying the formula of Art. 74 to the two faces of the 
lens in succession, but for the sake of illustration w(i shall approach 
the problem directly from fundamental principles. The principle on 
which the present investigation is based is that the time required by 
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light to traverse the path OAO' is the same as that required for the 
path OMNO'. The air equivalent of the latter path is OM + /xMN + NO'. 
Hence the •fundamental equation is 

OA + O'A - OM I O'N + mMN. 


AVith centre O aiid i*adius OA describe a circle cutting 00' at P, 
and Avith centre 0' and radius O'A describe a circle cutting 00' at Q, 
then, writing the foregoing equation in the form 


we have 


(OA 0M)-i-(0'A-0'N)-./xMN, 
PM 1 ON-^MN, 



Fig. biK 


Avliicli, expressed in terms of the sagitta?, gives at once 
DP DM + DO + DN-MON DM). 

Consecfuciitly the relation connecting the curvatures of the Avaves 
entering and emerging from the lens Avith the eurvatures of its faces is 

DP { D(^-(/4 1)(DN DM), 

or denoting the curA^atures of the waves as before by (r^ and and 
the curvatures of the surfaces by <r and </, avo liaA e 

O', 4- (To - {fi 1 )((T - a) 

Avhere (r refers to the surface of greater curvature, Avliieh in Fig. 59 is 
the second : that on which the light is incident being regarded as the 
first surface of the lens. 

When expressed in teimis of the corresponding radii of curvature 
the foregoing eciuation furnishes the relation between the conjugate 
focal distances, viz. — 


1+ ^ -M, 

Pi P-2 \P P J 
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wlici’c and f)., are the distances of Oand O' from the lens, and p ami 
// arc the radii of curvature of its faces ANBand AMB respectively. 

If the ])oint () from which the light emanates he infinlkily distant 
the incidcmt wave will be plane — that is, its curvature will be zero, 
and the curvature of the transmitted wave wiW l)e 


-(/A l)((r - (t'). 


))()\vt‘r of 


The function of the lens is cons(^(pu‘ntly to change the curvature of a 
wav(*. by an amoiuit (/i -- 1 )(rr - (/), so that this (juantity I'eprcsents 
the cui*vature i)roducing power and is termed the focal jxnrcr of the 
hms. In general, therefore, we may say that tlie ciu-vatiu*e of the 
triinsmitted wave is ecjual to th(‘ algebraic sum of the curvature of the 
incidcmt wave and the focal power of the lens — that is, the final curva- 
ture of' the wave is ecjual to the algebraic sum of its initial and 
impressed curvatui*es. 

Tin; point to Avhich a plane wave or a parallel beam of light is 
concentrated is termed the prinripal focus of the hais, and its distance 
from the lens is ternuHl th(‘< focal length. Denoting tlui focal length 
by / we have t 


which expresses the focal ])ower in terms of the rcdractive index and 
the curN atures of tlie faces of the lens. 

In this calculation the thickness of the hms has been sui)posed to 
be greatest at the centre. In some lenses, howevei*, tlui thickness 
increases from the centre towards the edge, so that tluiir thinnest part 
is at the centre. Lenses arc accordingly divided into two classes 
accoi’ding as theii' greatest or least thickness is at the centre. The 
forimn* are termed convex, and the latter concave lenses. 

An examination of the motion of 0' as (I moves along the axis of 
the lens will l)e a useful exercise, and the deduction of the formulae 
for th(3 various forms of lenses presents no further difficulty. 


Examples 

1. Provo tliat llic (lislaiico l)ehvoeii two coiijn^att' foci with ro.s])ect to a lens 
cannot he less tlrui tour times its focal leiij^th. 

[Since the sum of the reci]»roeaLs of two conjugate distances is equal to 1//, and 
therefore constant for a given lens, it follows that the produed of these reciprocals 
is greatest when they are equal, and consecpieiitly the sum of tin' distances tliemselves 
must be least when they are equal. Thus 

1 

/“ 


\Pl PJ \Pi P‘2/ PlP-« 
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wliicli sliows tliat tilt! |)r()(lu(!t of tlic rtMajiroiails is greatest (i.ti. p^p., is least) wlieii 
/), -- p.u Put - 1 

^./ P\ P-2 PlP-2 

IItMU‘ 1 ! p^ j- p., must l)(!ar a cunstaiit ratio to and (•oiise(|ih!ntly />j 4 /)., is least 
when /),/)., is least, whieli is when p, In other words, the least distanee 
he tween two eonjngati! points is -1/*.] 

'2. A lens is limploved to cast an iniauje. of an ohjeet on a screen, show that in 
j^nnieral there are two ])ossihle. jxisitions of ihe h*ns for i;iven positions of the tthjeet 
and screim, and ])rove that the len«^th of the ohjiad is a ^n'onietrieal iniian between 
tilt' h!n‘^ths of the two innii^es. 

[Til ord(!r that any iina^U! may ho. ])ossihh‘. tlit! tlistanee between tin* ohjtM-t and 
screen must he u:reater than 4/’. This hein^^ the ease, let the lens ]>rodn(!e a distinct 
ima«fe on tint seremi when ])la.e<‘.d at a distanee from tht! ()])jei‘t and p.^ from tin* 
s(!r»'eii. Then if / Ix! Hit! len^Th of the ohjt'ct and /, the hiii^dh of the ima.i^e, it follows 
that 


Now since eonjni^att' foci are iiiterehan^eahlc it follows that tin; lens will also 
product! a distinct image on tint sereeai when the tlistanet* of the hms from tht! object 
is p., and frtnn tht! sereen p,, so that if /o ht! the length of the image in this east; we 
have 


Multiplying (1) and (2) together wt* havi‘ 

/*-/,/,, or/ 


Hence if /, and /o he measnrttd, tht! htiigth / can he dtitermined when tht' tihjt'ct is 
not acci!ssiblt‘ for tin' ]nirpt)st! tif tlireet mtiasnrenient. 

This mt!t hod of tihtaining tht! length of a luniintins t>hjt!et , or t lit' distanee ht‘tw('i!n 
two luniinons jioints is of ])ractieal imitortanee in measnrt'nieiits t)f tht! wavt! h'ngth 
t)f light (p. 141 ).J 

2). If a h!ns t)f absolute iiitlex fx.. ht! sitnatetl bt!tween two mt'dia of ahsolntt! indiet's 
JL.L^ and p.„ ]>rove that tht! cnrvatnrt's tr, and tJo tif the waves entt'ring and emt'i*ging 
from the h'lis art* connt'cttid with tht! tiurvat ures tr and tr'of tin' two fac(!s of tin* h!ns 
hy the iKpuition 


[In this t!ast! we havt*, 1)V the printtijile t)f least tiint! (Fig. oin, 

^ajOA i yUoO'A — /fjOM 1 p..jO'X, 


which may ht* r«!dnct*d at tnice, as in Art. 75.] 

4. Find the relation eonneeting the curvatures of the, incident and emergent 
w'aves in tin* cast! of a lens of whit;h tin! thickness e is not small. 

[As before lt!t tr, he the curvature of the incitleiit wave when it reacht's tin* lirst 
surfact* (T of the h*ns, then the triirvatun* tr'., of tin* wavt! wln'ii it just entt'rs this 
sinfact* is given by the etiuation (Art. 7 1) 

/JL^(T^ ■- - (g| - Mo.tr ( 1 ) 

Now' tilt! wave w'hen it ent(!rs the lens travels a tlistanee r hefort! it nn*ets the sectmd 
surface, and const'tjueiitly its curvaturt! (r'\, whi!n it meets tin* s<*(!ond surfact! is hy 
the E\. of Art. 60 

“ 1 4- t'tr 


( 2 ) 
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I>iit l>y Avt. 71 tin* (;m-v;itur(‘. tr., of tin* wav<! from tlio |^iis is (•oiuk.'c 

witli cr', till* curvMturu oI’iIk^ second siirfac(_-. and with a\j^ by tin* (‘<jiiation 


and tliis Ity (‘2j Ixm-ouh's 




/x.,(r'o 


1 i ra'.j 




Snl»si it III iiJLC f(»r from (1) \\(‘ liavc at. onc(‘. 




/X,(7| 1 (a4., /^,)(7 

1 ! } f/Ao /A,;(r}c///o 




'hliis (‘(^nation connects tin* dist;m(a‘s, and — lAr.,, of any pair of conju^oiti? 

foci from tlic sui-faccs of t lie lens with the ra.dii of cui-vatiir(^ of its laces and tin; 
thickness c. If tin; incident wave he ]>lane we hav(i -0, and tin* focal [lower of the; 
lens is L,qv(m hy the eijiiation 


'‘'Vf " 

./ “ \ Ml / n j 

This e\pr«'Ssion shows that tin* focal power is not tin* sann* \\1n*n the li.i^ht falls on 
the siirfaci* (r'as when it falls on (T, so that the focal ]>ow(tr clia,ny;es wln'ii the lens is 
I'evcrscil with rcy;ard to tin*, incident li.uht. ^Vll(*n tin*, thickness is nc'^lectcd tliis^ 
reduces to the cx]>r(*ssion of Aid. To, and tin* focal hm^th |■^*ma,ins nnalt(*rcd wlii'ii 
1 he h'lis is rc\ ci scd. | 

h, 1 )ct ci’iniin* the hu^al power of a comhination of two thin h‘nsi*s siliiat(*d at a 
distance r a pa,rt. 

[Let /i and /[, Ik* the focal lengths of the two h*nscs, tlnm if a, [ilani* wavi* tails 
n poll t he lens /'|, its enrvat lire when enicri^int? from it is ! (/’,. and its ciirvad nrc when 

it r(*achcs the seeoinl lens is ^ I I(*nc(* tin* enrvat nia* of the wavi* (ain*i\i,n’n,i;' from 

/|d- '* 

tin* second lens is 

1 1 
/l d * ./-J 

^^hich expresses the c(jni\alcnt local power of tin* comhination. Di'iiotiiiL!; t his hy f/> 
and dcnotin,!;' tin; focal po\\(*rs of tin* h*ns(*s hy 0i and 0., respect ivi'ly we have 




01 

1 '-01 


t 0, 


The focal ])owci' vhcii the comhination is reversed is olttainetl hy interc.han_L;iiiy; 0, 
and 0., (tr /’, and /!, in the ron\i^n)ini( (Expressions, 

If a wa.V(* of cnr\atnrc (t falls upon tin; comhination its curvature alter trans- 
mission will 1k* (T i 0. J 


CAUSTICS 

76. Evolute of Wave.— The uiul rtdVnctc'd wnves whicli 

we liiive so f;if eo]isi(lei'(‘(l have been either plane or spherical in form, 
so that the reflect(*(l and refr;ict(*d rjiys converge to, or diverge from, 
a point. In the ease of plane waves this point is infinitely distant. 
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however, when light diverging from ;i point is leflectivl oi- 
i-cfraeted at if given surface, the front of the reflected or i-('fracti‘d 
wave is neither s])herical nor plane, and the lays Avill not jiass through 
a single jioint, hut will envelop a surface called the nfustir. 1diis 
want of convei'gence of the rays is ternu'd nsfiniuntisuL 

Now the lays are normals to the wave, and tlie normals to a curve 
(or surface) envelop another curve (or surfact*) called the evolule.' 

( V.msequently the reflected or rcdVacted rays envelop the (‘volute of the 
r(‘fiect(‘d or refVacti-d wave. The evolute of the reflected wave is 
th(‘rel(.)re the (‘nuxfic ht/ rrjJrrfinn^ and the evoluti' of the r(‘fracted wav(^ 
is the nntstir hjf ir/ntrlioH. 

It will Ixi sufficient for our ])resent ])urpose to ('onfiiui our attention 
to surfaces of rcNolution, the ineid(‘Jit light diverging from a jioint on 
the axis of revolution. In this case the (.-austics will also he surfaces 
of revolution about the same axis, and the section (jf the caustic; 
surface hy any ])]an(‘ through the axis will he the caustic* curve of 
the generating curve of the surface at which the refl(‘ction or r(‘fiaction 
o(*ciirs. 

^ Thus if a surface lie genera, ted hy the revolution of tin; curve AVQ 
(Fig. fiO) round the axis 
OA, and if O Ik; the origin 
of light, then rays OF, ()(,) 
falling U[)on tin; surface; will 
he rc'fracted in dir(;ctions 
l*M and Tin; curve 

l>MN cutting th(‘se refract(;d 
rays at right angles, or rather 
tilt; surface formed hy the 
r(;volution of JhMN ai’ound 
OP), will he the refracted 
wavt;. Th(^ evolute; of tln^ 
curve P)MN is the envelojie 
of the rays refrae;te‘el at AI\>, that is, the (*a,ustic surface is forme‘el hy 
the revolution of the caustic curve around OA. 

77. Primary and Secondary Foci. — fait the' refracted lays PM and 
(^)N, jiroduced liackwai-els, intei*s(;ct at 1^^^ ; them F, is a ])oint on tin' 
caustic curve; if the rays PM anel he consielereel infinitely nt'ar. 

' In llic g(3ii(.‘ral (•as (3 ulicii tln^ wavi* is not a, surracc of I’cvohilion tin* caustic 
sui'facc consists of two parts, oi' sli»M*ts, gcncratc<l by tlic two j»iinc.i pal ccntii'soi 
cnrvatni-c, Tlic caustic, is simply tin* sui’facc of ccnlr<*s ol‘ tlic wa\'c suilacc, ami 
wlu'.n tln3 surfaia* is oiu.; of revolution om? of the sheets ol' lli<‘ surface ol centres 
<h\L,0‘nc.ratcs to tin' axis of revolution. 




no 


RKFRACTION 


rilAT. V 


\ow if the whole figure be revolved round OA through a veiy smail 
uiigle, r(^) will descril)e a little element of the refractiiig siu’face, MN 
an element of the refracted wave surface, and a short Jine on the 
caustic surface perpendicular to the plane of the paper. The element 
of the suiface formed by the revolution of IH.^) round OA receives a 
cone of light from O. This cone gives rise to a refracted cone which 
falls upon the element of the Avave surfac (5 gcmerated by MN, and the 
rays of this latter cone produced backwaids pass through a short line 
on the caustic surface at Fj. 

This line is an element of the circle desca-ilxid by F^ in revolving 
i‘ound the axis OA. It is consecpiently perpendicular to the plaiu'- of 
tlu; paper— that is, to tlu^ primary plaiui of the rcdi’acted cone. (The 
|)lane containing the axis of tluj cone and the axis of the suiface is 
t(?rmed tlui prinnirff of the cone, while a plaiui jierjiendiculai- to 

this through the axis of the cone is called the xcconthnij pin nr.) The 
cross section of tlie refracted cone at Fj is conserpiently termed tln^ 
prinntTfi focal linn of the comx Now in the case of a surface of I'evolu- 
tion it is clear that every normal to the surfac(i nuicts the axis of 
revolution, and the ])oint in Avhich any normal NFo meets tlui axij 
•111 remains lixed while tli(‘, cui*vc IbMN revolves. The jioint F.^ is there- 
for(i tlie \a;rtex of a cone of rays {lassing through the cii'ch^ descrihed 
by N about the axis OAIl Similarly ev(‘ry other ])oint on the axis 
is the vertex of a right circular cone of rays cutting the wave surface 
orthogonally. Hence the Avave normals at two adja,(*ent points M and 
N meet tin', axis of i-evolution at tAvo adjacent points, embracing be- 
betAveen them an element of the axis Avliich i*emains the same Avhile tlu; 
curvi^ 1 )MN revolves round the axis. The (ilementary refracted cone 
of rays ])reviously consider(‘d consecpumtly passes through a s(H‘ond 
line at F., — namely, an element of the axis of revolution. This is the 
second a Of focal line of tln^ refracted cone. It lies in the plane of tin? 
})apm*, and is cons(‘(|nently perpendienlar to tluj primary f(x*al line.’ 
The cross section of the r(‘fracted cone at F.^ by a plane perpendicular 
to its axis is not a line, but in general a tignre-of-eight-sha})ed curve. 

As the section of the ndVacted cone degenerates to a line at F^ and 
again to a line at F.„ and as these lines are at right angles, it folloAvs 
that any cross section betAveen F^ and F^ Avill be an oval curve having 
diameters in and ])erpe]ulicular to the primary plane, Avhich reduce to 

’ 111 tlir i*;iso wlieii tlui wave surliua* is not onn ol' rt'voliitioii tin* iionnals 

tn the surfaoe (/./’. tin* rays) iiiterseei- eaeli otlier only wln'ii lakeii alont^ the lines of 
curvaturi*. These lines toi-in two orthoooiial syste.nison tlu^ snrlace, and the eorre- 
sjionding ini i‘rseetions of rays form a surface of two sln*ets (the caustic surface or 
surface, of centres). The. |»rini:iry focal line Fj is an tih'un'nt of a liin* on one she(‘t. 
and Fo is an (‘.lenient of a line on the other. 
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zflro as the cross section moves to or F.^ respectively. Consequently Circle of 
at some place [)et\veen h\ and F.^ the diameters of the cross section 
will be e(pial. The section ivill here be a circle, or approximately 
such. This section is called the drclr of leoiii roofusoot. 

The existence of the focal lines and the circle of least confusion 
can be easily ascertained by reflecting obliquely from a concave mirror 
a cone of light diverging from a bright point, and receiving the re- 
flected cone on a white screen or slieet of paper. For one position of 
the screen a well-defined line ])erpeiidicular to the primaiy plane is 
depicted. This is the j)rimary focal line. As the screen is moved 
away farther from the surface the line broadens out into an oval spot, 
which in one position of the screen is very nearly a circle — the cii*cle 
of least confusion. On moving the screen fartluu* away the oval 
narrows in perpendicular to the primary plane till it again becomes a 
line lying in the primary plane. This is the secondary focal line. 

When the incidence of a small cone is direct the focal lines and 
circle of least confusion all coincide with the geometrical focus C (Fig. 

00). This is th(i point wluu-e the caustic meets the axis of revolution. Cusp, 
it is a double point or cusp on the caustic curve. 

Caustics by reflection may l)e easily shown by allowing the light 
of the sun or lain]) to fall upon a narrow riband of polished steel 
such as a watch spring. 1 ’laced on a sheet of paj)er and l)ent into 
any desired curve, the spring shows a well-defined bright caustic on 
the paper, the i)ai*t within being brighter than that without the curve. 

I>y varying the form of the spring a variety of caustics with cusps, 
contrary flexures, and other singularities may be exhibited. The 
})lane of the sheet of paper should pass nearly through the sun or 
source of light. The bright curve seen U])on the surface of a cup of 
tea is a familiar example of the caustic of a (‘ircle. 

KxtinipJcs 

1. (livur^oii^r rmiii a is rrlVach'd at a ]ilaii(‘ sm’laiM', prove* tliat llu* 

i-aaistic viirvv is tliv ovoliite* of a coiiic sovtioii. 

I Le*t 0 ei) ])o tin* luminous jeoint, 

l‘I) llm rolleu'tini^^ surtaco, OP any iiicide'iil 
ray. Draw CD j)cr[)(;Ti(livii]ar to lln*. sur- 
faco, and pi'oduco it till DO' T)0. De*- 
scribo a cirrb^ about OPO' and jerodiua* 
tlm r(*fra(‘.t<*(l ray P(,) backwards to meet 
tin; eirele. at ^I. Join OM and O'M. 

Them sineei D is the middle point of 
GO', tin* are 01 ’ — O'P or the anj^le 
PMO PM(y, that is, tin; retracted ray 
bis(‘.ets tlie aiyi^de TS'ow P.MO- 

POO' - the anyle ot iiieideRee, ami PND — /•, tlie an,^le of r«‘traction. lleiKM^ 
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sin?) OX O'X 
sinr 


siiKM^ ]MX ))is<*.cts tln! an^hi M. ('onse(j^iieiitly 


OX I O'X 
OM fO'M’ 


orOM+O'M^®^ -constant. 


Th(‘. locus of A1 is tlicrcforo an el]ij)s(i liaviiif< O and O' for foci, and tln 3 i cfracted ray 
1*0 is a normal to tlio (dli[>s(; at M. Thn caustic is therefore the ev(dute of this conic. 
The major diameter 2a and the ec(!entricity c of the conic are given hy 

2//, — OO'/yu, and e~ix. 

If the refraction lak(is ]ilace from tlui rarer to tlKt denser HK'diuiii, the refracted ray 
])ise<!ts the angle M externally. M li(is hetween 0 and P, and J\I0' - AlO is constant. 

The locus of M is a hyi>erl)ola, with 0 and O' for foci, 
major jliamoter OO'/^a, and eccentricity fi. 

The refracted wave front is got hy linding a series of 
])oinls <,) such that OP + gP(j — const. The. locus of the 
})oints (). will he the ndraeded wave trout cutting the 
rays P<,> normally. The caustic surface is formed hy 
the revolution of the foregoing (^volute round 00'. 

Theretlccted waves in this case arc; spher(‘s concent ric 
with O', so that the relhuded rays all a|>p(*ar to c()me 
from 0'.] 

2. Parallel rays are rellected froma spherical mirror, 
lind the caustic. 

[Let ACH (Fig. 02) he. a section of the mirror, (i)R 
the direction of tlie iiuddent light, and RP a retlect(*d 
ray. With centre 0 (the centn* of the miri’or) des(*rih(‘ 
a circle of radius OF -.JOt). Join RO and u]M)n RT as diameter deserihe a circle, 
centre O'. Then O'T- .lOT. Let the rellected ray cut this (drcle at J*. X(>w th(‘ 
angle J*0'T - 2PKT - 2QRO - 2TOF. Therefore in length tin; ant TF--arc TP. 

If therefore the circle RPT rolls on the circle TF the ])oint P will traite out tin* 
e])icycloid APFB, the cusp of Inch is at F, and since RPT is right, and PT is the 
normal to the path (d' P, it follows that RP is a tangent to the ])ath. Jfeiute th(‘ 
reliecte(l rays envelo[» an e.picyidoid, the cus]» of which is at the j)rincipal focus of 
the mirror.] 

d. Light diverging from a point oii the circumference of a cintle is rclhutted from 
the concave arc, tind the caustic. 

[The caustic is an epicy(doid forme<l hy the revolution of a cinde on an e<|ual 
<-ind(*.] 

4. Light fliverges from a luminous jMuiit 
situated outsifle a si)here, lind the caustic hy 
ndVaetion. 

[A surfaceof revolution generated hy theevoliite 
of a Cartesian oval whose fo(d are the luminous 
j)()int and its inverse with respect to the sphei-e.J 
Find the geometrical focus of a ptmcil of 
light after direct rtdraction at a jdane surfact!. 

[Let the light diverge from 0 (Fig. tid), and 
hd OP he any ray nearly parallel to OA, the 
perpend icadar from 0 on the surface. Then PA is small, and OP -OA nearly. 
If the rcd’racted ray ])rofluced backwards meets OA at F, then 
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FA PF sin i _ 

OA' PO'^^siu r"''’ 

SO tliat if OA /ind FA be denoted ]»y p, and p.^ res]»eetiv'ely, M’e liave 


p.-yU/),. 

The foens is therefore lartlier away from or nearer to the surface than the point 
O according as fx is - or 1, that is, according 
as the light passes from tlie less to the more 
refracting medium, or rice versa. 

To an (iye situated in air objects under water 
apj)ear iiear(‘r tlie surfac(^ than they really are, 
whih^ to an eye placed under water objects in the 
air appear farther away.] 

(J. Find the geometrical focus of a pencil of 
rays after direct reJractioii at a spherical surfaca*. 

[Let C (Fig. 61) lx* the centre of the s[>h(‘rc 
and P any point in it, so that OP is nearly parallel to 00. Then if the refracted 


ray meets 0(^ at F, we have ( 

'PO - / and CPF -- /•, and 


PF sin O ytiCF 


PO~sin F " (/o' 

or 



p) ^ IX 1 /I 1 

Pi " 

(Pl P) ’ ' ’P2 Pi ' P 


This ibrmula coincides with that which determines the ])osition of the focus ])y 
retlection at a spheri(*al Jiiirror when we. put fx— 1, a gc.nc.ral substitution whicli 
converts formula* of r(*fraction into the corresponding formula* t)f relhx*.tion.] 

7. Light (liv(*rges from a point F, ; to find the surface which will refract it 
accurately to another given point F.^. 

fll'Pi and po Ix^ the distances of F, and Fo from any j)oint P of tin? surface, then 
the tinu; along p, added to tiu* time along p., must be constant, or 



That is, 




This is the ecjiiatiori of a (lartesian oval of which F, ajid F.j are the foci. 

If the light lx* parallel, instcsid of diverging from a 
]ioint F^, this surfacci becom(*s a sjduiroid of eccent ricity 
1//X, and having F.j for a focus. 

These surfaces were originally studied by Newton 
and Descartes, and are ternu'd irpifniafic surfaces (sc'xi 
NewTon’s book i. 11, prop. 97).] 

«S. A small oblique pencil is rellecte.d at a spherical 
surface to determine the primary and secondary foci. 

[lA?t C (Fig. 65) be the centre of the surfaix*. O tln^ 
origin of light, OP ami OQ incidtmt rays, and PF, and 
QFi the corresponding rellected rays. Fj the primary and F.j the secondary focus. 
IfOP-p, PFj— /),, PFo-p.^, (JP-K, P(’A-^. Then since CP and CQ bisect the 
angles at P and Q res]H*ctively, we have 

‘2PCQ=POQ f J»F,(,), 

I 
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l)ut thn perpendicular from ]' on 0<^) is equal top. POQ, and also to r(,>(qs/. 
"J’licnd'orc VOl} ~ \H} cns i/p. Similarly VV\(^ -Vi^v.oa i/p^, PC(,)-I\)/H, 

Thercfori? 

Pi p ii cos i 

Purtlier to ^l(^t(‘rmim• p., \vc have tin; 1rian<^lc OPFo — OPC t CP1%, or pH sin / + Rp., 
si 11 i — ppy si n 2i. 1 1 eiicc* 

1 1 ‘2 ros / n 

p., ' p Ii J 


0. A small pmicil is incident ohlhjuely on a plane refracting surface, find tlie 

j>rimary and seeondai'y foci. 

[Let OP and (Li^. Oh) be two 
incmlent rays, PF, and (,)F, the refracted. 
I'lnm if PF| -pi, Pl‘L-p.,, OP — p, we 
have 

sin i PFo p., 

Fij;. ii«>. whi(di may he written in the form 

^ - ^ - 0 . 

Pj P 

A^uiin, if we denote the an^le PFp,) by r/r and PO(,> by f//, we have from tin; fri- 
angles PF|(,) and PO(^> 

Vi} ,/r , P(,t f/l 

~ , and — - .. 

Pi (;os i ' p cos i 

But sin i -- fjL sin /•, therefore cos uU-'p. cos vv/r, eonse(pn‘ntl v 



or 


fi eos“ r eos“ / 


.:t 0, 


cos- r 1 

Pi ~PP .. .• 
cos- i J 


10. A small jieiieil of light is refraetiid obliquely at a spherical surface of radius 
R, find tin; foci. 

(Denote the angles subteinled by P(,) 
at O, F,, and (\ by a, (i, y, res[»ectively. 

Then, since tln;se angles are very small, 
we have (Fig. 07) 

P(,t cos i , P(1 cos r I’t ) 

a-- , i , y 

p p, Ji 

But sin(;e the triangles PMO and (,)MC 
have (spial vertical angh*s, the sum of the 
basi‘ angles of one is (>qual to the sum of 
the bast; angles of tln‘ other, or 

a -f — y + / f ///, 

Similarly from tin* triangles PXFi and (,)XC we have 

4- /■ — 7 + /• + <//•, .‘.dr-fi y. 



( 17 . 

. di a - y. 
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8iijstitutiiig for a. ft, y, wo find 




Therefore 


, W(i have 




eos idi - 

-g eos y</y. 


./eos ■/ 

1 \ 


os y 1 \ 

eos i ( 

\ P 

r) 

g eos /•( 

p, li) 

g eo.s“ y 

eo.s- 

i g eos /• - 

eos / 


Pi 


K 


Again, sinco the area of tlie triangle OPC is eijual to the sum of the areas of OPP.> 
and CPF-i, we liave 

/jH sin i - pp- 2 . (' n I IV-i 

nr di\’iding aeross hy p/).jH sin r, we find 

Ml/ .s ^ 1 

p-i K p 

or 

g 1 _g eos r - eos / 

p2 p R 

Henee hotli results are ineor[»orate<l in the (‘quations 

geos’-^ r eos- g eos /• -- cos / _g 1 d 

pi p R p.> p J 

11. Detonniiio the foci of a small jumeil re(Vael(‘d ohli([uely llimiigh a prism in a 
prinei})al ]»lane. 

[Using 1) and negleeting the. thickness of the pri.sm \\<‘ lind 

eos“ }' eos" i' 
pi"" o . /p. 

eos- i eos- r 


p._, - p. 

Henee il‘ the prism he in the posilionof minimum deviation (Arl. 7>S) / .ind 
r /, and we have 

Pi -Pt' -p, 

or the foci eoineide. The relraeted jumeil therefore diverges from a jioint at the 
same distance (p) as tin; origin from the edge of th(‘ jirism. This I’l'sult is of imjiorl- 
ance in tin; study of the sjxM-trum. 

If the nfiVaeting angle of the ]n*ism hi' very small, the angles /, /', r. r ari^ very 
nearly e.(|ual, and we have again pi -p-j - p.] 

V2. Provi'. that for a jirisni of angle A 

sin 1,(A I- 5) eos .\(/’ r) 
sin oA ^eos A(/ - 

[We have 5- /’ fU- A, and r r / A, therelore 


sin .\(A 1 5) sin .j(/ 1 /') 
sin iA sin 4(r-i- /•'/ 
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Hut sin i -/u sin r, and sin 'i' = /u sin /, therefore by addition we have . 


■ sin 4- //) cos - i) — ix sin h(r-\ /) cos l(r ~ /}, 


and consc(iuently 


si n i ( '/ ■ I- '/' ) _ (;os /•' ) 
sill 4(r 1 /•') ^cns h(i - ^ 


The least vahn; of cos 4(v - /)/cos ^(-i - i') is unity, and when tliis hapixois 'i~// 
and /•—/, or the deviation is a iniiiimnni. For if ir-l' we have -r', or 

I- i - r~ /. Jlenc(5 cos - i') is less than cos A(/* - r'). ] 

l.J. I’rove that if tlie refraidivc index of a ]»risni ])e (^lian^ed hy an ainoiiiit dfi, 
tlie deviation 8 will he changed hy an amount (18, wheni 


<IS. y/M. 

(M>s r cos V 


[We have r \- / - A, sin /-yusinr, sin /' -jusin r' where A and i are constants, 
8 i \-i' -A, and conse([U(!ntly d/. 

For the niiniinuiu deviation /•- / - hA, and tlnc.ahove hecomes 


(18- 


Vi 


2 sin iA , 

OyU, 

~At-sinViA 


eoiise<iueutly the angle of dispersion of any two (colours increases with tin' angleiof 
the ])rism.] 

M. If a ray of light i»ass through a system of ]>risms of verthtal anghis Aj, Ao, 
('tc., and if apj, a>r^^ etc., denote the angh's hetween the faces of the consecutive 
prisms, [H’ove that the deviation is given hy the (upiation 

5 - \:ia-::A 


where /] is the angle, of incidence on the iirst i>rism, and i' „ the angle of emergimee 
from the last. 

[We have 8~'l{i -Vi' ~ A), and also the relations i'\ + /-i — avj, /;{"ao;;, etc,., eon- 

seipiently w(i + i') - (\ ~ i' „ — ^a, therefore, etc.] 

15. Determine wlnm the deviation produced hy a givtm system of pri.sms will he; 
a minimum. 

[By Exam])le, 14 tln^ deviation will he a minimum when 

(li I + (li'n — 0. 

Now for ea(^h ju'ism dr-] dr' 0, cos idi rdr, cos i'di' = jx cos r'dr', and then'fore 


cos '/ , . cos i 
(lb-\- 

cos r cos /• 


,dl' - 0, 


or, writing ' \ \ -/’ we have the series of relations di[ -V fidi'i - 0, dio i 

cos i cos r 

eh*., which with the relations VdU — dayt 0, etc., hecome 


d-h ~fid /‘j, di -2 - - /// /; 5 , e,t c . 


Hence hy multiplication and the relation dii-hdi„ = 0 we have 
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Exuinplo 11 it appears that the primary focal dis(aiic(! is given hy the e([iiatioii 
for'tho system of ]>risms we will liavo 

Pi~{f\f‘2A • • • /»)V» 

whicli in tlie case of minimum deviation heeomes 

or the system in this case is still a))lanatie.] 

16. When rays issuing from a Inminons origin art; ndlt'cted at a giv(m surface the 
two sheets of the caustic, surface have a finite number of jioint s in common. Tin*, 
intensity of the relleetiKl light is great(\st at these jioints, and (*ach of them is the ihiii- 
jugate focus of an ellipsoid of revolution described with the source of light as one 
focus and having contact of the second order with the mirror (Hamilton, /oc. rit.). 

17. Along a given ray the intensity varies inversely as the jirodind, of the dis- 
tances from the two foci of the jieneil {ibuL). 


NEWTON’S EXPERIMENTS 

“ Lights which difTor in colour, differ also in degrees of refrangi- 
hyity ” (Newton, Opflrh, hook i. prop. i. tlieorem 1). 

.Exjjrr. 1. — I took a hlack oblong stiff paper terminated by parallel 
sides, and with a perpendicular i-ight line drawn across from one side 
to the other, distinguished it into two e(|ual parts. One of these 
parts I painted with a led colour and the other with a blue. The 
paper Avas very black and the colours intense and thickly laid on, that 
the phenomenon might be more coTispicuous. This ])aper I vicAved 
through a prism of solid glass, Avhose tAvo sides through Avhich the 
light passed to the eye Avere plane and Avell polished, and contained 
an angle of about sixty degrees, Avhich angle I call the refracting angle 
of the prism. And Avhilst I \dewed it, I held it and the prism before 
a Avindow in such manner that the sides of the papei* Avere parallel to 
the prism, and both those sides and the prism Avere parallel to the 
horizon, and the cross line Avas also parallel to it ; and the light Avhich 
fell from the windoAv upon the paper made an angle with the paper, 
equal to that angle which was made Avith the same paper ])y the light 
reflected from it to the eye. Beyond the prism Avas the Avail of the 
chamber under the Avindow covered over Avith Idack cloth, and the cloth 
Avas involved in darkness that no light might be r(*flected from thence, 
Avhich ill passing by the edges of the paper might mingle itself with 
the light of the paper and obscure the phenoiiienon thereof. These 
things lieing thus oi’dered, I found that if the refracting angle of the 
prism be turned upAvards, so that the paper may seem to be lifted 
upAvards by the refraction, its blue half will be lifted higher by the 



118 


REFRACTION 


CHAP. V 


Dispersion 
of foci. 


refraction than its red half. But if the refracting angle be turned 

® #■ 

downwards, so that the paper may seem to be carried lower by the 
refraction, its blue half will be carried something lower thereby than 
its red half. Wherefore in both cases the light which comes from the 
l)lue half of the paper through the prism to the eye does in like cir- 
cumstances suffer a greater refraction than the light which comes from 
the red half, and by consecpience is more refrangible. 

Expar, 2. — A])out the aforesaid papei*, whose two halves were painted 
over with red and blue ... I lapped several times a slender thread 
of very black silk in such a manner that the several parts of the 
thread might appear upon the colours like so many black lines drawn 

over them, or like 
long and slender 
dark shadows cast 
upon them. I might 
have drawn Idack 
lines with a pen, 
but the threads 
wei*e smaller iXfid 
better defined. ... I placed a candle to illuminate the paper 
strongly, for the experiment was ti-ied in the night. . . . Then at a 
distance of six feet and one or two inches from the paper upon the 
floor 1 erected a glass lens four inches and a quarter bi’oad, which 
might collect the rays coming from the several points of the paper, 
and make them converge towards so many other points at the same 
distance of six feet and one or two inches on the other side of the 
lens, and so form the image of the coloured paper upon a white 
paper placed there. . . . The aforesaid white paper ... I moved 
sometimes towards the lens and sometimes from it, to find the places 
where the images of the blue and red parts of the coloured papei‘ 
a]q)eared most distinct. Those places I easily knew by the images 
of the black lines Avhich I had made by winding tlie silk about the 
paper. For the images of those fine and slender lines (which by 
i‘eason of their blackness were like shadows on tlie colours) were 
confused and scare.e visible, unless when the colours on either side of 
each line were terminated most distinctly. Noting, therefore, as 
diligently as 1 could, the places where the red and blue images of the 
coloured paper appeared most distinct, I found that where the red 
half of the paper appeared distinct, the blue half appeared confused, 
so that the black lines drawn upon it could scarce be seen ; and, on 
the contrary, where the blue half appeared most distinct the red half 
a])peared confused, so that the black lines drawn upon it were scarce 
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. vkible. . . . The distance of the white paper from the lens when the 
image of the re<J half of the coloured paper appeared most distinct being 
greater by to inch and a half than the distance of the same white 
paper from the lens when the image of the blue half appeared most 
distinct. In like incidences, therefore, of the blue and red upon the 
lens, the blue was refi'acted more by the lens than the red, so as to 
converge sooner by an inch and a half, and therefore is more 
refrangible. 

“ The light of the sun consists of rays differently refrangible ” 
(Newton, Ojdich, book i. prop. ii. theorem 2). 

In a very dark chamber, at a round hole about one-third part of 
an inch broad, made in the shut of a window, I placed a glass 

prism, whereby the beam of the sun's light, which came in at that 

hole, might be rcfract('.d 
upwards towards the op- 
posite wall of the chambcjr, 
and there form a coloured 
image of the sun. The 
ii^is of the prism (that is, 
the line passing through 
the middle of the j)rism 
from one end of it to the 
other end parallel to the 
edge of the refr‘acting angle) 
was in this and the following experiments perpendicular to the 
incident rays. About this axis I turned the prism slowly, and saw the 
refi'acted light on the wall, or coloiired image of the sun, first to 
descend and then to ascend. Between the descent and ascent 

when the image seemed stationary, I stopj)ed the prism and fixed 
it in that posture that it should be moved no moi'e. For in that 
posture the refi’actions of the light at the two sides of the refract- 
ing angle — that is, at the entrance of tlie rays into the prism and 

at their going out of it — were equal to one another. . . . The prism 
therefore being placed in this posture, I let the refracted light fall 
perpendicularly upon a sheet of white paper at the opposite wall of 
the chamber, and observed the figure and dinuinsions of the sohu* 
image formed on the paper by that light. This image was oblong, 
and not oval, but terminated with two I'ectilinear and parallel sides, 
and two semicircular ends. On its sides it was bounded pi'etty 
distinctly, but on its ends very confusedly and indistinctly, the 
light thus decaying and vanishing by degnjes. The breadth of this 
image answered to the sun’s diameter, and was al)out inches 



Miiiiiniim 



120 


REFRACTIOX 


CHAP. V 


. . . l^ut th(3 loTigth of the image was about 10 j inches, and t^ae 
length of the rectilinear sides about 8 inches, and the Refracting angle 
of the prism, whereby so great a length was made, was <54 degrees. 
With a less angle the length of the image was less, the breadth 
remaining the same. If the pri.sm Avas turned about its axis that Avay 
which made the rays emerge more obliquely out of the second 
refracting surface of the prism, the image soon became an inch or tAvo 
longer, or more ; and if the prism AA^as turned about the contrary Avay, 
so as to make the rays fall morcj oblitpiely on the first refracting 
surface, the image soon became an inch or tAvo shoT*ter. And, there- 
fore, in trying the experiment I Avas as curious as I could be in 
placing the ])rism by the above-mentioned rule exactly in such a 
posture that the refractions of the rays at their emergence out of the 
prism might be equal to that at their incidence on it. 

Now the different magnitude of the hole in the windoAV-shut and 
the different thickness of the prism Avhere the rays passed through it, 
and the different inclinations of the prism to the horizon, made no 
sensible changes in the length of the image. Neither did the different 
matter of the prisms make any; for in a vessel made of polishqji 
plates of glass, (cemented together in the shape of a prism and filled 
Avith Avater, there is a like success of the experiment according to the 
quantity of the refraction. 

This image of th<3 spectrum Avas coloured, being red at its least 
refracted end and violet at its most r-efracted end, and yelloAv and 

blue in the inter*- 
mediate spaces. . . . 

I then placed a 
second prism im- 
mediately after the 
first in a cross posi- 
tion to it, that it 
might again refract 
the beam of the 
sun’s light Avhich 
came to it through the first jnism. In the first prism the beam 
Avas r*efracted upAA^ards, and in the second sideways. And I found 
that by the refi'action of the second prism, the breadth of the 
image Avas not incr'cased, but its superior part, Avhich in the fii'st jnism 
suffei*ed the gr-eater* refraction, and ajrpeai-ed violet and blue, did again 
in the second prism suffer a greater refraction than its inferior J3art, 
Avhich appeared red and yellow, and this Avithout any dilatation of the 
image in breadth 
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• Exiwr, 6. — III the middle of tAVo thin boards I made round holes 
a third of an inch in diameter, and in the windoAv-shut a much 
broader hde being made to let into my darkened chamber a larg(‘ 
beam of the sun’s light, I placed a prism behind the shut in tliat 
beam to refract it toAvards the opposite Av^all, and close behind the 
prism I fixed one of the boards in such a manner that the middle of 
the refracted light might pass through the hole made in it and the 
rest be intercepted liy the board. Then at a distance of about tAveh e 
feet from the first board 1 fixed the other board in such manner tliat 
the middle of the refracted light which came through the hole in the first 
board and fell upon the opposite wall might pass through the hole in 
this other board, and the rest being intercepted by the board might 
paint upon it the coloured spectrum of the sun. And close behind 
this board I fixed another prism to refract the light which came through 
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the liole. Then I returned speedily to the first prism, and by turning 
it sloAvly to and fro about its axis, I caused the image Avhich fell upon 
the second board to moA^e up and doAvn upon that board that all its 
parts might successively pass through the hole in that board and fall 
upon the prism behind it. And in the meantime I noted the jilaces 
on the opposite Avail to Avhich that light after its refraction in the 
second prism did })ass ; and hy the difference of the places I found 
that the light which being most refracted in thci first prism did go to 
the blue end of the image, was again more ref faceted in the second 
prism than the light Avhich Avent to the red end of that image, Avhicli 
proves as Avell the first proposition as the second. And this happened 
Avhen the axes of the two prisms Avere parallel or inclined to one 
another, and to the horizon in any given angles. 

“ Ilomogeneal light is refracted regularly Avithout any dilatation 
splitting or shattering of the rays, and the confused vision of objects 
seen through refracting bodies by heterogeneal light arises from tlui 
different refrangibility of several sorts of rays ” (Opfich, book i. prop. 
\\ theorem 4). ■ • 
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E.rper, 12. — In the middle of a black paper I made a round hofc 
about a fifth or sixth part of an inch in diameter. Upon this paper I 
caused the spectrum of homogeneal light described ^ in the former 
proposition so to fall that some part of the light might pass through 
the hole of the paper. This transmitted part of the light I refracted 
with a prism placed behind the paper, and letting this refracted light 
fall perpendicularly upon a white paper two or three feet distant 
from the prism, I found that the spectrum formed on the paper by this 
* light was not oblong, as when it is made (in the third experiment) ])y 
refracting the sun’s compound light, but was (so far as I could judge 
by my eye) perfectly circular, the length being no greater than the 
breadth, whicli shoAvs that this light is refracted regularly without any 
dilatation of the rays. 

N(tte . — 111 lindiiig the focal length of a lens by an image east on a screen, 
observe that Avlien the screen is too near the edge of the image is red, and 
wlien too far the edge is blue ; so by this means the screen can be placed 
very accurately. 
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ON THK DETERMINATION OF REFRACTIVE INDICES 

78. Minimum Deviation, — Newton, when investigating the solar 
spectrum, always placed the refracting prism so that the incident and 
emergent rays were ecpially inclined to the faces of the prism. In 
other words, the pencil of light passed symmetrically through the 
prism so that i = % and r ^ r. 

In this case we may easily show that the deviation is a minimum. 
^Vith any centre 0 (Fig. 72) 
descril)e two circles CD and 
AB with radii proportional to 
the velocities of light in the 
two media (air and glass) — 
that is, the ratio of the radii 
is equal to the refractive index 
of the prism. Draw ()A 
parallel to the incident ray, and at A draw CAN parallel to the 
normal to the first face of the prism. Then OAN - /, and since 

sin i _OC sin OAN sin i 
sin>’~^ OA sill OCA sin OCA’ 

it follows that OCA - r. Consequently OC is the direction of the ray 
within the prism. If, therefore, CN' be drawn parallel to the normal 
to the second face the angle OCB = / and since OC/OB = /x it follows 
as before that OBN' -- i\ and therefore OB is parallel to the emergent 
ray. Hence the angle AOB is equal to the whole deviation, while 
AOC and BOC are the deviations at the first and second faces respect- 
ively, and ACB = A the angle of the piism. The angle ACB is 
therefore constant, and the problem is now reduced to finding wdien 
the arc AB is a minimum, for AB measures the angle AOB which is 
the total deviation. 

We shall now^ show that the arc AB, intercepted on the inner circle 


O 
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hy the lines CA and CB inclined at a constant angle A, is least whe^i 
OA = CB, that is, when the lines are equally inclined to CO. For let 
CA and CB be this position, and let CA' and CB' be a ftonsecutive 
position, that is, such that the angle ACA' = BCB' = 6^ where 0 is very 
small. Then 

AA' sill 6 ^ , HH'_ sill 0l 

AC sill A' 1>C sill U' 

Hence if AC = BC we have 

A A ' sill IT 
HIT sill A' 

But obviously sin B' > sin B and sin A' < sin A, IV being an exterior 
:uid A' an intei’ior angle, and B === A, therefore sin B' > sin A' or 
AA'>BB'. Consequently A'B':; AB or the arc AB is less than its 
consecutive value on either side, and is therefore a miTiinuim ^ (see 
also Kx. 12, p. 115). 

In j^ractice the position of minimum deviation is easily determined. 
Newton, who worked with a small pencil of solar light from an aper- 
ture in the shiitter, placed the prism edge downwards. Consequently 
the refracted pencil was bent upwards, and the spot on the screen was 
displaced towards the ceiling as well as converted into a coloured 
spectrum. He found that by gently turning the prism round its edge 
the spectrum moved down the screen, and by rotating it in the opposite 
direction the spectrum moved up so as to increase the deviation. By 
rotating it slowly in the former direction so that the spectrum moved 
down, or the deviation diminished, he found that as he turned the 
prism the spectrum moved down the screen to a certain position, where 
it came to a standstill, and thei] commenced to move ui)wards again, 
no matter which way he rotated the prism. This position is that of 

^ Or ii^aiii, let tlii* circle eentn; C radius CB' cut tlic circle HA a/.rai]i in A". 
Then A A'/AA" - CA'/CA" because CA bisects A"CA'. Therefore lUT - AA"-^ AA'. 

Or thus : since. 5 — / /' A, 

we have for 8 a max. or min. 0 di~{ di\ 
also, since r-l-r' — A, 0~dr\-dr. 

Again, sin i - sin r aiul sin sin r\ 

therefore co.s idi—fi cos rdr and cos i'd'd - fx cos rdd. 

Hence by division we have 

cos i cos /• ^ co.s- i cos- r 

cos i cos r ' * cos'- i cos- /■' 
or 

1 - fx- sin- r I ~ sin-_r^ sin- r 
I - fx“ sin- r 1 -- sin- r sin- /•' 

the third expression being obtained from the first and .second by taking the ratio of 
the dilference of tlieir numerators to the dilference of their denominators. Hence 
/’ = ?•', and conseipicMitly i—i'. It is easily seen tliat tliis eorre.sponds to a minimum 
rather than a maximum value of 8. 
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t^e minimum c^eviatioii, and is, as Newton observed, that in which the 
ray passes symmetrically through the prism. 

The same principle is used at present, although the method of 
procedure is different, the spectrum being now viewed through a 
telescope instead of being projected on a screen. 

An instrument fitted to observe a spectrum is called a spectroscope, 
or a spectrometer if, in addition, it be graduated to measure the de\’ia- 
tion of the refracted rays. 

79. The Spectrometer. — Fig. 73 represents the outline of a spectro- 
meter. The source of light is placed before a narrow slit S in the 
end of a telescope tube, or if greater illumination be desired the light 
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of the sun or chictric arc is concentrated at S l)y means of a condensing 
lens. At the other end of the tube an achromatic lens L is placed and 
focussed on 8, so that the light emerges from L in a parallel beam. 
This part of the apparatus is called the coll/ivutfor, and its function is 
to procure a parallel beam of light. The light emerging from the 
collimator falls upon the face AB of the prism ABC. The prism is 
placed with its refracting edge (A) vertical on a horizontal table, at 
. the centre of the instrument, which can be levelled l)y means of three 
adjusting screws. In passing through the prism the light suffers 
dispersion, and there emerges a parallel beam of red light and also a 
parallel beam of violet, Avith beams of the other colours situated 
between them. The pencil of red light is brought to a focus It and 
the violet light to a focus V by the object glass M of the observing 
telescope. The other colours are focussed at points lying between V 
and K, so that a real S 2 )ectrum is depicted in the focal plane of the 
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t(‘lesc()])(\ '111 is spoctruni is then viewed through suitable eyf3- 

])iece N. 

Since the ])i*opei ty of a lens is to concentrate a system* of parallel 
rays to a sin<^l(i focus, we see that the use of the collimator is of great 
impiu’tance in pi'oducing a pui'e s])(‘cti‘nm. For since the red light 
emerges from the jiiism in a parallel beam, it will foi'iii a red image of 
the slit at b’, similarly there will be a violet line at and the othei' 
coloured images will be s])rea.d out b(5tw(;eii \l and A' without ovcn- 
lapjiing if the slit be suHiciently nairow. The disjiei’sion, as the 
sepaj-ation of th(‘. c.olours is called, d(i[)ends on th(‘. nature of the prism 
as well as its angle (see Fx. 1 .‘1, p. lib), and can be greatly increased 
by allowing the light to pass through several prisms in succession so 
that a very long sjx'ctrum may be obtained. 

The collimator and t(!lesco[»e are attached to the graduate<l ciicle, 
tlieir axes ai‘e ])arallel to its plan(‘, and their directions meet above its 
centre. Tin* teh'scope is gamerally fitted with cross wir(*s and a 
Kamsden s eyepiec'c, and turns in a plane paralhil to the graduated 
circhi about its centr(5 while the C(jllimatoi* is fixed. The position of 
tin? telescope with r(?ferenc(? to the circle is determined by a veriiiew. 
'J’he table which su])})orts the prism turns round a vei tical axis and 
carries an arm fui’iiished with a vcrni(*r, which slides on the gi-aduated 
cii‘(de and det<;rmines its position. 

80. Measurement of Minimum Deviation and Angle of Prism. — 
Since the deviation di?})ends on the wave fiXMjuency (or colour) of the 
light, the ])rism can be placed in the position of minimum deviation 
oidy foi* sonn* s(‘lected colour at once. To ]neasu]*e the miiubniim 
deviation for any ray the tel(?scoj)e is turned to view tin; slit of the 
i'ollimator dii-ectly, and its reading is then tak(*n on the gi'aduated 
cii'cle. The prism of the substance of which we wish to detennine the 
refi’active imh'x is now lixed o]i the table of the s[)ectroscope, and the 
t(‘leseojK; is tin ned to vi('w the spe(‘trum pioduciMl by the prism. The 
prism is then lotated (by turning the tabh; which sujiports it) through 
a small angle, and this will geuei'ally i‘ither incnwisi; oi* diminish the 
ileviation. Turning it in one direction will increase, and in the opposite 
will diminish, tin* deviation. This latter di]*e<?tion Ixn'ng detei'inined, 
the pi-ism is slowly tuiaied, and the spectrum is followed b}" tin; tele- 
scope till tin; spectrum comes to a standstill, and any further turning 
of the })iism in either direction will increase the deviation. The 
reading of the t(;lesco])(; is now taken, and the dili’erence between this 
and the foianer reading is the minimum deviation of the ray undei- 
consid(;ration. 

To determiin; A, the angle of the prism, turn the table of the 
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spectroscope so^ that the edge of the prism (Fig. 74) is towards tlie 
collimator, and the light from it falls iijxm and is retleeti'd from both 
faces. The telescope M is now turned until the light reflected fi'om 
the face AH enters it, and an imago of the slit is seen by reflection in 
the field of view coinciding with the cross 
wires. 

Now turn tlu' telescope into the 
])osition i\r, so that an image of the slit is 
seen by reflection in the face AC. The 
<liff‘erence betweim the readings of tin; 
t(‘lescope in these two positions, that is, 
the angle through which it has been 
turned, is twice tlui angh*. of the ]»rism, 
for this is only an illustration of the 
])rinci])le that if a ])lan(; rciHector is turned through any angle the 
i*efl(‘c4ed ray is turned through twice that angle (chaj). iv. Fx. 1). Or 
thus: the angle between the rcfleett'd ray AM and tin' incident rav 
produced is eijual to twice tluj angh^ bi'tween AH and the incident 
Ught, so also the angle between A.M' and the incident ray produced is 
twice th(‘. angh‘ betw(M3n the face At' and the incident light. Th(‘i’(*- 
fore th(‘ angl(3 between AM and AiM', or the angle through which the 
t(3l(‘sco])e has been turiK'd, is ecpial to twice tlu‘ angh^ of tlu^ prism. 

The prism should be f)laeed on the tabl(‘, so that the light froni 
the central ])ortion of the collimating lens falls upon its edge', and 
iloes not pass by it. At the same time it is to be so adjusted that it 
is possi))I(? to see the slit by reflection from both faces, as descrilx'd 
above. These conditions ar‘(3 gem^rally secured by placing tlui ])iisni 
with its edg(^ a litth'- in front of the ce^ntre'. of th(i suppoiting table'. 

This me'thoel of eletermining A suppe)s('s the face's e)f the*, prism te> 
exte'iiel I’ight U]) tee its eelgc, and that ne'ar the.' e'elge* the fae-e's e'xhibit 
ne) e*U]*vatU]'e. Jf any eleenbt exists as to the^ facets being truly jdane 
at the (xlge we may employ aneRher methe)el of determining A, which 
elepends upon ke;e*ping the telescope tixeel anel i'e)tating the table. 
'Idiis me'thejel may be use_3el when the' table is fnrnisheel with a xeji nier 
arm to eletermine its pe)sition. 

Clamp the teh'seope*. M in arey p(.)sition, so tliat its a.xis is incline'd 
to thei axis e)f the* collimatoi’, and turn the' table till the images e)f the 
slit is seen in the tt'lesco])e‘ by re;llection fre)m the face AH of the' piism. 
Iteael the vernier anel tlie'ii turn the table until the slit is seen by re- 
Hee'tion fie)m the eetheii- face AC. Ke^ael tliej table: vernier again. The 
eliflerence between the; twe) reaelings is easily seen to be tt - 

Having nie^asni'e*el be)th A and e, we ele;te;rmine; //. by the* formula of 
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the following article. A Bunsen burner with a bead of salt in it givts 
a yellow sodium light which is very homogeneous. By using it we 
determine the refractive index for yellow light and avoid complica- 
tions. To ensure accuracy the determinations of A and S should in 
all cases be repeated several times. 

81. Formula for the Refractive Index. — The prism being placed 
in the position of minimum deviation for any particulai* ray of light 
we have 

5 — 2/ -A, or/— i(A 4 5), 

and A- 2 r, orr-rU, 

l>Ut sin / — yu sill r, 

therefore sin ^(a i-5)-A6sin .JA 


and 


/i- 


sin A -f 5) 
sin i A 


a formula which determines fi when A and have been measured.^ 

C(/r , — If the prism be very thin, so that A and 8 are very small, 
the sines of the angles may be replaced by their circular measures^ 
and the above formula becomes 




1, The ininiiniua deviation 5 varies with the colour or wave huigth of the 
light. The change d/j. of the index and llie corresponding change (/8 of the niiniiniun 
deviation are connectcil by the equation 


r/g- 


co.s,UA + 5) 
o" no. 

2 sin .^A ' 


Ex. 2. A prism of silieatc of lead having a refrac^ng angle of 21’ 12' ])rodiiecd 
a minimum deviation of 24' 46' in liomogeiieous red light ; find the refractive index 
[Lsin A(A 1 5) = Lsin (22" 59') - 9*r>91 58 
L sin .J A — Lsin (10" 86') — 9-26 170. 

Therefore log 0-82688 and g=:2-1281. 


82. Liquids. — The refractive index of a liquid may be determined 
by enclosing it in a hollow prism the faces of which are plates of 

1 Method of Descartes . — The method employed by Descartes to determine the 

refractive ind(!X of a substance is of consider- 
able interest. Transmitting a liorizontal 
pencil of light through an ajicrture O (Fig. 
75) in a vertical screen All, it fell upon the 
vertical faia*. of a prism placed against an 
aperture O' in the vertical sci-ceii A'L'. In 
this case 

/ := 0, r — 0, / — A, and 5 — /' - A, 
and therefore 

sin (A-l-5) — g sin A. 

The angle 5 which the refracted pencil makes with tlie hoii^'on is determined by tlie 
e(piation O'A'-A'P tan 5 {Dioptrices, caput x. p. 140). 
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parallel glass. If the glass sides of the hollow prism be uniform 
plates they wifi not cause any dispersion or deviation of the light. 
The whole* procedure is consequently the same as in the case of 
transparent solids.^ 

83. Method of Total Reflection. — By measuring the critical angle 
(a) of a substance we at once determine its relative index of refraction 
by the formula 

sill a — 1//4. 


The advantage of this method is that it does not require the con- 
struction of a prism, and may therefore be applied to a solid substance 
which it is not con- 
venient to cut. Wol- 
laston applied the 
method to liquids, 
and in this application 
it has lieen perfected 
by MM. Terquem and 
Trannin.’^ Two plates of parallel glass (Fig. 77) cemented together 
fiA their edges by a little gum or Canada balsam, so as to oqclose a 
thin layer of air, are immersed in a vessel containing the licjuid under Liquids, 
consideration. The vessel, Avhich is a squai-c box with parallel glass 
sides, is first fixed on the table of the specti'ometer and the telescope 
is adjusted to view the collimator slit, the light passing nonnally 
through the sides of the box. The prepared glass plates arc now 
placed in the liquid wi^h their plane faces vertical (thci table of the 
spectroscope being hoi’izontal), and so inclined to the light from the 
collimator that total reflection just occurs. When this happens th(i 

^ Xrjrtuiis Mctliod . — All ingenious inetliod of iiu‘asuriiig tlio refractive index of a 
liquid was employed by Newton. Tlie liipiid was placed 
in a rectangular vessel with a Hat glass bottom M (Fig. 

76). This vessel is atlarhed to a frame AB, which moves 
freely round a horizontal axis 0, carried by a vertical 
.su})port OP. A ])encil of solar light falls upon the sur- 
face of the li(|uid, and the carrier AB is turned round 0 
till the ])eucil emerging from the base of the vessel is 
parallel to AB. In this ]>ositioii the refracdiMl beam is 
[jeipendicular to the base M of the vessel. The angle of 
refraction is consecpiently e([ual to the inclination of AB 
to the vertical. This is detei niined by a graduated circle 
attached to OP. The angle of incidence is the inclination 
of the incident ray to the vertical, and this may be 
determined by repeating the experiment when there is no 
liquid in the ves.sel. 

Wollaston, Phil. Trans. ]». 365, 1820. 

Terquem and Trannin, Jon'rnal dr. PJu/siqnr^ first scries, tom. iv. p. 232, 1875. 

K 
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field of tile lelesc(jp(5 iKieimies (|uite iliirk. Jt is clear tluit in tl^is 
case tlie angle of incidence on Uie glass jilates is tih: angle of total 
reflc^ction of the li([uid and aii*. By turning the ])latc.s round the 
vertical in the ofipositi*. diriiction, the light r(‘appears in the tel(‘sco])e, 
and then, on continiUMl rotation of the plates, again vanish(‘s. Tlu^ 
angh^ through which the ])lat(*s have been turned is twice the critical 
angl(‘ a, and 

sill a 1 V. 

In a similar manner th(‘ index of a thin [)lali‘ of a solid may he 
(haeianined hy inumn-sing it in a li(piid of known index greatei* 
than that of th(i solid. Here we ha,\e 

sin a- 

This method has h(»en adopted hy Kohhviuseh foi* m(‘asui‘ing tlui 
indices of crystals.^ 

[t is important that tln^ light should fall upon the ])lat(‘s containing 
the ail' film in a pa,rallel lasam, for the wholes ])eucil will tlnm sullbi' 
total relle-ction at tin; sam(‘- instant, and the field of the tel(‘scope will 
hi^come dai'k smhhmly. Har(‘ should also h(‘ takmi to place tin* plati's 
V(a'lically. This heing S(‘cui‘(m1, with monochromatic (sodium) light, 
the disa])|)earance of th(‘ imagi^ is almost instantaneous, and MM. 
Ti‘r(|uem and Trannin (‘stimate the exjierimental ei'ror at less than 
fift(‘(‘n seconds. When whiter light is used, the image jiassics thi'ough 
shad(‘s of yellow, orange, and finally the ])ure red of the extrimie 
s])eeti'um. The accuracy of the method is shown hy the following 
table, where the indices are compared with the determinations of 
Fraunhofm', and of (lladstone and Dale, the slight ditf*(*rences heing 
attributable to the state of ])urity of the li(juid : — 


K:iy. 'reiiip. ‘J a. 

Water . . C IS 97 ‘20' a»()" 1*3317 1*33171 Fraunhoier. 

D IS' 97 D'aO" 1*333G 1*33171 

: BcMiziiK* . A M9*r> 8t ir 20": l*isu; 1-ISOO Gladstone and Dale. 

I Glyf(*riiu‘. . . ’ A 18' So r»r»' ‘20" j l*-n)72 IMfiOl ,, ,, 

I Aniyllic Aleoliol . A 18' 91’ 10' 0 " I 1 * 1000 ^ 1 *3990 

i Sulphide of Carbon A ‘20’ 70' a o' 0" 1 1 *0078 1*6070 


When the litpiid can he procured in small (juantities only, or when 
it is imjierfectly transparent or pasty (such, for example, as tlni 
crystalline lens of the eye), Wollaston s original method maj^ he used. 
A small drop 1) (Fig. 7S) of the licpiid is attached to the lower surface 

' Winl. Ann. iv. 1, 1878. 



AllT. 84 


EXAM PLES 


i;3i 


<)f a right-angled ])ri8iii Al>(.\ resting on a horizontal tahh' AJ> t’lir- 
iiished with a^niall hoh*. to i-ee(‘ive the dro[). Tlie drop is viewed 
ihrougli th^i face A(^ of the ])i‘ism hy means of a tel(‘scope T pivot'd 
at the eentrii of a gi'adnated circle, which slides on a v<‘rtica,l rod hxi'd 
to th(‘ table. The t(‘h‘sco[)e is 
first placed at such a height that 
the ta])le, or any mark Ix'low the 
<lrop, may be seen tlu’oiigh it. 

As tlu' graduated circle is lowei ed 
tlui angl(‘ of reflection from I lie 
<lrop is increased, till at last th(‘ 
rays falling on it from the <uh(‘r 
side of the prism ai'e totally re- 
llected. The t{*h‘scope is now fixcal, and its inclination {()) to tin' 
v(‘rtieal is observed. In this case NDM is the critical angle (/., ami 
XMI)-- !)() — <;,, whihi 'IhMO — 90 0. Hut the r(dractiv(‘. index of the 

glass is given by 

sin TMO (‘OS 0 
^ sill NMD .'.wa' 



Uence 


cos a . and sin a pr cos-c. 


Hut if the rcdractive index of the droj) 1 k‘ denotial by \\ v Iv.iw 


jiL /./, sill a \ cos'Vy. 


An obj(iction to the method is th(‘ difticultv of making tb(i angh‘ of 
the pi'ism exactly i*ight. To avoid this, Mains woi-ked with an acutev 
anglcd ])rism, of which the imhix and angle w(‘ie accurately determined. 


h'.nnu/flrs 

1. When the angh* A of tlie prism is ai'nt,(\ prove thiil 

jiL sin u/ Aj cus A i-sin A\ /<.- sin- (C A; 

'ivliei’e 0, as hcifore, is tlie angle the telesc-ojic inak(*s with the vcitical. 

[The aiigh* of incidence ot the ray DM on tin* face- A(' is r A a, and tin* angle! 
of emergence is /- A 6. lint sin i ~./ii sin r, thercton* sin ( A 0) /ll sin (A a), and 

fji' — fi sin a fji sin (A rj fj. sin y cos A i sin A cos /•, etc.] 

2. Determine the refractive index oftln! pi'ism hy the same metho(l. 

[Sinc(^ the medium helow the prism is air. we havt; 1, ;ind 

lui - cosec A\'l-f sin” {0 A} 2 cos A sin (c A.)| 


84. Gladstone and Dale’s Law — ^Variation of Refractive Index 
with Density. — ^Yhcn a substance is com]n(‘ss(M|, oi* its temperature- 
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Varied, tli(i density (p) alters, and this is accompanied by a cori^e- 
sponding variation in the refractive index (/a). ( Jladstone^ and Dale 

found that these two (juantities were related by the eqnatiun 

yU - 1 

constant. 

p 

The physical intcirpretation of this law is not far to seek if wo 
admit that the refracting substance consists of refracting molecules of 
constant index distributed through the ether. The quantity fi - 1 
represents tlui excess of the r(‘fra(*tion or path retardation due to the 
presence of the molecules, and will be ])roportional to their number 
per unit volume, that is, to the density. Thus if /<, be the iiuh^x of a. 
[date of the substance and e its thickness, the corresponding ])ath in 
fi-ee space of a. ray traversing the ])late will be fi(\ but if tlu) thickness 
absolutedy (xuaipied by the molecules of the substance be e and the 
constant iiahix- of a molecule be 7/q then a. thickiu^ss r~e of the plate 
is occuj)ied by ether, and the corresponding free s])ace path for the 
[ilate will 1)(‘. r - € + me. Hence 

fxe t 1 ///f, 

M 1 {in - 1 

Dut e'p measui*(‘s th(‘. relativt*. volume occu|)ied ])y the molecules, 
and is thei’efoi’e proportional to the (hmsity of the l)0(ly. Honse- 
(juently 

-1 

-constant. 

P 

Since the density of a solid or li(juid can ))e changed oidy verv 
slightly, experiments on the law are necessai*ily conlined within ex 
tremely narrow limits, and W(i can only acce])t it as an approximation 
to the truth in absence of otlnu- su])])oi‘t. 

In the case of gases, however, the density (*an be varied consider 
ably, but on the other hand /x - 1 is here a very small ([uautity, and 
therefoi-e experiments which sutticiently vei’ify the formula 

p 1 

- K 

P 

will also v(‘rify the formula 

P 

for //. + 1 2 very nearly, if //. cxcccmIs unity by a small amount. 

' ( ll.-ulstoiK'. and 7Vo7. Tntiis. p. 887, 1808 , and p. 317, 1833. 

- The ({uantity f is tin; thickness of the ]date of the same lace area that the 
molecules of the plate c would lorni if arran^nal with no free spaces hetwccii them, 
and the m is tin; iinh'x of this derived plal(‘. 
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• The emissi(|ji theory indicates that for all bodies the quantity //- ~ I 
should be j)ro 2 )ortional to the density, and conse([uently it has been 
sought to establish the latter formula. Thus, if r' l)e the velocity in 
a given substance and r tlie velocity in a vacuum, the work done 
on a luminous corpuscle in passing into the substance from vacuum will 
be proportional to the density of the substance, but the work done on 
the eor])uscle is proportional to the change in the s(|uare of its velocity 
or /VN therefore 


g- - 1 -Kp!c\ 


This shows that the index is independent of the angle of incidence, 
and that — 1 is directly proportional to tlic density of the 
substance. 

I^'rom his experiments on the variation of the index of waten* under 
compi ession, M. Jamin concluded that (/r - !)//> was constant, but M. 
Mascart found that the results of M. Jamin were more accurately 
represented by the formula of (lladstone and Dale, and this conclusion 
kas been verified by Quincke.^ 

Ejfcct of ForlatiiHL of Tonijn'rofun ’. — If the tem])erature varies the 
molecular index may also vaiy. If this be so it follows from the 
e(juation 

jm, 1 _ - 1 ), 


when} r is the volume of the molecules in a unit volume of the sub- 
stance, l)v diilcrentiating logarithmically Avith regard to the tempera- 
ture 6, that 

1 d/uL ^ dr 1 dm 
IX 1 fh) r(H)^ m—\dO 

Hut the density of the medium is proportional to c. Hence 

] dlL A dp 1 dm 
p. - 1 do p dO m, 1 dO^ 

oi', what is more commodious for calculation, if V b(‘ tlu} volume at 0 
of a unit mass of the substance, then V - 1 /j, and 

1 dm ^ dV 1 tim 
It 1 do ^ \ dtr A i/o' 


* K(^t ]U’Oj)osc.s llu', cni])iric;il Ibrniula 

- ap [3p~-yp'' . . . ) - const. Ill t. 

The ratio (g - - 1 )/(^'“ - 1 ) for the ililfercnt colours ho liuds to be sensibly 
constant so that a, [3, 7 , etc. do not depend on the wave length. In tlie case of 
Avater below 8' they ap^iear, how(‘-ver, to depend on the tem}>erature, {Wied. Ami. 
XXX. ]►. 299, 1887 ; Journal (/r Phifsiinu\ second .series, torn. vii. 1888). 
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(Djulstoiie’s law, wliicli assiiTncs m to be constaiib requires tlie 
seeoud member to vanish. AI. Dufet^ found it always negative and 
very n(‘arly eonstant for li(|uids, ])ut grejiter in absolute value than 
indicated by thcoiy when m is a variable. In the case of solids the 
sign was positivci and tin; magnitude less than that deduced fiom theory, 
whereas in the case of solutions when eoncentratcMl they behav(;d as 
solids, but when dilute they behaved as liquids. 

Or in all liquids the molecular index decreases as the tem])erature 
I'ises, and in all solids the moh^cular index increases with the tem])era 

ture while the quantity remains veiy neai’ly constant. 

The ellect of tem])erature on the refraeti\'(‘ index is shown in the 
following table a.ft(n* Oladstone and Dale. The indices ;u‘e for the 1> 
line, (Except that of phosphorus, which is for the C line - 


TiMiiprra- 

tlllV. 

Siilphidr or 
( 'a 1 1)011. 1 

Wat.T. 

Ktlirr. 

AOsohiti* 

Alrohol. 

Mrtlivl 

Alrolidl. 

IMiosphttnis 
(1 j<|Ui(l). 

0 

1 -6.1 12 

1 -.‘rioo 





10 

1 -OJMO ' 

1 -0027 

1 *3502 

I ‘3658 

1 -3370 


20 

1 *6261 

1 -.‘rrjo 

1 ’.‘lola 

; 1-3615 



ao 

1 -6182 

1 -o.ooo 

1 -3405 

1 -3578 


2-0741 1 

10 

1-6100 

1 -o/ior 


1 -3536 

1 -3207 

2-0677 i 

.")0 ' 


1 •3280 


1-3.1 01 


2-0603 I 

60 

i 

1 ■;i2ri<) 


1-3.137 


2-0515 ' 


85. Indices of Mixtures and Solutions. — The law of Gladstone 
may be a])])lied to calculate the refractive index of a mixture of two 
substances Avhich liaA C no chemical action on (aicli oth(;i'. 

Let and V., be tin* volumes, and the densities, and /a., 
the indices of the components of the mixture, and let V, />, /a be the 
corresponding quantities for the mixture, we have 

— \ ip, -t A .,p.,, 

and since each of the components occupies a volume in the mixture 
we can say that Vj/q, V and V.,p.,/Y are the densities of the components 
in th(! mixture. Gonsecjuently by Gladstone’s law 

yU, - 1 m'i - 1 f/t'i - 1 ) \' 

P\ P\ p\ V| 

, IX., 1 _ IX., - 1 iix., 1 ) 


^ “ Sur la loi dr (Jladstom* (*1 la Wiriatioii dr lTiid(;.\ iiiolrculaiiv. ” Far M. H. 
Diifrt, Journal Or Plufsifiur, Novcnilx'r ISSa. Sec at'^o Sc‘]»toniber 1885. 
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\flier(! //j and are the new indices of the components in the mixture 
according to tlic law. 'V\m index /a of the mixture will therefore lie 
given ])y (/i ~ 1 ) -- (//, -1)4- (fi,, - 1), or by the foregoing e([uations 


oi’, finally, if Mj and M.> be the masses of the components, 

(M, i M./ ’ ’ I M./‘- 

P Pi ' Pi 

Kx})eriment shows that this formula is vei y approximatcdy true for 
mixtures of liquids and mixtures of isomoi-phous crystallised salts, but 
it ceases to be exact for mixtures of saline solutions. 

Effn'f of Chaiufr nf Tvm (u-rai iu '(\ — If tlui tem])eratui*e (ih) varies, we 
have 



Hut by the (equation /a - 1)^^ /’(/>/ - 1) it follows that 




Hence 




M -1 
/> 


1 \ /* dm (u ^) 1 dm 

i/(}\ f) ) f) dO f) ' m 1 iUd 

1 dm . . iw, I 1 d m^ yw., 1 1 

m - 1 dd * ///, — 1 </d ~ p., 


doK, 

do ‘ 


86. Gases. — The index of refi*action of a gas may l)e determined, 
like that of a liquid, l>y enclosing it it) a hollow prism with fa(‘(*s of 
[tarallel ])late gkiss. Idie jtrism is placed on the tabh? of tin* spectro- 
meter, and tlu*. gas und(u* considtaution is admitted through drying- 
tubes, if necessary, its temiterature and ])ressure being not(*d. Th(‘ 
tel(‘scope, as usual, is fii'st adjusted to observe the collimator slit directly, 
and if the ])late sides of the ])rism are of truly parallel glass, tlH^ prism, 
when ])laced on the table of the s])ectroscope, will producer no (hn iation 
when it contains free air. This being ensured, a,ny future deviation is 
due to the r(*iractive ditlercnce between the gas contained by the prism 
[ind the outside, air. Any such deviation will in general be very 
small, so that the table of the instrument (with the prism attached) 
may ])e turned through 180 . This will throw the deviation to the 
opposite side (as the edg(*. of the prism is now turned in the opposite 
direction), so that the diflerence between the two readings of the tele- 
scope will be 2(S, and by means of the ordinary formula we obtain the, 
relative index of tln^ gas. 

To obtain its absolute index we require first the index of air at 
zero and 760 mm. This is determined by first pumping as much 



136 


DETERMINATION OF REFRACTIVE INDK^.ES 


CHAV. VI 


as p(3ssible of tlie air out of the prism. Let the iiressure of the 
residual air 1)0 ///, its index //, and the density p', then by the law of 
Gladstone and Dale 

fi-l 


y ----n (mo 

ro 


1) ''' 
7t)0{l I 


aO) 


if 0 be the tcin])erature. 

Dut if the ext(U’ior air be at a pressure h, density p, and index /4, 
we have also 


p 


or 


M - I -i- {Pi) D - 1 i (Po - 

Pi) 


^^760(1 + a<9)* 


Experiment ^ives the relative index of the air in the pi’ism with 
respect to the (ixterior air ; if this be in we have 


lienee 


/a' _ 7 6()( IjH a^) 1- (mo - 1 )// ' 
jU 700(1 i a0) 1)// 

(///- 1)700(1 + ad) 
y/ mli 


To determine the reiVaetive index v^^ of any gas at zero and 700 
(the pressure being //), we have as before, by Gladstone’s law, 


v' : 1 1 (l/,, -- I ) 


//' 

(] "-!- a^760’ 


where v' is the index at Ji and 0. 

If the outside air be at // and 0, we liave for it, as above. 


M- 1 '! (Mo- 1) 


(1 i- ae)76U’ 


( Consequently if //q be the relative index of the gas with respect to 
the air, we have 

i'' (1 I ayy)760 4- - 1 )// 

" ' ^4 (l-l-ayy)760 I {|UL^^ -])/(’ 

from which we obtain v^y 

Dulong ^ worked with a constant deviation. lie introduced the 
different gases successively into a hollow prism, but varied tlu^ 
pressure so that each produced the same deviation. Thus for air 


A/l/kucs dc Chiniic ct de J^hifniquc, second series, loin, xx.xi. ]>. 151, 1826. 
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lit li iiiid 0 in tije prism, while the exterior air is at // and 0^ we have 
for the relative index 

( 1 4- a^)7 60 4- ( jU(, - 1 )h ' 

(14 a^)760 4- (Mo - 1 )// ’ 

while fo!* a gas at and 0^^ with relative index W(‘- have 

(1 4-a^?,)760 1 (j'o - 
^ (1 I a^,)76() I (/^„ - 1 )//,’ 

hence if the })iessur(i he adjusted to give a constant deviation, we 
have wliich d(‘.termines as a function of /t,,, a known (piantity. 

If the exterior pn'ssuni and temperatinc^ have lemaimMl constant 
4luring the ex 2 )eriment, we h;ive 0^==0 and //,=//, and therefoie 

or the refiactive powers (fi — l) of two gases are invo'sely as the 
pressure.s re((uired to produce the same deviation. 

The refractive index of a gas may also he d(‘termined hy delicaUj 
methods depending upon interference phenoimma as mentioned in 
Arts. 1:22, 123. 

Indk’ICs <»f Kkkraction of Casks 




j Density. 


1 n<lt*\. 

Density. 

1 

, Air 

1 *000294 

; 1*000 

Ethylene 

1*000678 

0*978 

j Oxy^^oii . 

1 *000273 

1*106 

Marsh Gas 

1*000113 

1 0*555 

^ Hydrogen 

1 *000138 

0*069 

(diloride, of Ethyl . 

1 * 0010!)5 

1 2-234 

: Nitro^(;ii 

1 *000300 

0*971 

Hydrocyanic Acid. 

1*000451 

0-914 

, Cliloriiic 

1 *000772 

2*170 

Ammonia 

1 *000385 

■ 0-596 

; Nitrous Oxiih*. 

1 -000503 

T .520 

riiosgenc 

1*001159 

3-4 12 ' 

1 Nitric Oxide . . i 

1 *000303 

i 1*039 

Sulj)hydri(; Acid . 

1-000614 

1 1-191 

1 Hydrochloric Acid ' 

1 *000449 

1 1*217 

Snlidiurous A( 6 d . 

1 *000665 

2-234 . 

, (Jarhoiiic Oxide . ; 

1 *000340 

' 1*957 1 

Etlier . 

1 *001530 

2-580 

(Jarl)onit^ Aidiydridc 

1 *000449 

. 1*524 . 

Snlphid(; of ( .^irlxm 

1 *001500 

: 2 't 511 

1 Cyanogen 

1 *00083 1 

1-806 

Phos]»hur<‘tte.d 11 yd. 

1 *000789 

: ]' 2 n 


[Kayser and Kunge using a Rowland grating and a ])rism of coni- 
f)ressed air found tin; following indices corrc'spondirig to various wave 
lengths : - 


Indu Ks FOR Dm" Aik for (V and 760 mm. 


AVuve 


5630 
4 130 
4‘200 
3250 


ImN'X. 


1 -0002027 
2955 
2967 
3035 


Wave 


2860 

2850 

2550 

2360 


1 


1 *0003088 
3091 
3158 
3219 
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These results they find agree very well with Cauchje’s formula, aifil 
if A is expressed in millionths of a millimetre 

1 •00028817 + 1 -aiOX-M- 31600\-‘ 


(A>itro/w)iiif and AAwpIn/sirSy vol. xii. ]). d2(). See also Ilasselberg, 
ib. p. 455).] 
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INTEKmiKNCK FHINOKS 

87. Destructive Interference. — So fur wo have l)ecii engaged iji 
considering the mode of ])ropagation of a luminous wave, and the 
modifications which it undergoes when it encounters the surface of 
a new medium. AVc shall now proceed to inquire iuto the eflieets 
produced when two series of waves are ])ro])agated simultaneously in 
tj;ie ether from two small luminous origins close together. 

When two waves arrive simultaneously at the same point of 
space, the ether there will ])e thi*own into vibration by both, and we 
have already shown (chap, ii.) that in this compound motion each 
vibration may be regarded as acting independently of the otlun*. If 
the constituent vil)rations are in the same direction, tin; effects are 
added, and the ann)litudc of tin; resultant vibrations will be e(|ual to 
the sum of the amjditudcs of the constituents, but if they are opposed, 
the I'csultant amplitude is equal to the difference of the amplitudes of 
the constituents. In this latter case, if the vibi'ations are of e([ual 
amplitude, they should completely destroy each other. This is usually 
spoken of as destructive ititcrference. 

We kmnv from experience that two sets of sound wases may 
neutralise each other and produce silence,^ so also two sets of wat(;r 
waves when superposed may produce a dead level. If then there is 
any truth in the undulatory theory of light, something of the same 
kind should take place with two sets of light waves. Tliat this actually 
occurs is abundantly proved by the following experiments. 

In all cases of interference, however, it^is to be carefully re- 
membered that light (regarded as energy) is never annihilated. The 

1 Two organ pipes tuned in unison and inounle<l eIos(; togidlier jnoduee only 
a very faint sound at external j)oints. They start in oj)posit(i [iliases, and the effeet 
which w’ould be produced by one is just neutralised by the other. Other examples of 
interference occur in the beats <jf two notes nearly in unison, in the nodcis of organ 
pipes, and vibrating strings, etc. 


Energy 

redis- 

tributed. 
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(listrilmtion alone is altered, so that the illuniination, ij^istead of heiifi^ 
didused rc^nhii ly, is concentrated in sonic places at the ^expense of 
others. 

88. Two Small Apertures — Theory of Young’s Experiment. — 

Let ns suj)pose that two sets of waves always exactly alike start from 
two n(;ar liiniinous origins A and B (Fig. 79). If the directions of the 
distnrhances transmitted to an}^ ])oint P by tin; two sources consjnre 

the amplitude of the disturbance at P 
will be doubled, but if the com- 
ponent vibrations be opposed at 
they will (h'stroy (nicIi other, and no 
(dfect will be pi'oduced at this point. 
In the former case the illumination at 
P is four times that produced by 
either of the sources acting singly ; 
in the latter case the illumination is zero. The illumination sent by 
one source is swept away by that contributed by the other — a result 
observed in the justly celebrated ex|)eriment of Dr. Young, and 
a))parently oj)posed to the hlea of the materiality of light (see p. 25)i 
Let us now examine the theory of Young’s experiment a little 
more closely. The direction of the vibrations sent by A and B to any 
])oint P of a scream will conspire, and the amplitude of the distuidiance 
will be doubled, when they ariive at P in the same ])hasc. Now we 
suf>])os(^ th(‘ waves to s(*t out from A and B in the same ])hase, so that 
they will ai rive at P in the same phase if the path AP is eejual to BP, 
or difiei’s from it by any number of complete wave hmgths. But the 
vibrations will be o])posed at P if the waves arrive; there in opposite 
phases, which will be the case if AP elilfei's fi’oTei HP by erne half-wave 
length, or any odel nuniber of lialf-wave lengths. We thewe^iore con- 
clude that if 

Al> 

the; point P on the screen will be veiy bi’ight, e>r elark, according as 
n is e;ven e)r exld. If then O be the mielelle ]>oint e)f AB, anel if ()M be 
per})endicular te) AB, the distances AM anel BM will be eepial, therefore 
the lights she)ulel be in accewelance at M, and it should be very bright. 
At there will be darkness if the ditfercnce e)f the distances ejf this 
point from A and B is half a wave. At M., the*re will be brightness 
again if the difference of its distances from A anel B is two half-wave 

^ It is usually said that tlio light from one source is destroytxl at these ]»laces by 
that from the otlnir. This is misleading, liowever, as there is no real d(‘struction, 
for the light is iiien'ly taken away from some jdaces and heaped up at others. 
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Similarly, darkness will occur again at bi’ightness at 
]\Ip and so a senes of bright and dai-k points occur alternately. 

The poftit M;,, is such that the diflei’enee of its distances from A 

and B is ; if then this difl[er(*nce i‘eniains constant the point 

may lie anywhere on a hyperbola (as fai* as the plane of the ])aper is 
concerned), having A and B for foci. 

In space the locus of is obviously an hyperboloid of re\ t)ln- 
tion, viz. that generated by the revolution of the foregoing hyperbola 
round the line AB as a,xis. 

On the screen then we have not a series of bright and dark points, 
Imt a series of alternately bright and dark lines, or bands peipendicnlar 
to the plane of the ])aper. These lines are the inUnsection of the 
screen with the hyperboloid loci just mentioned, which are so little 
cui'ved as to sensildy coinci<le with their asymptotes. 

The distance of any l>and from the central ])oifit M is very (visily 
calculated. For if V corresponds to a retai’dation of // half-wave 
lengths, th(^ distance MB is small. Denote MB \)y /, MO by a, and 
with B as eentn^ (h^scrilx; an arc of a circle B(\ dliis arc is a,p|)roxi 
nfately a straight line perpendicular to OF, and AB is peipendicnlai* 
t(» OM, therefore the angle ABC is e(pial to the angh^ BOM. And 
heiK'e their circular measures ar(‘, (M[ual, or 

I’M AC „},\ 

OM nr r ’ 

where r represents the distance AB. Thmee 

\ 

and the point B is l»right or dark accoi-ding as // is even or odd. 


1. The ap]>;ir(ait angular distaTico from tin* ociitiT M of any IViiigi' of oidtM' n 
ns sntm fi’niii tin* ]»oint O (Fig. 79) is iml^'pcndcnl, of tlio <listan( (* of lln- scr^MMi M F. 

[ For if the angle. POM siiblernh'd by llm eeniral and /dli ba iid> at (.) w «* 

have. 


^\ldeh is ind(‘p(indent of I lie distance o.] 

2. The «listan<‘e . 1 ',, of (be //til fringe from the centre M i,s inojioi 1 ional to tin* 
wave bmgtli and to tin' onle-i’ (//) of tlie fringe and iiuo'rsulv as (In* a,[»|»a,rcnt angle 
of tbe two sonrees as seen from M. 


[For a', 


n ^ and ^ measures tbe apparent angb* of tbe .sources. | 
('■ 2 d 


89. Colour and Wave Length. — This lonmila sliows that the 
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<listiince of any fringe from the central one M depends on the wave 
length being in direct jiroportion to it. Hence, if composite light be 
used, Ave should expect to find rainbow-coloured bands \ instead of 
merely bi’ight and dark lines. This is what is actually observed, and, 
moreoviu’, the inner (idge of each band is violet, while its outer edge is 
red, showing that the violet wave lengths are shorter than the red. 

ffaving accurately determined the magnitudes of x, a, y/, and r, the 
formula gives the wave length of any ])articular kind of light. By this 
metliod the length of the red Avaves is found to be about *(>000206 in., 
the violet about ’UGOOK)? in., and the mean Avave aliout ‘OOOO’J or 

r. ooOo li ()\) 0 

90 . Fresnel’s Mirrors. — When Ybmng first jmblished his (;xperi- 
ments, scientific men were by no means inclined to admit tliat the 
phenomena oliscrved were due to interference in the manner c'onctdved 
by tluu'r illustrious discoverer. It Avas known that the image of a 
.small luminous origin, formed hy the light admitted through a very 
small hole, was surrounded by coloured bands, and that light sullered 
a similar modification in passing near the edge of an opacpie obstacle 
(see Newton’s Observations, ]). 227). The bands observiid by Young 
might then lie attributed to this modification (or diflVaction). They 
might be a vai*ioty of diftVaciion bands.'- Objections were therefore 
I'aised, and to remove them it Avas necessary to devise some method of 
obtaining two small sources of light close together wholly independent 
of apertures or edges of opar[Uc obstacles. This was first contrived by 
Fresnel, whose experiments are justly ranked amongst the most im 
portant and instructive in the whole range of physical optics. 

In his first experiment*^ Fresnel used two plane mirrors inclined at 
an angle of mjarly LSO ’, so that they almost lie in the same plane. A 
beam of light diverging from the focus of a lens or fi'om averynarroAv 
slit is allowed to fall upon them. Each mirror reflects the light which 
falls upon it, and Ave have therefore tAVO reflected beams whose direc- 
tions are inclined at a very small angle. 

If S (Fig. 80) be the source of light, OM and ON the two mirrors, 
the cone of light reflected from OM appears to come from a vertex 
A, the reflection of S in OM ; similarly the light reflected from ON 

^ If the colour depends on the wave length. The existence of these hands (;on- 
seypicntly indicates that cacli coloured light has a definite wave huigth and period, 
just like each musical note. 

DiHVaction hands are also due, to interference and tlie ju’inciple of their produc- 
tion is essentially the same as that underlying interference bands. The latter are 
produced hy tin; int<;rferiiig action of two distinct waves, while tlie former are pro- 
duced l)y interference lietween the elements of a single wave as explained in Art. 120. 

^ (Knvrrs, tom. i. pj). 150, 180, 208. 
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a^])e;irs to come from B, the rertection of S in ON. If, therefore, the 
mirroi’s are inclftied at a very obtuse angle, the points A and B will 
be very close together, and the reflected beams should give inter- 
fei’ciicc phenomena on a screen placed aci’oss any part of the region 
where they overlap, similar to those which would be produced if A and 
B were two small apertures. Here iiow we have two sources of light 
close together without the aid of edges or apertures, and the r(‘sult is 
conclusive in favour of Young’s theory. A brilliant system of fringes 
is ])roduccd, similar to those antiei2)ated by the theory. In order to 
satisfy ourselves that these bands are i*eally pi'oduced l)y the mutual 
action of the two beams, we ha,ve oidy to intercept one of them by 
covering the corresponding mirror with lampblack and the whole 
system instantly vanishes. Th(;y also vanish when the mirrors ai‘e 
parallel. 



Kiji. SO.-— FresiuM’s Mirrors. 


Suppose the point of light S to lie in the plane of the paper, and 
let tin? line of intersection of the mirrors be perpendicular to it and 
7neet it at 0. Now SA is perpendicular to the mirror ()M, and A/// 
S/y/. Similarly BS is perpendicular to ON, and meets it produced 
at a point n such that Byy Sa, while the angle A SB is e(|ual to the 
external angle between the mirrors, since it is the angle between the 
perpendiculars to them from S. Also since OS - OA ~ OB the points 
S, A, B lie on a circle having its centre at 0, therefore the angle ASB 
at its circumference is half the angle AOB at its centre, or the angle 
AOB = 2(0 if u) denote the external inclination of the mirrors. Hence 
if DOC be perpendicular to both AB and the screen, D is the middle 
point of AB and C is the centre of the fringes. If we denote OD by 
a and OC by h we have A B - 2a sin (o, since OB is approximately ecjual 

to 01) (or sin w = tan co), and the formula x = //^ for the distance of 

the y/th fringe from the centre becomes 
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(rt + ft) X « + ?> X 
2a sin w 2 2aw 2 

since w is a very small angle. 

For the success of this experiment very careful adjustment is 
necessary. The polished surfaces of the mirrors should extend right 
up to the line of intersection of the two faces. If the mirrors are 
made of glass it should be black, or else silvered on the first face, 
otherwise the reflections from the second surface of the glass destroy 
the effect. Polished black glass is commonly used instead of polished 
metallic nrirrors. 

One mirror M is usually attached to a plate, which can be fixed to 
one of the uprights of the optical bench. The other mirror N can turn 
round the axis 0 ; this axis is fixed to a plate through which three 
screws pass to adjust the level of the mirror M. Another screw is 
furnished with a spiral spr ing which keeps the mirror pressed against 
the thrcic screws. By means of these the mirror M is adjusted till its 
edge is parallel to the axis O. When this is arrived at a screw enalfies 
the mii'ror N, by turning round 0, to vary the angle Ire tween the 
mirrors. The other mirror can be screwed forward parallel to itself. 
This motion displaces A along the line SA, and the result is that the 
central band with the whole fringe system is displaced across the 
screen. The complete system of fringes may in this manner be caused 
to pass in succession over any desired part of the screen. 

The angle between the mirrors may be found by first looking at 
the image of a straight line reflected in both mirrors. This image will 
be straight when the planes of the mirrors coincide, a position which 
is obtained by adjusting the mirror N till the image is straight. The 
number of turns of the scrciw which brings the mirror N from this 
])ositioii to any other measures the angle l)etwcen the miirors in the 
latter position. The angle between the planes of the mirrors may be 
also brought to zero by viewing the two images of tin; slit in the 
mirrors and adjusting N until the two images coincide. The number 
of turns of the screw required to effect this gives the angle l)etween 
them. If the screw be not standardised the distance AB between the 
images may be found by the method of Kx. 2, p. 107. 

The distances a and h can be measured on the scale of the optical 
])ench ; the distance x by the mici’ometer motion of the cross wires in 
the eyepiece, and v can be counted. We thus arrive at a determina- 
tion of the wave length of any particular kind of light which we may 
choose to fix on. 

In practice a narrow line of light (an illuminated slit) is used. 
The slit must l)e placed parallel to the line of intersection of the 
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i^irrors. In Fig. 80 the miiTors are planes peipentlicnlar to tlie papei* 
through OM affd ON, while the slit is perpendicular to the paper 
through S. • 

91. Fresnel’s Bi-prism. — In the above experiment a pencil of 
light was divided by reflection into two others inclined at a small angle 
and these produced the phenomena of interference. It is possible to 
procure the same result by refraction, and this is the l>asis of Fi esnel’s 
second experiment.^ 

I jet CDE (Fig. 81) represent a glass prism with a very obtuse 
angle Fj, and let light from O fall perpendicularly on the opposite 
face 01). The whole prism is as if made up of two prisms OF and 
J)E of very small angle (at 0 and D) plaee<l base to base at E, and 
hence the name bi-prism. 

The light which falls u])on the upper half of the ])iisni is ])ent 
downwards, and ap])ears after emergence to diverge from a point B, 
while that which falls u{)on the lower half is bent upwards, a!id appears 



Fiji:. SI. — Frcsiiel’s ni-)>n«ni. 


to diverge from A. The less the angles 0 and J) the nearer together 
will be the points A and B, so that by diminishing these angles suf- 
ficiently the emergent cones of light will be similar to those coming 
from two very near origins, and interference effects Avill be presented 
as before. 

The distances from the prism of the viitual foci A and B are 
very approximately the same as that of the luminous origin O. For 
since the refracting angles C and D are very small, the fo(‘al lines of 
each refracted cone coincide, and />^ />.? p by Exanij)le 1 1, p. 1 If). 

In practice a narrow strip of light, from a slit, is used. By this 
means very much increased brightness is obtained without loss of 
definition, as the various parts of the slit, if it be very narrow, give 
rise to coincident systems of bands. The length of the slit is carefully 
adjusted parallel to the edge of the prism, and the fringes are parallel 
to their common direction. The field is usually bordered with other 

^ This has ]»eoii sometimes wrongly attrihuted to Pouillet. It was 

lirst {h*scri]a3(l hy Kresmjl tom. i. p. ^.*50;. 

L 
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systems of bands. These arise from ditfraction, and will be explaim^d 
fartlier on. 

The distance of the nth. band from the centre of the system is 
easily expressed. Thus if ff denote the distance of the origin 0 from 
the piism, and h the distance of the prism from the screen, we have 
very approximately, and consequently if c denote the 
distance AB lietween the virtual foci,^ and 8 the angle BEO or the 
deviation produced by the thin prisms, we have, if c ^ angle of prism, 

c - 2a si 110 = 2a [fi 1 )t , 

for since the angle of the prism is small sin 6 - (S = (/x -- l)e. Hence 

_ e -I /> X _ (t I h \ 

(• ‘ 2 2a [juL - 1 2 ’ 

which shows that tlie bi-prism - is equivalent to a })air of mirrors 
inclined at an angle (fi - 1 )(. 

92. Peculiarities of the Bi-prism Fringes. — The fringes ])roduced 
by a bi-prism ditier in some respects fi'om those olitained by other 
methods. For, on account of the dispersion in the glass, the foci A 
and 1^ will be ditlerent for the dilferent colours. Thus the violet light 
will appear to come (on account of its greater refrangibility) from two 
points A„ and B„ a little farther apai’t than the two from which the 

^ All (*l(‘g;uit iiKitliod of (letcviiiiiiing c is given l>y Fi'of. Gliizidnook {Phys. 
(fpdi's). L('t r/ li(^ tlio distance from tlie jirisin to the focal plane of the (*v(q>iece 
or screen where the fringes are (hipicted. Introduce a lens hetween the prism and 
oye|>iece. This lens Avill form images of A and Jl in the focal plane if il is ]»ru- 
]M!rly placed. Now in general two such ]»ositions of the, lens can he found, and ii‘ 
r/, and and he tlu^ distances of the lens from the focaJ jilaneand from thi‘. 

points AB in the two positions rc'.specti vidy we. havi'. 

1,1 11 1 

But ^/| I thci'td'ore f/, — f/./ and = Hence if c, and Co he the eor- 

i‘es[)onding distances hetween tin* iniagi's of A and B in the focal ]»hine of the eye- 
piei'c we have, c lieing the distance AB, 


Tlnu’crore f|(o = f*-, orc=Y'rV’e- 

and arc* nicasurc*d hy a micrometer eycpic*c(\ 

- If the piisnis and I)K were placed edge to edge* instead cjf base to lease, A 
and B would he intc-rcdianged and the; emergent cones would have no coninioii part. 
Intcrlerence hands could, however, he obtained hy inter[)osing a lens in the paths of 
the cones hringing them to rc*al f(»ci A' and IV images of A and B. The light diverg- 
ing from A' and B' will produce fringes. 
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Mtd appears to come. Denoting these distances by and r,., tlie formula 
for the distance*of the nth red band from the centre is (bv vVrt. 88) 

(f -f b 

. •*' o ’ 

( r 2, 

and for the violet 

. a -f b 

''• 2 - 

The difference lietween .r^. and .r,, is consequently greater than if there 
was no dispersion by the prism. The iris-coloured bands are therefore 
broadejied by the dispersion, and the overlapping is ])ro])ortionately 
incT-eascd. The fi’inges of the biq)rism are briglit, for the prism allows 
a great quantity of the light which falls upon it to pass through. 
These fringes are then bright, and very easily procured — the apparatus 
requiring very little trouble in settijig up. 

93. Bi-plates. — A beam of light may be subdivided hy refraction 
through two plates, of the same nature and e([ual thickness, ])laced at 
an angle as indicated in Fig. 82. Two pieces M and N of pai’allel 



Fi”. S2. -ni-])l.‘i1rs. 


glass are cut from the same plate to ensure e(piality in thickness, and 
placed at an angl(‘. On the bisector of t\n) angle b(‘tween tlicm is 
placed the luminous origin 0. The light which falls iq)on the plate 
N 1 masses through it in a direction (d), and emerges paralhd to its 
original direction, appearing to diverge? appro.ximately from a point A. 
Similarly the liglit which emerges from tin? plate? J\I diverge*s fremi a 
virtual focus 15. The emierging cemes are rce'eiveal by a, hms L which 
brings them to real bjci A' anel 15'. After eli\a?rging IVom A' and B' 
the l)eams will e)veilap and pre)eluce fringe?s. 

Tlie late?ral elisplacement of a ray in passing through a, parade*! 
phite of thickness c is ea.sily seen te) be c sin (/ - / ) cos a,nd ce)ns(‘- 
({uently the elistance c between the viidual foci A and 15 is very 
ap[)ro\imately 

r ' 2i' sin (/ - /-^i/cos /’. 

which, if 20 dene)te‘ tlie^ angle betwcefi the j)lates, may be put at once 
in tile form 

r-2rvi)^0[} I (/.<,“ - 1) A] 

sine?e I - 90 ' - 0 veiy nearly. 
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94. Lloyd’s Single mirror Fringes. — A convonicnt method of div 
pl;iyini^ iiitcffcronce ))ands caused by the mutual action of direct and re- 
flected light was devised by Dr. Tiloyd ' of Trinity College, ''Dublin. A 
poli.slied mirror of nudal or of black glass is placed so that the rays 
fr(mi a luminous oi‘igin H (Fig. S.S), are reflect'd from it at nejirly 
grazing incidence. The refleelial ]‘ays diverge from a virtual focus A 

which is the image of the 
origin 1>, so that a point. 
F on a, s(a‘e(‘n ])lac(‘d Ix'- 
yond the mirror receives 
light dirc'ctly from H, and 
also l)y I'tillection from 
the mirror, or, regarding 
A as tlui source of the reflechal light, P is supplied by the oiigins A 
and 1), which may ])e ])rought clos(i together by making the angle of 
incidence neai-ly 90 . 

Since the reflected light is confim'd to the u})pei* side of the mirror, 
less than half the complete system is formed, and it might be imagined 
that under no eircumstamuvs could more than one-half th(‘. s)^st(‘.m lx; 
obtained. 1 low(;\('i‘, by iiileiposing a thin ti’ans))ai*ent plate in tlu' 
path of tlie diivct beam, or l)y holding the magnifiei* throngli which 
they ai*e (‘xainined somewhat exceiilrically, the bands may lx; disj)la(*(‘d 
(s(‘(; Art. 10i^)soas to detach t]n;ms(‘lv(‘s from the miri’oi* until tlu' 
('omplete system is se(‘n, as in Fr(‘siu'rs exp(‘rinH‘nts. Tin' adjust- 
ments in this exix.;riment ar(; easily math' ; it |•('(|ui]•es no sp(‘cial 
appai’atiis, and tin; bands are bright and w(*ll mark('d. 

Dr. Lloyd stat(‘s that tin; c(‘ntre (.)f tlu' system does not corrt‘s])ond 
to th(‘ line of intersection of tlu; miia*or* and sci-(‘(;n, but that tlu; bands 
art; all dis[)laced through half the interval of a band width fioni tlu; 
niii'i'O]* (*(lge. This, he suggests, indicatijs that the rt;t1(*cted light has 
lx‘(;n acct;lerat(‘d by half a Avave hngth, or that its ])hase has Ix'tMi 
increased by tt at ndlt'ctioii. 

95. Fresnel’s Three Mirror Experiment. - Fringes produetxl by 
the us(‘. of three plant; mirrors have also lx;en obtaiiu;d by Fiesnel.“ 

' “A >s('\v (\isn ni’ 1 iit(*rf(*reii('L* of Uays of higliL” (Lloyd, 'J'nfus. Irish 

Araili'inii, vol. \vii. ; read 27tli .laiiiiaiy 

I)i-. Lloyd’s iiictliod seems to Iiave teen aiil iei |>a I ed by Professor Po\\ell in the 
following ]»assage : ‘‘ lieantifnl .sets ot‘ colours theory of wliieli is e\iden(.ly de- 

|»('n(h‘nt on intei ferema' ) are s(‘e.ii on viewing a eandle, or line* of light, by very oblxjue 
relleelion I'roni any moderalely ))olisbed surface, as ivoiy, ebony, etc., held close to 
tliot^ve” (Ibn'. IL I’owidl, VhH. J/og. (tnh Anr. January is:;2). 'I'bi'st* bands may, 
bowevau', have been due to dillra<‘tion. 

- Fresnel, (Kuvrrs, tom. i. p. 7n:}. 



KlJ^^ sa. -Lluy«l’s Single Mjin»r. 
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the two ])Oi^*ils which produce the })and8, one is reflected from the 
miiioi* A1 84) and the other successively fioiii the mirrors L and 

X. The planes of the mirrors L and N intei'sect at () on the surfaces 
of iM. Let 0 ) and o/ he the angles they make with it res])ectiv(‘ly. 



Fi”. S4. Fiesud h '1 liHM' Mirrors. 


Now if the line OS makes an angle 0 with the miri'o]’ L, the light 
r(dl(‘(‘ted tVom L will appear to come from a point S' wh(‘r(‘ th(‘ are 
z_ and if this light falls U[)on N its refha'ted lu‘am will di\ erg(^ 
from A, where the- are. S'A - *2((»> + o/ - 0), for the miiaor N makes an 
angle, o) i <-/ - 0 with OS'. Henc(‘ 


SA-‘2(a; i w'l. 

So also the light refh‘et(‘<l from .M will (]iv(‘rge from L whe)'(‘ 

Sl> -' 2 (cu I 0 ). 

( ^)nse(^uently the are 

AL-'Jfw' 0 ). 


llene(‘ if w(‘ denote OS hy e wr have OA -OH-e, and th(‘ chord 

A F» ' 2 (f sin Uo' fl). 


1’he system is consefjiumtly e(jui\al(‘nt to two miiroj’s iiK'limai at an 
aiigh' (»/ - 0. 

Sine(‘. the mirror M is sha.d(‘d hy th(^ oth(‘rs, the int(Mft‘.ring jamcils 
will he incomphite and unsynimetrical with r(‘sp(‘et to th(‘ central line 
0(J. Th(‘ central fringe^ may therefore he found m^ar one (‘xliuanity 
of the sysUmi, or it may lie (‘iitirely ontsich* tlu‘. Nisihh^ fringe's or 
common ])art of the interh'ring }H*ncils. Hy inei*easing tlui path of the 
douhly refi(‘A'ted pencil, or diminishing that of the otlu'r, tin*, fringes 
may he displaced on the screen so that the whole', system may he 
viewed. This is re'adily done hy screwing feerward the central mirror 
.M in th(i direction of the normal to its ])lam'. 



150 


INTERFERENCE 


CHAP. VII 


The angles w and to may have any value up to 45^' for it is onlf’ 
necessary that 0 / - 0 should be small. Fi'esncl worked with co = (./, 
and varied the angle between T' 30', and 40'. 

If a change tt of ])hase accom])anies each reflection the twice re- 
flected l)eam will be accelerated by half a wave length on that i-eflected 
from the central mirroi*, and therefore, as in Lloyd’s l)ands, the central 
)>and or that corrcs])onding to equal distances CA and CB, Acill 1)0 
))lack. This is confirmed by the experiment. It should also be 
further remarked that, as in case of a single mirror, the right side of 
A cori’esponds to the left of B and the left to the right, as if B were 
the reflection of A with respect to the central line OC (see Art. 98). 

96. The Optical Bench. — Interference experiments are usually 
made on an optical bench. This apparatus usually consists of a 
horizontal liar, accurately graduated, along which three vertical u])- 
rights can slide freely. Attached to each upright is a vernier, so that 
the distance betAveen them can l)e determined accurately by the scale 
on Avhich they slide. Each is also furnished Avith a headpiece, Avhich 
can ))e raised oi* lowered or turned round a v^ertical axis at will. 

The first upright is fu!*nish(;d so as to hold a metal piece, AAdiieii 
carries a slit capal)le of being adjusted to any convenient Avidtli ])y 
means of a scrcAV. A fine adjusting motion of the head alloAvs the 
slit to 1)0 ))rought accurately parallel to any desiied direction. The 
second upright carries a frame in Avhich cfui l)e ])laced a metal ring, 
Avhich holds the plate containing the tAvo small aj)ertures, or any other 
iipj)aratus for ])roducing interference or diifraction, such jis the bi-pi ism, 
a fine wire, an opaque edge, a diffraction grating, etc. 'J’he third 
carries a micrometer eyepiece fui*nished Avith a cross Avire. The axis 
of this eyepiec(? is horizontal — that is, parallel to the bench on Avhich 
all the pieces slide. The head of the second upright can be moved by 
means of a horizontal scroAV perpendicular to the length of the scale, 
so that each piece Avhich it carries can bt; brought into the line joining 
the slit and observing telescope. 

The use of a lens is legitimate in experiments on interference, for 
light brought to a focus by a hms is concentrated there without any 
relative change of phase in its comjionents ; since all the rays brought 
to that focus traA el over paths Avhich require the same time. 

The eyepiece being furnished A\dth a cross Avire and micrometer 
scrcAA^, the distance of any l)and from the centre can be measui(}d, 
and the value of A can l)e calculated accordingly. 

97. Conditions necessary for Interference. — Wdien commencing 
these investigations Ave assumed the AA^aves emitted by A and B at any 
instant to be alAA^ays exactly the same, aiul the theory indicates that 
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^his is necessa^" in order to have iiiteiTerence fringes or i)oints at 
which the effects destroy each other amtitniallif. If tlie pliases of the 
waves from A varied irregularly a great number of times p(n‘ second 
with respect to those from B, we should have at any given point P 
neutralisation and co-operation succeeding each other so rapidly that 
nothing but a mean effect would be perceived, and this would be 
merely the sum of the mean effects of each source taken separately. 
Now if the disturbances come from two independent sources, such as 
the two different parts of a flame, the relative phases of the two would 
be purely casual, and no fixed and permanent neutralisation could be 
expected. Observation shows that no interference effects arc mani- 
fested unless the two interfering streams of light come originally 
from the saine source, and subsequently traverse slightly diffei’ent 
2)aths, and this is what the theory antici])ates. 

In the experiments of (ilrimaldi the apertures were illuminated 
directly 1 )y the sun, and consequently no interference phenomena 
could possibly have been obsenved. This point w\as particularly 
noticed by Young, who allowed the sunlight to jjass first through a 
nari'ow slit, and then through the two small apertures. lie I'c- 
marked that the fringes disappeared wluui one of the apertures was 
stoppc'd, and also when the slit was removed, so that the two apertures 
were illuminated directly by the sun. In this case each point of tluj 
sun produces a distinct sot of fi-inges, Imt the multitude of sets 
become so superposed and inters])ersed that all visible effect is 
obliterated. 

An essential condition then is that the two ajxwtures bi^ supplied 
from the same source, so that the waves diverging from A and B at 
any instant may be exactly alike. To effect this in practice, a naiTow 
slit is usually placed symmetrically near the apeitures with its length 
j)crpcndicular to the line joining them. The light from a lanqj) or 
other source falls first upon the slit, oi- is focussed on it by means of a 
condensing lens, and after diverging from it i*caches the two a2)ertures. 
The slit, being very nai'roAV, is like a single line of light, each point 
of which is symmetrically situat<Hl with n^spect to A and B, and s(;nds 
waves to each which are exactly alike, so that the whole resultant 
wave emitted by A is the same as that emitted by B. Tliesci waves, 
on arriving at any point P of the screen, will produce the plnmomena 
of permanent interference.^ The bi-prism and other apparatus for 

’ The fringes are only ]>ro(luee(l disiinetly when the soiirec*- is very narrow. Tlio 
widtli of the aperturo sliould be so small tliat the dis]>la(amient of the ctmtre of the 
system, incairnMl by using in turn the two edges of the slit as linear a}>ertures, 
should be small compai’ed with the width of an interference band. 
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producing interference liands are therefore to ])0 regarded as contri\^ 
ances to procure two similai* origins of light in close proximity. 

From this it will he easily understood how it is that two lamps, or 
two candles, can never he expected to destroy each other’s effects 
anywherci when placed close together like two organ pipes tuned in 
unison. Two lamp flames have no permanent phase relation. The 
waves sent out hy one are not necessarily similar to, oi* in any way 
related to, the waves sent out hy the other. Each point of a flame is 
an independent source of light, and the waves emitted l)y it continually 
vary in character; while for two sources to prodiu'e darkness at any 
point the necessary condition is that they should anitinuaJIij send 
waves to this point opposite in phas(‘, hut in other respects ('-xactly 
alike. 

98. The Corresponding Points of the Sources. — In Young’s 
experinumt tlui two a[)ertures are supplied hy the same small source, 
and in the case of Fresners mirrors and hi-prism the intei'fering 
origins ai'e images of the same sourca?, and are therefore similar — the 
right-hand side of one cori*es2)ouding to th(i right-hand side of the 
other and the loft to the left. With Lloyd's single mirror it is soimir 
what different, for here the two interfering sources are the luminous 
(U'igin and its image, hut the right side of tht‘. image corresponds to 
the left side of the origin, and wVr /ry.svh Now continuous interference 
can hti expected to occur only hetween rays issuing from corresponding 
jioints of the interfering source's, for the waves emitted hy the various 
points of the seiurce (slit) have m'cessarily no fixeid phase relation 
when it is su])plied directly hy a flame. Hence with the hi-prism and 
mirrors it is the I’ight side of one image that interfei’cs with the right 
of the other, and the left with the left, hut in Lloyd’s experimcTit the 
right side of the source interfei'es with the left of the image, and 
rire rersd. In the latter case when the slit has any sensible width 
the centre of symmetry must he the same for the hands produced hy 
all corres])onding points, hut the distance r, hetween the cori’esponding 
points is vaiiahle. In Fresnel’s exjiei'iments, ()n the other hand, the 
distance c is constant, Avhile the centre of symmetry varies. In Lloyd’s 
experiment then the central hands a!*e exactly supin'posed foi* all tin? 
groups of corresponding points, and the width of the slit does not 
interfere with the achromatism of the central line. The widths of 
the liands produced hy different pairs of coiTcsponding points will, 
however, he different (since the band width varies inversely as c), and 
this results in a confusion which incieases from the centre outwards.^ 

^ Tlic iiiciisiiru of the fonfiisiou arising tVoni tin; variation of r in the tinite width 
of the slit in Lloyd’s experiment is easily found. Thus the distane(^ of the yUli 
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Fresnel’s expj^rimeiits the band width is the same for all pairs of 
corresponding points, and the width of the slit merely leads to a 
lateral displacement of the central line of the various systems, so that 
the condition for distinctness is that the width of the slit be narrow 
compared with the width of a l)and, and this limiting width of the slit 
is independent of the order of the baiids. 

99. Limit to the Number of Fringes. -The formula (p. Ml) for 
the distance of any bright band from the centre of the system shows 
that the width of any band, measured from darkness to darkness, is 


The band width is therefoi-e directly proportional to the wave hmglh 
of the light employed. If the light could be procured absolutely 
homogemeous — that is, of a single wave hmgth A— then theoretically 
the screen should be covered with an infinite number of similar bands, 
having nothing to distinguish one from another. 

With ordinary light the case is very different. Each colour gives 
rise to a system of bands, and of these the itmI bands are broadest 
and the violet nari’owest, the width of the foianei* Ixiitig about twice 
tlfat of the latter. Hence it happens that after a few alternations the 
ath red band coincides with the (u l)th violet, or peiEaps the dai’k 
spaces of one system are filled up with the bi*ight bands of aiiother, so 
that overlapping and superposition of the multitude of systems from 
the I’ed to the violet takes place, and this leads to the final obliteration 


of all \'isibhi effect at a shoi't distance 
\\ hat occuT-s then is that a few 
(ten or twelve) bright rainbow- 
coloured bands are seen Avhich 
become less and less distinctly 
mai’ked, finally mei'ging into 
one anotlnn’ and fading into 
uniform illumination at a 
short distance from the c(;nti'al 
line. This liiui is whiter 


fi’om the centi'e (Fig. So). 



wave 


fijuid of any system from tlio ociitro, is and llioivfon* tin* inlerval d,r. lu?- 

t\\(Mm two eorrospondini^ l»ands wlum c vari(‘s is 


or if if) Ik*, tlio band wiiltli wo liavo. 

5,r 5r 

- — ib j 

iC r 

tlioroforo tlio slit must bo mado iiarrowor as n iiioivases It tho distinct noss ot tlio 
bands is tf> bo pr(*sorv(*d. 
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lengths. Theoretically there is not a single place complete dark- 
ness, for this would entail at that place a complete discordance of 
phase for all wave lengths, whereas any point at a distance ;>■ from 
the centie will be Inight, for the wave length determined liy lutk - ex. 
The veiy existence of any visible bands with white light depends on 
the limitcMl sensibility of the eye, which is confined to aliout one 
“octave,” and on its capal)ility of making chromatic distinctions. 

AVant of pui’ity in the light is thei*efore deti'imental to the pro- 
duction of a large number of visible bands. 

100. Interference under high Relative Retardation. — It follows 
from the foregoing considerations that the more homogeneous the lightthe 
grciater the number of observable interference liands, and if pm’fcctly 
homogeneous light — that is, light of a single wave length — could be 
obtained, the screen should be covered with an infinite system of 
similar bands. In practice, however, it has not as yet lieen possible to 
olitain strictly homogeneous light. An approximation to it may be 
obtained by casting the spectrum of any source of light on a screen, 
furnislied with a very narrow slit, in such a way that a narrow strip 
of the spectrum is transmitted through the slit. This slit may Ixi usi?d 
as the source of light in an interference experiment, and when so 
employed, the number of bands directly ol)sei*va])l(i is vastly grijatei* 
than that given liy a sourcij of ordinaiy white light. Still, in this 
case also, the light is hetei*ogcneous, for the slit transmits a narrow 
baml of the specti’um, and this band contains a {/roup of Avav(‘s varying 
in length by an amount depending on llui width of tlu^ slit, and, as 
the band Avidth will be different for the dilfei’cnt constituents of the 
group, there will be overlapping, and ultimately obliteration of the bauds. 

A very convcniiiiit source of approximately homogeneous light is 
that of the sodium flam(\^ This consists of tAvo narroAv bands \’(uy 
close togetluu* in the yelloAV part of the sjxictrum, so that it contains a 
grou]) of Avaves (jf different lengths, and overla])ping ultimately occius. 
AVith this source of light Fizeau obserAxd 00,000 liands, and more 
recently this number has Ixani largely inci‘(‘ased by l^rof(‘ssors A. A. 
Michelson and K. W. Aloi'ley.- Using the light of incandescent sodium 
A'apour (in an exhausted tube jirovidcd Avith aluminium electrodes) 
interference was observc'd Avith a retardation of over 200,000 Avave 
lengths, i,r, over -I inches. This number was still further inci*eased by 
using the light from Pliickei* tubes containing A^apour of mercury or 

^ Proposi'd by Brewster, Annalesth' Chiniir nt dv. Phfisique, si'eoiid serit\s, tom. 
xxxvii. |). 4;i7, 1S2.S. 

- A. A. Mielielsoii ami E. W. Morley, Journal of the Assoriation of Piujuirrrlioj 
SocidicSj ^lay 1888, and Address l)efbre the American Association, Cleveland Moot- 
ing, August 1888, by A. A. Michelson. 
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Gallium chloridg whicli gave interference with a (liiference of path of 
040,000 an(J 340,000 wave lengths I’cspectively. In these cxperinuMits 
a special form of apparatus, called an itifarfrinirr rr/nnioiiirfrr, was em- 
ployed (Art. 123), by which any desirable, ditlerenee of ])ath could lx* 
easily introduced Ixjtween the two interfering beums. Experiment 
consequently proves that the number of bands directly observal)le 
increases with the piu'ity of the light. 

Jt may also 1)C shown that interference takes ])lace in the regions 
beyond the limits of the visil^le fringes where overlapping exists to such 
an extent that the field appeai‘s to be uniformly illuminated. In these 
regions any point is a place of brightness for certain wave lengths and 
of darkness foi* others, and consecjiicntly the light thei’e is a mixture 
in which only certain constituents of the original light ai'o re])resent(‘d. 
lieiice, if a slit be opened in any ])art of this region so that the light 
falling on it may l)e transmitted and examined in a s])ectros(*ope, the 
sj)ectrum will (jxhibit certain dark bands cori-esponding to those wa^•es 
which are destroyed by interference at the slit. 44iis method was 
em})loyed by Eizeau and Eoucault.’ If a narrow slit. ])c o])ened - at 
tlfe centre M of the fringes system the light which is transmitte<l 
tlu’ougli it will give a complete spectrum, since the central fringe is a 
place of brightness for all colours. On the otlnn* hand, if a slit b(‘ 
opeiUMl at any other [)art of the fringe system the transmittecl light 
will give a spectrum cxhi])iting those colours for which the slit is a 
])lace of brightness, and conse(piently crossed by dark bands showing 
the absence of those coloui's which are desti'oyed by interferemee at the 
slit. If ])e the distance of the slit from the C(mtre of the system, 
the wave lengths of the dai'k l)ands satisfy tln^ equation 


In the experiment of Ei/eau and Eoncault a slit was oj)em‘d at 
the centre of the system ])roduced by Ei'esneVs mirrors, and by screwing 
foi'ward one of the miri'ors })arallel to itself, tin; systcmi of fringes was 
dis])laced gi'adually acioss the screen, so that they passed in succ(‘ssion 
ov^er the slit. As the first dark band conies on the slit, a. dark ])and is 
seen in tin? spectrum which passes from the violet to the red as the 
mirror is gradually displaced, then a second succeeds it, and then 
two, tlii'ce, or more dark bands simultaneously ajqiear crossing the 

^ Fizrau and Foucault, Aiinalfs (Ir Chiniic rt ilr third scrir.s, trjiii. xxvi. 

]). 1-38, 1849 ; (Jomptrs 24tli Xovcni])cr ISla. 

“ The width of the slit should not he iiion* than a moilerate IV.ndion ofth.U of a 
hand. 
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s[)cctTuni, till finally they become so mimevous aiid^ narrow that f() 
separate and distinguish them the resolving power of the jpectroseope 
re((uires to be increased. Hence the extent to which interfereiua^ 
can be obsei’ved is limited only by the resolving power of the sp(‘Ctro- 
s coped 

If tAvo d.uk hjinds appeal- in determinate parts of the spectrum 
cor‘r(‘s|)onding to Av^•lV(^ hmgths A and A', then Iw the abovi* equation 

('2n 

Avhere ti and ii' ar(' tAvo Avhole numliers, and (S is tlie difference of the 
distances of tin* intei-feiing oiigins from th(‘, slit in tin* screen. Ih;- 
twc(‘n th(‘st‘ two l>ands a numl>er N of other dark bands may occur 
which can b(‘ counted. Then Ave liavi^ 

, , li/M- 1 X - X' 


or - I N ■ I ’ 

Knowing ii or ii' we can calculate <% the ridative retardation of tlu^ 
piMicils Avhen th(*y reach th(‘. slit. *' 

101. Achromatic Interference Bands. — Tlu‘ interference bands 

‘ ll liii.", liccii usually lu'ld 1 hat (‘V(Mi it the iiuiuImu' of ohsarvahlc fringes were' not. 
limited hy overlapping, yet a major limit to tliis nundx'r would 1)(‘ determiiUMl hy 
certain irregular changes taking ]da.ee in tin* source of light. Thus it we eonsi(h‘r a. 
]>oint V so tar iVom the central line ot the fringes, that AP 1^)P is a largi* nundier 
ot wave lenglhs, then I In* light reaching P at any instant tVom P> is a larg(‘ numlier 
of wave periods in atlvaiiei* ot thai which icaelies it from A. The former wave was 
emitted from the sour<‘e some time before lln* latt(‘r. and it the natnr(* of the waves 
emitte(l liy the houi'oe has changed in the meantime, tin* waves r('aehing I’ at any 
instant from A and P> will be dishimilar, ami have* no constant j»hasi‘ relation. 

ddie irrc[jiilarif )! eontem jilat(‘d in this view ot tbe subject does not ap])ear to liaxa* 
any clearly delined meaning in tbe ease ot white light. For ('xample, in the ease of 
a moiioehromatie Mturec, it the vilu'ati(m be i’epresent(‘d by a, sinqile e(piation of tin* 
form sin(w/ 1 a), we deal with an infinite traiii ot wavi s propMgated inaperteetly 
r.'gular manner. It this train be suppos(*d broken up by siuh.h'n changes of phast* 
(triginating in t lie source, then w i* have* to deal with a system otgroujis of wav(*s, and 
the conditions of ]>ro[)agal ion Axill be altered, so that the stat<* oi' altaii's at any jioint 
ceases to be re[»rcseiited by the foregoing sinijde (‘(piation, and the ]»robl(*m becomes 
much more eonipli«-at ed. In ,M. (iony’s opinion I hi* nature of w bite light may be best 
undeistood hy assimilating it to a disinrhanee originated by a seijueiiee otentirt'ly 
iiregulai* ini[iulses. The action ota. prism is to analyse this complex disturbanei* into 
its constituents in tin* Avay a eonqdex periodic function is analyscsl into its sinijile 
harnionie comp.oiients in a Fourier s(‘ries. That interference bands may be observed 
under iiigh ndalivi* retardation willi whiter light is merely a proof ot the resolving 
power of the spectroscope and altords no criterion as to regularity in the vibration 
(see further, M. thmy, Journal dv PliyaunLC^ tom. a\ ]». Uhl, ESSti ; Loi'd 

Rayleigh, I'ldl. May. vol. xxvii, ]). KU), 18iS<J ; Arthur Scliuster, Idiil. vol. 

xxxvii, [ 1 . hOh, IShi). 


ecases to 1 >e re[>ri 
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^nliiiai’ily obtained are ln\e:hly coloured, and this lia])|)t‘iis Ix^ause, in 
the foi-ninla, 

a \ 

the distance' r is tlie same foi* all (‘ohmi's while' A is \'ai’iabled If, he)w- 
ever, l)y semie means e’ be maeh; dillerent for the* elilh'rent e‘e)l()urs so 
as te) be dii*ectly |)re)portional to A, we will have Ac=:eonst., and 
the banels will be of the same wielth for all eoloui's. The frini^^e;s will 
therefore be achromatic, anel the', waeit e)f home)i;ene'ity e)f the li’;ht will 
e)rter ne) obstacle} te) the i)re)elnetie)n of* a ]a]*<;e number of frinees. This 
may be easily arranged by nsing Lbyd’s mirror and a elilVrae-tion 
grating (Ait. 1:35, etc.) with which to fe)nn a sjieetrnm. White* 
light fremi a narre)w slit falls in sneee'ssion u|)e)n a grating anel an 
achromatic lens, so as to feirm diTractiein spectra in the' tbe-al })lane eef 
the' lens. One e)f the'se spe'ctra “ is nse'el as the} ])re)\imate} semree} eef 
light in the inte‘rfere}nco e'xperinmnt, and sine.*e the eleviatiem of any 
ceilour in the diTractiein sp(}ctnim varies as A, it is e)nly ne'ce'ssary te> 
arrange' the mii’ror see that its plane passe's thie)ngh the* white' ea'iitral 
linage in oreler tei re'alise' the e'onelitieins feir ae-liromatie* bands. W hen 
the' adjustme}nts are e'are'fnlly maele the' whe)le‘ lie‘lel is tilh'el with line* 
banels, whie h be'ce)nie‘ e}e)le)nre‘el einly at the' e'elge's ejf the* lielel. 

W ith less perfee'tiein the' elillVae-tieen sjie'ctiiini may be* re'plaea'el by 
a prismatic eeiie* se) arrange'.el that A c is ce)nstant fe)r the) nmsi Inmineeiis 
rays. “The banels are) then ae*hre)matie in the same* se'iise* that an 
e)relinary te)lesco])e is se>. Tn this case) the're' is ne> e)bje*e*t iem to a 
nu'rely virtual spectrum, anel the) e\j)eriment may be very simply 
e‘\e*e'nte}el by Lloyel’s mirre)r anel a prism e)f abeait 2U he'le] jiiNt in front 
e)f it.” 

‘•It is interesting to eabse'rve the e'llect eef e*e)le)nred glasses iipem the' 
elistine:tness e>f the* banels. If the) ae-liremiatism be* in the* gre'e'ii, a re'el 
or eirange' glass, se) far from acting as an aiel te) elistinct ne‘ss, oblite‘rate*s 
all the banels after the first tew. On the e)ther hanel, a gre*eii glass, 
absolving rays fe)r which the* banels are alreaely eemfnseel, e'eeihcrs 
aelelitional shar]me*ss. W ith the aiel e)f a re'el glass a huge* numbe'r e)f 
banels are se}e*n elistinetly, if the aeljnstme'iit be made* for this part e>f 
the) spectrum.” 

102. Displacement of the Fringes— Diminished Speed in Denser 
Media. — In the* ehahictie)!! of the) law of refrae tion the wave tlu'eery 

^ Til the* casr of the l»i-jirisin c v.-irirs, h'ji.st |ni tin* o*! iihI ist Ini' tin- 

violc'l, and this «‘\;i,L>g(‘r;itj‘s ihe- ovi'rlapjaii” and iiHTfascs i)it‘ cDlouriiii;'. 

- bore] Itayle'igli used tin* sce-niid. 

•' J.ord th‘iylcii;li, /VoV. vol. x.vviii. pp. 77, ISMC 
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pointed out that the velocity of light should he less in the denser 
more refracting media, and we mentioned in passing ftiat the emission 
theory pointed to an opposite conclusion. This point tan now be 
decided by means of the phenomena of interfeience. It is obvious 
that the central fringe is situated in that ])lace to which it takes the 
light tlie same time to travel from the two interfering origins. If now 
a thin plate of glass (or other transparent substance) be interposed 
in the path of one of the beams, the light of that beam will be retarded 
or accelerated according as it travels slower or faster in the glass than 
in air. The point then at which the two beams will arrive in the 
same time will be displaced on the screen. The central band will be 
moved towards the jiath of the beam in which the plate (Fig. 86) is 
interposed if the light travels slower in the glass, but to the opposite 

side if it travels quicker in it. The 
result is di^cisively in favour of the 
diminished velocity of light in the 
more refracting media, and the differ- 
ence of velocity may be measured l)y 
the amount l)y which the fringe ^is 

Fit;. S<;. -l)ispl<ac(Mii(!nt of tlic Central Hand, displaced. 

It is easy to calculate the relation between the displacement and 
the refractive index of the interposed plate. Let V lie the position 
of the central fringe wlien the plate is interposed in the ptith of 
the ray BP. The time of travelling over AP is the same as that 
of travelling over BP; hence if v and r denote the velocities in 
air and in the ])late respectively, J^^d e the thickness of the [date, 
then 

UP 

n 7/ r ’ 

BP-r [ = 



Hence 




if the central fringe is displaced through the distance occupied liy n 
fringes, a result which was o)>vious, for the retardation introduced by 
the passage through the plate is (// - l)c. 

103. Application to the Determination of Refractive Indices. — 
The amount of displacement in the foregoing important experiment 
furnishes us with a method of determining the refiactive index of a 
substance when the displacement of the central fringe and the thick- 
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i^ss of the plate are kiiown.^ Fresnel and Arago - applied it to the 
determination oi^the refractive indices of gases. It is susceptible of 
great accuracy, the minutest change in the index of refraction of air 
being observed, — such, for instance, as the change due to a rise of 
of a degree in temperature. 

By the same method it was ascertained that the refractive index 
of dry air is about one-millionth greater than that, of air saturated 
with vapour. Arago also pointed out that the scintillation of the 
stars is due to interference arising from the changes in the refracting 
powers of portions of the atmosphere through which the diffennit 
portions of light reach the eye. 

M. Billet'^ has devised a very convenient method of producing 
interference fringes, and showing the elleet of a plate interposed in 
the path of one of the interfering pencils in displacing the fringes. It 
consists of a lens cut into two halves, L and 1/ (Fig. 87), which can be 
separated or l)rought close together at will by means of a micrometer 



screw. Their sections arc brought parallel ])y turning one of them 
round a fixed axis ])y means of another screw. The lumirious origin 
O produces two images A and B situated on the optic axes OA and 
OB of the two halves, the motion of which allows the images A and B 
to be brought as close togethei* as desired. The light diverging from 
these images produces fringes on a screen placed at any part of their 
common path, and it is easy to interpose [)hites of any transparent 
substance in the })ath of either or of both simiiltaneonsly. 

With the bi-prism the thin ])late may be placed over one-half of 
the prism, or if two plates ai’e to be compared, one may be placed 
over each half. These (‘xperiments wei*e first execaited by Fresnel 
and Araino,*^ and gave rise to the construction of interference 

o ^ o 

I’efractometers. 

^ It also determines c when we know fj, and tin; dis]»Iaee.meiii . 

“ Ry ohserving the position of tlie fringes funned hy two rays, one of whieli 
passed througli vaeniim and the other through air. 

A/uk dc Chinile ct dc Plnjs., third se,ries, tom. Ixiv. p. 38;",. 

(Kuvresde Fresnel, tom. i. ]'.p. 125, 691, and several memoirs of Arago {(Kuercs, 
tom. X. pp. 298, 312). 
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An ingenious modification of Billet’s experiment has been recent^^ 
suggested by M. G. Meslin/ in which fringes of a circular form aie 
obtained. Thus in all the forms of experiment so far described the 
line AB joining the interfering sources is at right angles to the 
direction of propagation of the light, and for this reason the fringes 
obtained on the screen on which the light falls are approximately right 
lines parallel to AB. This is the case because the surfaces of constant 
retardation are hyper))oloids of revolution round the line AB, having 
A and B for foci. But if by any means the line AB is turned so as to 
be parallel to the direction of propagation of the light — that is, if it is 
Circular turned so as to pass through 0 — then the axis of revolution of the 
fringes. Qf interference will be perpendicular to the screen, and their 

cross sections on tlie screen will be a system of concentric circles. In 
Billet’s experiment AB is at right angles to the central line, because L 
and L' are separated by displacement at right angles to this line, but 
if the displacement were made parallel to this line, then the line AB 
would pass through 0. 

This is shown in Fig. 88, in which the lower half of the lens is 
displaced through an interval CC' parallel to the central line. With 
this arrangement the light which ])asses through L is brought to 
focus A on the line joining 0 to its optic centre C, while tlie light 
passing through 1/ is brought to a focus B on the same lino, and if a 
screen PQ be placed anywhere between A and B, interference fringes 
will bo depicted on it in the region of the ovcT'lapping beams of light. 
The surfaces of constant retardation in this case are not hyperboloids 
but ellipsoids of revolution round the line AB, and having A and B 
for foci. For if we consider any point X on the screen which receiN Cs 
light from both L and 1/, the light reaching it from L will have 
travelled over a path 6 + AX, where 5 represents the e(iuivaleiit path 
from 0 to A and is the same for all rays passing through L. Similarly 
the light reaching X from L' will have travelled over a path (V - BX, 
where 8' is the e(pu valent path from 0 to B through I/. The difier- 
ence of path at X for the two constituents is consecjuently 

(54-AX) (5' BX)-(5-5') i-AX-i P>.\. 


5' - 5 - AH = iu>i)st., 

consequently the path retardation at X is 

AX J BX- AB, 


' 0. Mesliii, Coriijitrs Jietii/iin, 189:3 ; and Jounml (h 3’““, tom. ii. 

p. 205, lH9;i. 
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if this is to remain constant we must have 
AX + HX — const. 

That is, X must lie on the surface of an ellipsoid of revolution, having 
A and B for foci. The cross section of any one of these clli])soids by 
the plane PQ is a circle, and bright and dark bands are accordingly a 
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system of concentric circular rings. These circles are not, however, 
complete, for the beams of light overlap only on om*. side of the 
central line, and at most only half of the complete system, i.e. 
semicircles can be obtained. 


Emnipb' 


For a given ])osition of the screen jh’ovc that the radii ot‘ tlie consec\itivo rings 
arc ]»roporti()nal to the s(piarc roots of the whole numbers 1, 2, 3, etc. 

[Take the middle jioint of AB as origin and the line AB as axis of so that tlui 
equation of any one of the elU]Kscs may be written in tlie form 

a- 

wheri5 AX -1 BX - 2a. llenc(; if AB — 2(; the relative retardation at X is 
5-AXiBX AB-2(a <•)• 

But /3“ = a“ and eonse([iU*ntIy, since d is small compared with eitlier a or c*, we 
h ave approxin i ate 1 y 

— (a - c){a -e r) I5{a -1- c) — cd ; 

since a--c-\- .15 is nearly equal to c. Hence, in the (apiation of the, ellipse, 





we may write a-e and fi ^'<*5, so that we have 



But /y is the radius of the ring corresponding to the retardation 5, and for the 
Indght and dark rings 5 - acconling as m is even or odd. 

When the screen passes through tin; middle tjoint of AJ5 tin,* rings reach their 
2iiaximum size, when x = (S they degenerate to zero.] 

M 
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104. Abnormal Displacement of the Central Band. — It has 

pointed out by Sir 0. Cx. Stokes^ that the method ol* determining the 
refractive index of a plate by the displacement of a system of inter- 
ference fringes is subject to a theoretical error depending on the 
dispersive power of the plate. In the absence of dispersion the 
retardation (8) introduced by the plate would be independent of 
A, and would therefore be completely compensated at the point 
.T = aSje. liUt when there is dispersion the retardation S depends on 
A, and the different colours arc unequally retarded by the plate. 
The violet fringe system will consequently be most displaced, and the 
red least. If u l)e the linear displacement of the fringe system of 
wave length A, we have a = a^/c and S = (/x - 1 )e = /(A) suppose, con- 
sequently 

( 1 ) 

The centre of the complete displaced system is therefore not neces- 
sarily at the point reached by the two pencils in the same time, but is 
determined l)y the coincidence of bright l)ands of the most brilliant 
parts of the spectrum. Measured from the original centre, the position 
of the nth. bright band of wave length A will bo 

-l- |^ 'aX+/(X) I .... (2) 

When this quantity is as independent of A as possible, the best coin- 
cidence of the various luight bands will occur, and the position will 
correspond to the centre, or, as (Jornu terms it, the achromatic band 
of the displaced system. This will happen when d.r/r/A-O, or when 
n is the nearest integer to 


Substituting this value of n. in (2) we find for the displacement of 
the central white l)and 

= (3) 

where /(A) ^ (/x - l)r. 

This when expressed in terms of n gives by (1) 




^ Brit, ^issoc. Iteporlj ISfiO : also Math. a.nd Blnis. Pn 2 >erti, vol. ii. |>. ‘i61. 
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^id when expressed in terms of the band width ir ^ nkjc, we have 
Airy’s ^ formula 

du 



The final term on the right-hand side of each of these e(iuations 
is inherently negative, for since the refrangibility increases as the wave 
length decreases, it follows that the displacement of the bands corre- 
sponding to a given wave length must increase as the wave length (oi* 
hand width) decreases. Hence dn and d\ (or dw) must have opposite 
signs. The final term in the foregoing equations (which represents 
the abnormal displacement of the central white band caused by disper- 
sion) will consequently be additive, and ivill the normal eftect 

of the interposed plate. 


Exercise . — Assuming tlio truth of Cauchy’^s formula, 


the relative error is 


* B (; 

+ . . . 


\/'(\) 1 / • 215 , 40 

/(\) lU- ^ ■ ■ ■ '’ 




105. Abnormal Displacement of the Fringes by a Prism — 
Potter’s Experiment. — ,Ke[)eating an experiment of l*rof(‘ssor 
Powell’s,- Mr. Potter^ found that a ])rism interposed in the pencils 
of light re fleeted from Fresnel’s mirrors, arranged to jjrodnce inter- 
ference bands, systematically deviated the fringes towards the thick 
end of the prism by an amount greater than that of the calculated 
centre of the interfering pencils. This he camsidered inconsistent 


' “Romarks on Mr. Potter's Kxporimeiit on Interfereiicu ” (G. B. Airy, HtU. 
Miuj. March 1833). 

Powell’s exj)crimcut was a simple variation ol thatol Art. 102. T’he int(0‘posi- 
tion of the thin plate is atten<l(Hl by dillicultit^s on aeeonnt of llu^ extreme in-oximity 
of the interfering ])oneils. Powell suggested the use ol a tliin ]>rism of 4 or h re- 
fracting angle, the ejlge of the prism being j)arallel to tin*, line ol intersection ol the 
mirrors. The two ])encils tlien ]»ass through dill(n*cnt thickness(!s of the ju’ism. 
Powell says, “The whole set of strij)es are seen in tlui deviated image, unaltered, 
except by a trifling degree of colour and a sliglit shifting towards the more refrangible 
end of the spectrum, obviously due to prismatic refraction ” (Rev. Baden Powell, 
Phil. Mmj. and Ann. January 1832). 

•* The prism used by Potter was an ordinary glass i)risni of 43'’ angle (R. Potter, 
jun., Phil. Ma(j. February 1833). 
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with both tile w;ive and emission theories, but Sir G. B. Airy-^^ 
showed at once that this phenomenon followed as an immediate con- 
sequence of the wave theory. The investigation is that which wc 
have already ajiplied to determine the position of the central or 
achromatic band when the fringes are displacc'd by a ])latc inter- 
posed in the path of one of the jiencils. If i( be the linear dis]}lacement 
of the fringes cori’esponding to a Avave length X and the Avidth of a 
band, the displacement of the achi‘omatic band is 

tht 

// ir 


as before. The ({uantity (/n;(hr being luigative, the abnormal ellect is 
added to the regular deviation produced by the prism. 

The abnormal <lis{)lacement of the central band is tlu'.refore a con- 
setpience of the heterogeneity of the light. In fact, Avith ])erfectly 
homogeneous light aa^c aa^ouM have nothing AAdiereby to distinguish the 
central band, for the fringe system Avould consist of a set of perfectly 
similar bands. The ellect of the jirisni is to disj)lace the apparent 
centre of the system. The //th band is rendered achromatic, but 
the syst(mi is no more achromatic than before^, for the Avidths of the 
component bands and the overlapping remain unalt(*i*ed. 

If a dilTraction grating be used instead of a prism, the deviation 
Avill vary as the Avave length — that is, // varies as vr, and consecpiently 
y ~ (nlitjdiL' — 0 . 

106. Talbot’s Bands.-- A remarkable system of bands Avas dis- 
covered by 11. F. Talbot,- ami their complete explanation Avas first 
giA^en by Aiiy,*^ Avhose calculation is A^ery compIicaXed, but his final 
n'sult may be obtained from very elementary considerations, AAdiich 
ai’(i given in the theory of dillraction (see Art. 15.^)). At [)resent avc 
shall ni{ 3 rcly give Talbots g(*neral account. lie describes his ex])eri- 
ment as folloAVS : “Make a circular hole in a ])iece of card of the size 
of the ])upil of the eye. (’over one-half of this opening Avith an 
extremely thin film of glass (probably mica would ansAver the purpose 
as Avell, or bettei). Then vicAV through this aperture a perfect s})ec- 
trum formed by a ])rism of mod(U‘ate dispersive })OAver, and th(‘. spectrum 
Avill a])[)ear covercal tlii’oughout its entire length Avitli ])arallel obscure 
bands resembling the absor[)tion produced by iodine vapour.’' 

In Fig. 89 the thin plate is repi’esented in tliree dilfeniiit positions. 

' “ Hull larks on Mr. Potter’s Exp(?riiii(ait on Intertoroiioo ” (G. I>. Airy, /Vz/Y. 
Ma(j. Marcli 18:t‘5). 

11. P. Talkot, rinl. Mifi/. 18:J7, parti, p. :i61. 

■* Airy, P/dl. Trans. 1810, part ii. ‘225, and 1811, p. 1. 
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Ij it is situated directly between the eye of the o])8erver and the 
eyepiece of ^ the telescope, 
at M it is placed between 
the prism and the o})ject 
glass, and at N ))etween 
the prism and the colli- 
mator. 

An imperfect explan- Si».--Tuii).)t s n.m.is. 

ation of the bands was given by Talbot on the principle of sinn)le 
interference. Thus if be the retardation snIleiTid ])y any ray, 
of wave length A, in passing through the [date, then one-half of 
the light passing through the aperture will be retanhiil relatively to 
that which ])asses through the other, and if the ([uotient is a 
whole number, the two halves will agree in [)has(‘., but if (S is e<[ual to 
('2n 4 - 1)1 A, they will be opposite in phase and destroy (‘ach other. 
Now fS/A vaides from one cadour to another, so that agrianneiit and 
opposition in ])hase will recur alternately as we [)ass from one end 
of the spectrum to the other. It is conseijuently traversed by a 
system of dark ])ands. 

A similar experiment is that of Jlrewstcr,^ by which he imagined 
he had discovered what he termed a new polarity of light. “ While 
examining the solar spectrum formed in the focus of an achromatic 
telesco[)e after the manner of Frauidiofer, he placed a thin [)late of 
glass before his eye in such a manner as to inttncej)t and retard one- 
half of the j)encil whi(di was entering one-half of the [)Upil. He was 
tlnm sur[)nsed to find that when the edge of the retarding glass plate 
was turned towards the red end of the s[)ectrum, intensely black lint‘s 
made their ap[)earance . . , but upon tuiaiing the ])la,t(i of glass half 
round (still ke(*-ping its ])lane perpendicular to the axis of the eye), so 
as to present the (‘dge [)ast which the rays cntiucal the eye to the 
vioh't end of the S[)ectrum, the dark bamls disa,[)peared.” In inter- 
mediate positions the bands a,p|)eared nio]*e r)r h‘ss distinct, according 
as the edge was more [)resented to tlui real or to the violet end. Tlie 
thinnei* tin', glass the more distinct th(‘ lines, and they W(U‘e formed in 
any part of the S])ectrum. Jlrewster nmiarkcMl thaX ‘'An examination 
of these lines affords the very b(‘st means of determining the dispersive 
powers of substances ; for their distance from oikj anotlun* increases 
or dimifiishes exactly as tlie entire length of tin*, spectrum is iiici'eased 
or diminished, and the numl>ei’ of them in the same part, of two spectra 
of ditferent lengths is always the same.” 



* “On a now Polarity of Light” (Sir 1 ). Brewstin*, Jirif. Anfior. Rr.})ort, 1867). 
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107. Powell’s Bands.^ — In a hollow glass prisig (Fig. 90) cori- 
taining some highly refractive liquid, such as oil of sassafras, anise, or 
cassia, a plate of glass is inserted with its lower edge parallel to the 
edge of the prism, and so that its plane nearly bisects the angle of the 
prism, while it extends only through the upper half of the liquid, 
leaving the lower or thinner part clear. The light from a slit being 
transmitted through it in the usual manner, the spectrum thus formed 
is crossed by a number of dark bands parallel to the slit or edge of 
the prism. 

With some liquids and plates the bands are sensibly equidistant ; 
in others they increase in number and fineness towards one end of the 
spectrum. In most cases they extend throughout, but in some they 
are deficient at one part of the sj^ectrum. 

If the thickness of the plate exceed a certain limit the bands 
become too numerous and too fine to be seen ; if less than a certain 



'.>0. — I’owell's !>1. 


limit they beccjine too few, broad and faint ; while for some inter- 
mediate thickness they a[)pcar most vivid and distinct. 

When the plate is inclined either way, even to being in contact 
with the side of the prism, the bands arc still seen, but they suffer a 
slight displacement downwards as the plate is inclined. 

Some combinations of liquid and plate, such as glass with oil of 
turpentine, or water, give no bands with this arrangement. Stokes 
pointed out that in this case bands are produced l>y placing the plate 
in the thinner part of the prism, leaving the wider part clear 
(Fig. 91). 

With plates of ciystallised substiinces, such as Iceland spar, two 
sets of bands, one finer than the other, are presented. On applying 
a Nicol’s prism (chap xi.) each set disappears alternately, leaving the 
other visible at each quarter of a revolution of the analyser, showing 
that they are due to the two oppositely polarised pencils. The finer 
bands belong to the extraordinary, and the broader to the ordinary 
ray. 


“ On a new Case of Interference of Light” (Baden Powell, Vhil. Trans. 1848). 
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^ The explanation of the general ^ formation of the bands is afforded 
by the single interference theory. The plate having a refractive 
index differing from that of the liquid, causes one part of the pencil 
passing through the prism to be retarded relatively to the othei*, ]>y 
an amount which increases from one end of the spectrum to the other ; 
and as this difference of phase amounts successively for the various 
colours to an odd or even multiple of tt, the two parts will be in 
discordance for some or accordance for other wa\'es, and produce 
corresponding dark or bright l)ands in the spectrum. 

These phenomena arc analogous to those observed by Fox Talbot 
and Sir L). Brewster, on partially intercepting the sp(ictrum by a plate 
of mica covering half the pupil of the eye. 

Here the retardation is that due to the differ- 
ence of I'efraction of a plate of glass and an 
equal thickness of liquid, and in the other 
cas(;s it is the difference between the mica 
and the dis})laced air. Hence Stokes has * 

varied the experiment by inserting the glass plate in a vessel with 
parallel sides, and allowing the light from a prism to fall upon it 
(Fig 92). 



j!j.nu}ijdes 

1. Assiiiiiin^- t lie truth (»f (Jaucliy’s law of dispersion, detenu iiie to wliat degree 
of a])|)roxiniatioii \/c can be made indeqanidiMit of \ l>y means of a prism in tlie ex- 
])eriment of Art. 101. 

[A(*(;ording to Cauchy’s law we, may tak(; e-A- B/V", and (iieretbre 

\ 

B* 

Hence if \/c is to he stationary when \ has a ju'escrihed value A,„ we must have 
d{\/c)=^0, that is, 

AV-3B. 

The ]U‘o])orti()nal deviation of X/c from the prescribed value X„/(\, is conse«{Uently 


'V'L^ 2 ^ -| 

Xo/r„ -JX,, X“ - f,X„“ J 


2. If the a(diromatism is to hold good in the neighbourhood of tlie J) lim; 
(Xr— * 58890), tind the pro])ortional variation of X/c* for the C liiie (X,. = *65618). 
[Using the formula of Ex. 1 we have X„- *58890 and X— *65618, thereforii 


\/c 


^1*0155.] 


^ The complete in ve.^tigation ha.s been given by Stokes {Phil. Trans. 227, 
1848 ; Math, and Phys. Papers, vol. ii. ]i. 14). 

- These Examples are takim from Lord Rayleigh’s article, loc. cit. 
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8. In Ex. 2 d(3torinine the order (w) of the band at which the C-system is dis4 
}»la(;od throiigli Imlf a band width relatively to the D system. ^ 

[The relative displacement at the ?tth bright band is dx — 7 ia{\/r, - >o/c*o) — 
if the displacement is half a band width. 

Hence 

— . 

' X/c-XJco 

Using Kx. 2 this reduces to 32 — that is, after 32 complete ]>eriods the bright 

bands of oiu* sy.stem coincide with the dark bands of the other.] 

4. If the prism be not emidoyed, prove that tlio bright bands of one of tin; 
systems of Ex. 3 wdll coincide with the dark bands of the other w'hen ?i = 4‘2. 

[When the [)rism is not employed c is constant and the formula for 7i in Ex. 3 
becomes 


f). If tlic- two syst(3ms differ in wave hmgtli by a small amount 5X, ])rove that 
the formula for -n in Ex. 3 becomes approximately 


?fc — 



[This formula gives the order of the band at which complete discrepance first 
occurs between the systems X,) and X„-|-5X, and it shows that when d\ is small the 
ord(ir of the band is in versify proportional to the square of 5X. * 

The corresponding clfect will occur without a prism at the band 


n — 


_i>\) 

X -X,, ' 5X ’ 


so that the etlbet of the [u ism is to increase the number of l)ands in the ratio 


2X„ : 35X.] 



CHAPTER VIII 

hNTKRFEllEN(’K BY ISCTIROVR^ FLATES 

Section I. — -Thk Coi.ouiis of Tiikn Plates 

108 . General Statement of the Phenomena. — The examples of 
interference which we are now about to discuss are noteworthy on 
account of the peculiarities which they present and theii* frequent 
occurrence to ordinary ol)servation. Here it is no longer necessary to 
have a very narrow source of light. 

When ordinary white light falls upon a thin film of a transparent 
substance, such as a soa]) bubble or a film of oil spread on the surface 
of water, brilliant colours are generally ol)served, and sometimes all the 
tints of the rainbow are exhibited. These colours were first ol)served 
l)y Boyle and Hooke, and the latter succeeded in blowing glass 
sufficiently thin to exhibit them distinctly.^ They are often developed 
in mica and other minerals which possess a lannfilar structure, but the 
most familiar instance of their exhibition is in the froth of liquids and 
films of oil. The colours vary with the thickness of the film, and 
disappear altogether when it exceeds certain limits. This is well 
exhibited l)y dipping the mouth of a wine glass into soap water. The 
viscid aqueous film which adhewes to it after immersion displays the 
whole succession of these phenomena. When the film covering the 
mouth of the glass is held in a vertical plane it appears at first uni- 
formly white, but as it grows thinner by the gradual descent of the 
fiuid, colours begin to be exhilnted at the top, where it is thinnest. 
These colours form horizontal bands which become more and more 
brilliant as the thickness diminishes, Init when the thickness is reduced 
to a certain limit at the upper part the film becomes quite black, and 
it has at this place arrived at such a stage of tenuity that it is no 
longer able to support its own weight, and the film bursts. 

Every one is familiar with the fact that polished steel becomes 

* A novi(‘o ill tlie art of glass-blowing may succoimI in tliis ex[»eriment. 
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coloured in various shades when exposed to the air.^ These colours 
are due to a thin film of the oxide of the metal which i^ gradually 
formed on the surface.^ 

The same a})pearances are displayed in a still more striking 
manner when two plates of glass (which contain a thin film of air 
between them) are pressed together, or when a convex lens is laid on 
a plate of glass. Around the point of nearest approach successions of 
coloured rings of great l)rillianey are presented, which dilate as the 
pi’essure is increased so as to diminish the thickness of the included 
air film. 

109. Thin Plates — Retardation. — Let us now consider the case of 
homogeneous light falling upon a thin uniform plate or film of a trans- 
parent isotropic substance, for example, a film of air enclosed between 
two pai'allcl plates of glass. 

The light incident in the direction (Fig. 93) on the first 

surface of the film is divided there into two portions, one reflected 

{larallel to BC and the other transmitted 
parallel to B^Cj. This latter portion is 
further divided at the second surface, ore 
part being transmitted and the other re- 
flected back along C^B to sutler refraction at 
B and emerge in part fi*om the plate ngain 
in the direction B(^, making an angle with 
the normal C(pial to the angle of incidence. 
The direction BC is therefore the same 
as that of tin; light which is directly reflected at the first surface. In 
this direction we have therefore two streams of light, one coming 
from the first surface by the reflection there of the incident light, 
and the other emerging from the first surface after it has been re- 
fracted into the plate and reflected at the second suiface. This latter 
stream of light having traversed the plate, will be retarded relatively 
to the light which is reflected directly at the first surface. The tAVo 
streams Avill reinforce or Aveakeii each other according as they are in 
the same or in opposite phases.^ 

^ Tliis oxide is forined rapidly when the temperature is high, and the thickness 
of the film de])ends so invariably on the temperature that artists are in the habit 
of estimating the temi)eratiiro by the eolour developed. Thus steel in the process 
of tempering is spoken of as having received a yellow heat or blue heat, etc. 

“ “ Tliis mode of ex])lainiiig the phenomena of thin ])]ates Avas pointed out by 
Hooke in a remarkable i)assage in his Micro<jraphla some years before the subject 
Avas taken up by NeAvton. In this ])assage he very clearly describes the manner in 
Avhich the rings of successiA^e onlers dejiend on the interval of retardation of the 
second ‘ pulse’ or Avave with respect to the first, and therefore on the thickness of 



t’ig. ‘.>3. — Thin I’latn, Uctanlation. 
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The calculation of the difference of phase of these two streams of 
light is very simple. Draw B^D and BD^ perj)endicular to AB and 
BjCj respectively. Thus B^D and BD^ are the fronts of the incident 
and refracted waA^es respectively. At the instant the light from D 
reaches B the distur])ance from Bj has travelled to Dj in the second 
mcidium. Accoi‘di?igly the first pencil of light is about to leave the 
surface at B along BC at the same instant as the refracted ray is 
leaving D^ to traverse DjC^B. The retardation is therefore 

5-C,Di + C,B. 

Bi-oduce BjC^ to meet at K the normal drawn to the plate at B. 
Then if r be the angle of rcifraction into the plate it is obvious that 
BECj = r, CjB ~ ( and therefore 

5 — D, E — BE cos r — 2/^ cos >*, 

where e is the thickness of the fflni. 

So far the theory seems to indicate that the brightness will be 
greatest Avhen the difFerence of path 2ecosr is an even number of half 
wave lengths, and least when this diATerence is an odd mimbei* of half 
waves, but the results of observatioii show that the conditions of light 
and shade are exactly reversed. 

Now if the difference of phase depends only on the difference of 
path travei’sed by the pencils, when this difference vanishes (which is 
the case when the thickness of the film is infinitesimally small) the two 
pencils should be in the same phase and the illumination should be a 
maximum. But Ave know that if at any poiiit the thickness of the 
plate is zero there Avill not be any light reflected there, and the point 
will a])2)ear dark; the light passes straight through. Hence Ave have 
arrived at two opposite conclusions, and of these two tln^ latter is 
undoubtedly correct. The difference of phase therefore must depend 
on something else as well as on the diff*(irencc of path traversiid by the 
pencils. This second element is not far to seek. 

It has been shoAvn (Art. 57) that Avhen a pulse travels along a i*oav 

the plate. But he tlocs not seem to liave had any distinct idea of the ])rinciple of 
interference itself, and his conception of the mode in wliieh the colours resulte<l from 
this ‘ duplicated pulse ’ is entirely erroneous. Euler was the next who attempted 
to connect the phenomena of thin plates with the wave theory of li^ht, but the 
attempt, like all the ])hysical speculations of this great mathematician, was signally 
unsuccessful, and the subject remained in this unsettled state until the principle of 
interference was discovered by Young. AVlien this jnincijde was combined with the 
suggestion of Hooke the Avhole mystery vanished. The application was made by 
Young liimself, and all the principal laws of the phenomena were readily and simply 
explained” (Lloyd, Elcmcnlary Treatise on the JVare Theory of Liyht, third edition, 
p. 138). 
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of balls (or a cord) and passes into another row of diljei'ent density, it"^ 
is subdividiid into two jnilses, oikj traversing the second system and 
the otlun* rellected in tli(‘ first systimi. Let us confine (Uir attention 
to th(i refi(!(^ted wa\'e. Suppose tlie first pulse to be propagated as a 
forward displacement, tlum the reflect(;(l pulse will be propagated as a 
dis])lac(nncnt in the direction of propagation oi* the r(5vers(^, according 
as the first system is h^ss or morii dense than the second. In the first 
case th(*. ])uls(i is reflected without change of sign, in the second it is 
reflect(id with change of sign. The displacement in one case is in the 
opposite direction to that in the othei*, so that if the two were su])er- 
posed they would neutralise, each other. This is. expressed by spying 
that the waves are in opposite; ])hases (sec. further, Art. 112). 

Now in the; case of the thin plate, if the; light at the uppei’ face is 
reflect(;d in passing from a dense m(;dium to a i*;u‘e, tluai at the 
second surface it is i‘(;H{;ct.(;d in jiassing from rare to dense, ddie two 
portions are ndlected un(h;r opjmsite; conditions, so that if om; is 
reflect(;d without change; of sign, the other is ]‘efiect(;d with change (.)f 
sign, and the two rell(;ct(;d wav(.;s are in op|)osit(; phases. Accordingly 
tlu; act of i*eflection under the op])osite conditions introduces halfta 
|)eriod dillerencc. of phase*. Hence the whole retai’dation is 

'ir COS /* I .y\ 

m(‘asui‘(Ml in tlu; nu 3 dium of which the plate is compos(.;d. If /a be the 
r(;fi‘acti V(! ind(;\ of tlu; matei'ial of the ])late, the air distance; which 
corresponels to this is 

‘J/xc cos /• 1 .L\ 

where A is now the wave length in air. The illumination of the plate 
will consequently be a maximum if 2c cos r an ejdd number of half 
waves (mcasur’e'd in the; plate), a minimum if 2c e;os r - an e;ven 
numbei’ of half wave lengths. If c — 0, or the thickness of the plate 
is infinite*ly small, the; retardation is half a wave and the illumination 
is a minimum, which agrees with experiment. If the wave; length be 
nu'asui’cd in air the bi'ightne^ss will be gre;atest when 2/ac cos r is an 
odd numbei' of half Avave; lengths, anel least when the same; epiantity is 
an e;ve;n number. 

In the fore;g(jing we have been cejnsielering hemiogeneoiis light— 
that is, light (3f a elefinite wave le;ngth A. If, however, the incident 
light is heterogeneous, and contains many Avave lengths for A\diich A, /a, 
and r are ditferent, it Avill happen that the condition fe^r lirightness 
will be satisfied by some of the ceinstituent Avaves, Avhile the condition 
for darkness is satisfied by others. It folloAVs, therefore, that in the 



ART. 109 


HALF WAVE LEN(;TII lost 


173 


'^^’efloctcd boiim only some of the coiistitiumts of the original light will 
he represented. ' 

Thus wlien ordinary solar light is ineident on a thin film the 
light which (;omes from any point of it to the eye will not include 
any of the wave length satisfying tin* erpiation (A being the wave 
length in air) 

"Ifir i‘()S /• - n\ 

whei'e // is any whole number. The light from this point will be 
accordingly coloui’ed, tlu'. colour at any point depending both on 
the thickiKiss of the film a.nd on the angle of incidences If the 
angle of incidemce. or the thickiusss varies from ])oiut to j)oint of 
the film, eori'csponding variations of coloui* will occur, but if the 
incidence and thickness be constant, the coloui* will be unifoi*m. If 
the light returning from any point of the film be analysed in a spec- 
troscope the spectrum will conscepumtly be crossed by certain dai’k 
bands corres2)onding to those waves which havi^ Ixicn neuti*alis(ul by 
interference. The number and closeness of these dar*k bands will 
increase Avith the thickness of the ])late, and Avlum tlui thickness 
]*each(;s a certain limit they become so fine and close that the 
1‘csolving power of the sjiectroscopc may fail to sep.arate them. 

This means that int(‘rferenec has ceased to be observable by reason of 
<;xcessive ovei'lapjhng. This overlapping incixxises with the thickness ovt-r- 
of the plate, and leads to the obliteration of the bands, but it should 
be remembered that interfer(*nc(‘. ta.kes place in thick ])lat(ss just as in 
thin, in tlui same way as interfei*enc(‘- (exists in Fresn(*Ts exjieriment 
in the i*(*gions distant from the centi’al lin(‘.. Tin? thinmn* tin*- plate 
the less the overlapping, and the moi*c obsei’vablo the ])hen(nn(Mion. 

This overlap2)ing will be diminished, and the limiting thick m‘ss of th(‘ 

])lat(‘. at which interfei’cnce ca,n be observed Avill 1 )(‘ increased by 
incriiasing the homogcmnty of the light. 

A simple casii is that in which the film is a thin wedge bounded 
by two 2)lanes inclined at a small angle. Tlui lim^s of (xpial thickness 
are parallel to the edge of the film, conse(juenlly with moimchromatic 
light it Avill a2)pea,r crossed by a system of ])ai'alhO ])riglit and dai'k 
bars, and with white light these are replaced by a sysUnji of paralhd 
(joloured bands. 

In general, however, it is not necessary to resort to any pa!*ticular 
contrivance in oi*der to obtain interfei'cmce fringiis by r(‘Hectio!i fi*om 
tliin films. Jf a film of uniform thickness (*ould b(^ procurer 1 it would 
apf^ear uniformly coloured Avhen a beam of 2)arall(!l light is i*(‘th‘cted Friii<.^t*s 
fi'om it. In practice, howevin*, it is impossilde to secure 2)(n*fectly 
plane surfaces, and the film- of air enclosed betwecii two so-called 
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parallel plates of glass is not of uniform thickness throughout. As 
consequence the film, instead of being uniformly colioured, generally 
exhibits coloured fringes forming curves which encircle the points of 
nearest approach of the plates. We are thus furnished with an 
exceedingly delicate optical test of the planeness of the surfaces. On 
pi’essing the plates closer together so as to reduce the thickness of the 
film the liands dilate, showing how the colour at any point depends 
upon the thickness of the film. 

110. Influence of Dispersion on the Colour of a Film — Con- 
dition for Achromatism. — The order of the colours in fringes pre- 
sented by thin films (or the series of tints passed through by a film of 
uniform thickness as the thickness is varied) may differ considerably 
from that exhibited in the interference bands produced by the mirrors 
of Fresnel and Lloyd. This arises from the fact that in the latter 
case the path retardation ((^) at any given point is the same for all 
wave lengths, and consequently the phase retardation S/X varies from 
colour to colour liy reason of the variation of A alone. In the case of 
a film, however, there is a second agency through which the phase 
retardation may be altered, namely, the dispersion within the film, 
and the change arising from this cause may be either of the same or 
of opposite sign to that arising from the variation of A when there is 
no dispersion, so that the colour effect may be either increased or 
diminished by it. 

Thus, let us consider a definite case in which a uniform film, 
enclosed betwcien two iidinite media A and B, is yiewed by an eye 
situated in A, and let a parallel beam of wdiite light traversing the 
medium A fall upon the film so as to bo reflected to the eye in (]ues- 
tion. In this case the angle of incidence is the same for all Avave 
lengths, but the angle of refraction into the film is different for the 
different colours. As a consequence the path retardation 2e cos r 
varies from colour to colour, and the expression for the phase retarda- 
tion for a given colour (namely, 2e cos r/A) varies both in its numerator 
and denominator. When the variation of cos r is the same as that of 
A for all values of A, the phase retardation will be the same for all 
colours — that is, all the colours Avill be equally affected by interference, 
and the dispersion in the fdm will liavc produced achromatism. This 
will happen Avhen 

cos r , , 

-constant, 

A 

and the corresponding angle of incidence is determined by this 
condition, where A is the wave length measured in the film. 

It can be easily seen that achromatism may be produced in this 
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^niaiiiier when the film is less refracting than the media l>etween which 
it is enclosed. For in this case the angle of refraction into the film 
increases with the refrangihility of the light — that is, r increases, or 
cos r diminishes, as A diminishes, and consequently there may l)e 
some angle of incidence for which the variation of cos r is the same 
as that of A from colour to colour, and cos?’/A maybe the same 
for all. When the film is more highly refracting than the enclosing 
media, on the other hand, the A^alue of cos r diminishes as A in- 
creases, and that the efiect of dispersion in the film is to exaggerate 
the colour efiect which would be produced by the variatu)n of A 
alone. 

At nearly perpendicular incidence the variation of cos r for the 
difierent colours is very small, and th(i effect of dis|)ersion on the 
colour of the plate is not xory sensible, but as the angles of incidental 
approaches the angle of total rettection from the film, the angle of 
r(?fraction ap])roaches 90*^, and the variation of cos r with A becomes 
much mor(3 considerable, and may even pass the limit at which colour 
compensation is produced. If perfect compensation should occui’, the 
])ands produced by a film of vaiiable thickness will l)e «imply black 
and white, and a uniform film will pass through alternations of black 
and white as its thickness is varied. 

In order that jxul’ect achromatism may l)e pr oduced it is clear* that 
tlui refractive irid(‘.x of the film must be r*elat(Ml to the wave length in 
some particular mairner^ — that is, there must be a par*ticular* law of dis- 
pei’siori in the film. This law is contained in the acdir ornatie (iondition 
cos r/A = const. Thus, if we write cos r = /i:A, Ave have 

sill- y — 1 - 

and consequently if i be the angle of incideiiciJ (which in the for^egoing 
case is the same for* all colour’s) at which achromatism occur s, we have 
sin r fi sin /, wher-e /x is the refractive index of the film with r espect 
to the medium A, aird consequently the law of dispersion r’Cijuiriul is 

/X- si a- i — 1 - 

Avhich may be written urrder the rnor-e general form 

It shordd be observed that the common case of a film of air enclosed 
between two parallel plates of glass does not satisfy the conditions 
demanded by the foregoing irrvestigation unless some spricial contr-iv- 
ance be adopted to cause the light to enter the glass so as to fall in a 
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parallel beam on the film.^ If no such jirecautioiis be taken a parallel 
beam of white light falling upon the first glass plate will be dispersed 
within the plate, so that the angle of incidence on the film wall vary 
from colour to colour, while the angle of refraction into the film will 
be the same for all cohmrs, and equal to the incidence on the glass 
plate. In this case the light falling upon the film is not a parallel 
beam of white light, but a dispersed beam, and the dispersion which 
occui’s in the glass is corrected by an equal and opposite dispersion in 
the film, so that the light Avithin the film is a parallel beam of white 
light. The {)ath retardation 2e cos r is consequently the same for all 
colours, and the ])hase retardation 'le cos rjk vai-ics to the full extent 
from colour to colour without compensation of any sort. The series 
of tints passed thi’ough by such a film, as its thickness is varied, 
should therefore be the same as that presemted in the intei’ference 
fringes produced 1)y FresnePs mirrors. 


EmmpJt' 


If tli(3 refractive* index /u be related to the wave l(*ngtli \ by the equation 

( 1 ) 

prove tliat achroniatisiii will be most nearly apjjroached when- 

(‘ot-r-- (2) 

[Colour conijxmsation will take j»laee when cos /-/A is stationary -'that is, when 
X sill /v^/’ + Cos / yA - 0 ..... (S) 


Ihit ju, sin sill /•, therefoiM* siiiee t is tliesaim; for all colours, we have sin /-//xirr (con- 
stant, and consc([uently 

fjL cos rdr - sin rdfi - 0 . . . . . (4 ) 


Combining (d) and (4) we obtain 

cot- /’ — 

Now by C(juation (1) we lind 

(//j, 2h 
d\ ^ 


X djui 

/JL d\ 


( 5 ) 


consequently (5) reduces at once to the required relation (2). 


^ This may be (iasily arranged by using a prism and a plate (as in Fig. 99) instead 
of two plates. A parallel beam of Avhite light imudeiit normally on one of the faces 
of the prism will fall on the him as a parallel beam of white light, and it may be so 
arranged that the. reHeete<l light falls normally on the second face of the prism so as 
to emerge to an eye in air in the condition in which it leaves the him. 

- Lord Rayleigh, r/dl. May. vol. xxviii. ]>. 192, 1889 ; and hJncii. Brit. Art. 
“ Wave Theory.” 
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111 tlie case of Clianee’s “extra-dense liiiit” glass 

% 

^ h— *984 X 10~^‘\ and for the sodium lines /4=l*6r), 

X — 5‘89x 10“’'’, eonsequently achromatism occurs Avheii 
y— 79°-80'.] 

111. More Complete Investigation — Multiple Reflections. — The 

theoiy of thin plates as it came fi-om the hands of Young laboured 
under an imperfection which, however, was soon removed. Thus it is 
easily seen that the intensities of the two portions of light reflected 
from the two surfaces of the plate are not equal.^ These two portions 
therefore can never wholly destroy one another, and the intensity of 
the light in the dark rings can never entirely vanish, as it appears to 
do when homogeneous light is employed. Poisson \vas the first to 
point out and to remedy this defect in the theoiy. It is evident, 
in fact, that there must he an infinite numlier of partial I’eflections 
within the plate, at each of which a portion is transmitted, and 
it is the sum of all these portions that must Ixi taken into 
account. 

In the foregoing discussion we assumed that the only light which 
enferged from the plate along BC (Fig. 94) is that ray which after 
refraction at B^ is reflected at C^. It is obvious, however, that there 
is a multitude of other rays Avhich 
also emerge in this direction. For if 
we take BB^ - Bj 

clear that a ray incident at 11, will 
after refraction pass along B.,(^,B^C^B 
and part of it will emerge at B along 
BC. Similarly a ray incident at B.j 
will, after alternate reflections at the in.- Muitipio Hoti( ctif>ns. 

two sui’faces of the plate, emerge in part along Bf!. It is thus 
evident that ■ the complete stream of light which issues along BC 
from the interior of the i)late consists of several pai-ts, the first of 
wdiich is by far the most poAverful and the others diminish i'a])idly to 
zero. The foregoing calculation is therefore only approximate, and it 
])ecomes necessary to calculate each of the com])onents and to sum 
their eftects. If the retardation suffered by the ray A^IqC^ in the 
plate is 5, we have 8 2e cos r, and it is obvious that the I'etardations 
of the consecutive rays incident at 11^, B.^, B^, etc., are 2(S, 38, 48, etc., 
respectively. We thus know' the phases of the components as they 
arrive at B, but to calculate their joint effect it is necessary also to 

^ The condition for tlic equality of these two portions would violate the condition 
of Art. 112. 
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know tluiir iiinplitudes. For this purpose it is necessary to examine' 
tlui relation connecting the reflection and refraction co'eflicients. 

112. Relation connecting* the Reflection and Refraction Co- 
efficients. — If the amplitude of the incident ray AB lie then the 
amplitude of the ridle.cted lay BC may he denoted hy ah whei'C h is a 
])]‘opei* fraction ; similarly the amplitude of the refracted ray may he 
(hmoted hy ac where r is some other proper fraction.^ Thus if a ray of 
amplitude a lx*, incident at B aIon<^ AB (Fig. Do), it Avill givi; rise to 
two rays B(- and BD of amplitudes al^ and er res])ectively, and if thesis 
lays h(i nwersed they should conihine agiiin to 
give a ray along BA of amplitmhi a. But if 
we reverse BC it will give us two rays, one I’e- 
flected a.long BA of am [)li tilde and anotlu'r 
refracted along Bh] of amplitude ahc. Now in 
i-eversing the ray Bl) we cannot su])])os(*. that 
the a.m])litudes of its refleet(‘d and refracted 
com])on(‘nts are ohtaim'd hy multiplying its own 
amplitude hy h and r r(‘spectively, for it is 
passing from the low(‘r to the u]>])er medium, 
wh(*reas the ray AB pass(*s fi*om the uppei* to tlu*. lowi‘a*. We will 
therefore suppose that tin* (‘omponents of BD reversed, along BA and 
BF, arc er/’and are respectively. We must then have 

tU'f i (dr ((^ 



Fii;. U.').- Uctlrctiuii aiid lic- 
IViictioii (’oi'iru-irnl s. 


since the two rays B(^ and BD reversed must give* a rav along BA 
alone of amplitude a. ddie above*, cepiations give^ 


and 


r/ - 1 - //-' - 1 - /•-, 
b= r. 


The*, last etjuation, if tin* incidence is i in one medium and r in the 
other, shows that tlu* amplitude of tlui ray arising fi’om refle(*tion at 
the surface in jiassing from the upix*!* medium to the lower is eepial to 
the am])litude of the reflected ray which would arise, if the same ray 
W(‘r(‘ r(*flected in passing from the lower medium to the upper, hut of 
of opposite sign. The reflection under the dillerent conditions therefore 
changes the phase of tlu* vibration hy half a jiei-iod. There*, is half a 

' This ijiv(‘sl,igation was given hy Slokcs (“On tin* ju'rli'cl Slackness of the 
central Spot in I*Sew ton’s Kings,” f \( nibriihfr a nd l)tddin Math. Joar. 1819, vo1. iv. 
p, 1 ; or M<dhi'iiiitf ‘n'((I and ZV///.svVn/ Pa/fcrt<, aoI, ii. ]>. 89\ 
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wave lost by one relatively to the other. P>cyon(l the critical an^h^. 
we ha\'e /’=(), anJi ^ = 1. 

If the anii)litu(le of the light incident at !> is (t^ and its phase </>, 
the amplitude of the retleeted vibration is e/>, and its (Mpiation is 

// ~ub sill 0, 

if we assume that no change of phasic is introduced )>y the act of re- 
flection/ while the e(juation of tlui vibration rctl(‘cted in passing in the 
r(‘, verse direction DP - that is, from the second imulium to tlu*, first -is 

// ah sill 0. 

Cur. — I'sing the (MU‘.rgy erpiation of Art. 08 we obtain at once 

/> 1 h- sill 2/- 
// «■“ sill 2/ 

lienee by the c(iuation (1 -lr)=zrf^ we ha\e 

/ f>' sill 2r 

«■ f> sin 2/ 

as the relation connecting the refraction (‘oeiUcieiils r and / 

Using Fresnel's form of tlu^ (‘iiergy e<juation, wi‘ have 

/ tiin / jii cos r 
r tan /• cos i 

and using MacUuHagh's, we have* 

/' sin 2/* cos /• 
c sin 2/ ju cos / 

113. Calculation of the Intensity. — \V(‘ can now calculate th(‘ 
int(insity of the light inflected from the plate,. 

Fh(‘- amj)litu(l(* of tln^ light which mnerges at P (Pig. hi) aftei* 
incidence at P^ is ecc/‘ and its phase is </> i o; similarly tlni amplitiuh*/- 
of the light which emerg(*s fiom P along the path IUU..P,U,P is 
cc//’ ;tnd its [ihase is </> -i- 20. TTie amplitude of t la^ mvxt ray is 
orv-y’ and its phase is </> + Oo. Tdie expiations of tlu‘si‘ vilnations ar(‘ 

//] — . f/cc/’ sin {(j) I 0), //., = orr7’ sin (</> i 20), — ('A » 

Their sum is, Avriting - h for c, 

If- ' /[/r-aiu (<(> i c)) l-//‘sin (0-1 25 j i //’sin (0 i oO) ■ . . . j. 

h 


‘ Stokes shows that Llic same rchttions hold h(‘twoim a, <\ c. /’ if rcllcctioii and 
refraction arci axicomjianic’d by a change of pliasc, |». ls;J inj'ra. 

“ Sii- (}. Airy, Tran^i. (hnnh. Phi/. Sor. vol. iv. p. lllh 1N20. 
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The expression inside the l)racket may he written by expansion in the 
form 

f 

P sin 0 f 0 cos 0, 


where 


and 


1’ ^ />“ cos 5 l- cos 25 -f 5^’ cos 35 -I- . . . 
Q - 5-’ sin 5 f M sin 25 I sin 35 i . . . 


Therefore writing cos /nS in the form + r- we find 


j/ \ b‘^C \ .O 8 - Ir 


Similarly 


O- 


/rsin 5 

1 - 25- cos 5 1 5"*’ 


Now the e(piation of the resultant displacement due to the two 
streams of light along the direction BC is : 


where 


// ~ a.b sin 0 - ( P sin 0 i- Q cos 
— X sin 0 1 V cos 0 


X ~(tb ■ ffbe/'^ 


cos 5 Ir _2((b{'[ 4-//-) sin- },8 
- 2lr cos 5 \-b* 1 2//“ cos 5 l b^ 


since rf— 1 - p, and similarly 


Hence 


f(5(7‘sin 5 - r«5(l ^ //-)sin5 

1 - 25- cos 5 4-5“* I — 25- cos 5 4- 5^ 


4n^-5-5sin- ^5 


1^-5- sin- 55 
1 - 25- cos 5 4- 5^’ 


Now the vibrations // = X sin </>, and // = Y cos c/j denote two Avhose 
difference of phase is 00' , therefore the amplitude of the resultant vibra- 
tion is v^X- 4- Y’-, or the intensity of the resultant light in this case is 
measured by X- 4- Y-. Hence the expression for the intensity is 

4^«-5-sin-55 4^r-7/- sin- 55 

^ 1 - 25- cos 5"j 5^ ~ (1 -■ 5^’ 4- 45- sin- 55, 
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^where 5 is the ])h<ise retardation and is given by the equation 

X 27r 

0 — 2e cos 
A 

and A is the wave length in the material of the him. The intensity 
will be zero when — that is, when 

2e cos r -ii\. 

Hence when 2e cos r is any even number of half wave lengths, there 
is no light of wave length A i*ehected from the plate. The light re- 
flected from the upper face is entirely destroyed by that i-etlected from 
the lower, and the plate appears perfectly black. 

Again, the second form of the value of I shows at once that it is 
greatest when 5 = 7r, or any odd multiple of tt, for in this case sin 2 ^^= 1 
and dividing al)Ove ancl below by sin‘^ it appears at onc(5 that tlu; 
denominator is at its least value. The whole fraction is therefore at 
its maximum vahu;. 

It follows then that if 

2c cos /*- (2// -f 

the two stieams of light are in the same phase, and the plate appears 
bi illiantly illuminated. 

The maximum illumination is measured by 

This invcistigation of course applies oidy to light of a definite wave 
length. Tf solar light is us(;d some of these waves will attain their 
maximum value while others are at their minimum and absent altogcthei’, 
a!id the resultant light from the plate will Ix^, a mixture of colours 
which will vary with the tliickness of the [date ;tnd the angle of 
incidence. For examples, if S and / are such that the red light is 
al)sent from the emergent beam, then the film will appeal* of a bluish- 
green hue. Dy altering the angle of incidence the light of any 
paiticular wave length may be extinguished, and the colour of the 
film will vary accordingly. 

114. The Transmitted System. — So far we have taken no account 
of the light which passes completely thi*ough the film, and this we 
should it priori surmise to be complementary to that which is retlectc^d, 
and therefore the appearance of the film as seen by the transmitted 
light should be exactly complementary to the appearance presented 
under the same condition l;y the reflected light. For the whole light 
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incident on the plate is divided into two portions, one of which returns 
fi’om the first face, while the other emerges from tiie second. That 
this sui’rnise is supported by theory will be readily seen. Consider* 
all the light which emerges from the plate at C^. The first ray is 
A Its amplitude is acf, and if its irhase at is </>, th(‘ e([uation 

of its vibi’ation on leaving is 

// - orf sin <p. 

The next ray which we must take account of is which 

after incidence at B., is reflected at C., and B^, and finally comes to C\. 
This I'a}^ reaches I)^ (the foot of the pcn-pendicular* fr’om ort B.,C.,) at 
the irrstant the ray A^B, reaches B^ conscrpiently the difference of path 
is i- C.^Bp Avhich is as before, 2c cos r. The difference of phase at 
coia-csponding to this ^ will be 27r/A . 2c cos which we have already 
<lenoted by o. The ecj nation of the vil>r*ation is therefore 

//, - iff/?- sill (</) + 5). 

Similar'ly the erjuatiori of the vibration which comes fr-orn along tin*, 
path B,tyf,C,B,C, will be 

t 

— sin (0-i-25), 

and so on. 

Summing the ser'ies as before, and rememlxn’ing the relations 
h~ - c and r/’= 1 - //-, we find for the s(]uar*e of the amplitude of the 
resultant vibr'ation 

1 2/;- cos 6 1 // 

The intensity of the ti'ansmitted light will therefore, b(‘ a maximum 
if rS=2y/7r, for then cos (S= i 1 and the denominator of the expression 
for* r is least. This greatest Aaliie of T is simply e-. The maximum 
value then of the transmitted light is erpial to that of the incident, 
and takes place when 2r cos / — //A, but in this case we havr; found 
that the intensity of the reflected light is zero. The tr-ansmitted light 
then is a maximum Avhen the reflected light is zero. 

Similar ly the transmitted light is a minimum when the reflected 
light is gi’ealest, for Av^heii eos(^= - 1, the denominator of the expres- 
sion for r will be greatest. The least value of V is then when 
— 4 1)77, oi’ 2r cos r = (2// + i)iA, and 


The tr*ansmitted light is then never zei’o, but is ahvays such that when 

* \ is here tlic. wave length in llie plat(*. 
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added to the reflected light their sum will be equal to the incident 
liglit, for wf have always 

, 4^/.'^//- sin- J>5 ^ 1 A-)- 

‘ ^ '' T o/- a ■■ I - 

1 - Zfreoso I />* 

The transmitted and reflected lights are therefore always comple- 
mentary, or the sum of the lights Avhich conic from the two faces of 
the plate will exactly make up the incident light. The difterence 
between the maximum and minimum intensities is the same in both 
cases — that is, the total valuation is the same but the percentage varia- 
tion is much greater in tlic reflccte<l system, and the phenomena are 
conse({uently much better marked. 

tjrCainjth' 

Sliow that if a c.liaiif^c (4’ j»lias(* is intvoduci'd hy tin* Jict of relloctioii or 
refraction, the (M] nations 

1) 7- r 0, rj — 1 - //“ 

still liold, and tliat tlie .sum of tlie accjOerations of phase at tlie two rdh'c.tions is 
cfjtial to tlie sum of the accelerations at the two refractions, and the acceh‘ra,tions at 
th(! two I'cfraclions an* ec^nal to each other (Stokes, M<(lh. nud P/iffs. I^tfifcrs, vol. ii. 
p. 93). 

[If the incident vilwation he the. reflected and refraeted r^^>sin {fl-l-l'i) and 

<((•■ sin -\-y) respectively, then on reversal the signs of fi and 7 must he changed, so 
that wo liave 

/j sin - [-i 17 )!'’ sin [0 7 i tj - 0 , 

and f/ tiin (0 - y 1 />-)sin/^ 

Each of these e(juations must hold for general values of 0, so that the angles added 
to it in the two terms of th(*se eijuations must either e(pial or dilfcr by some, 
multiple of IT. W'e may therefore take 

(/i-- y, and therefore /;/ I - , 

and 


li\e 27 


- 0 . 1 
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Section IL — The Coeoured Kings of Thin Platp:s 

115. Newton’s Rings. — It has been already mentioned tliat when 
two pieces of ordinary plane glass are pressed together the thin film of 

ail* enclosed between them generally 
exhibits a scries of highly coloured 
fringes running in curves round the 
point of nearest approach of the glasses. 
When one of the pieces of glass has a 
spherical surface while the other is 
plane, as shown in Fig. 96, the layers 
of equal thickness in the film form a 
system of concentric circles ai'ound the 
point of nearest approach, and, when 
viewed in ordinary daylight, a system 
of highly coloured rings are seen encircling the central spot. These 
appearances are known as Newton’s rings,^ and they form one of the 
most beautiful and easily produced examples of interference. 

Tiie laws according to which these rings are formed are very easily 
deduced by remarking that the thickness of the film varies approxi- 
mately as the sijuarc of the distance from the point of contact. Thus 
if OQM be the spherical surface (of radius K) of which the lens is a 
[)art, and 0 its point of contact with the plate of glass, then 

OP":^PQxPMrr^‘2R.', 

since PM is very approximately ecpial to 211, the diameter of tlie 
sphere, and = the thickness of the film at P. Now the film con- 
sists of circular rings of uniform thickness. Thus at all points of the 
circle of radius OP around the point of contact the thi(;kness of the 
fihu will be the same, and e<jual to PQ. Denoting the corresponding 
radius OP by p we have the general relation 

r=2R., 



^ Newton, in stiul^oiig the formation of these rings, “ took two object-glasses, tlie 
one a plane-convex fora fourtccn-foot telescope, and the other a large double convex 
for one of about fifty foot ; and upon this laying the other with its plane side down- 
wards I pressed them slowdy together to make the colours successively emerge in 
the middle of the circles” {Optkks, book ii. p. 172). 
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consequently if e satisfies the equation 

2<Jcosr— 

the ring will appear bright or dark according as n is odd or even. 

The radii of the bright rings arc therefore given by 

p— ^/R sec r . (2vi + l)iX, 

and the radii of the dark rings by 

/)— >^/R sec /• . n\ 

when n is any whole number, and A is the wave length in the film. 

If u = 0, then /> = 0 and the centre of the system is dark, as we should 
have expected, since we have supposed that the thickness of the film 
is zero at this point. The radii of the successive brigiit and dark 
rings arc ])roportional to the square roots of the consecutive numbers, 
the bright rings c()rres})ondiiig to the odd and the dark rings to the 
even number. 

Since the thickness of the film at any point varies as the square 
ot the distance from the centre, it follows that tlie thicknesses which 
correspond to the successive rings are proportional to the natural 
numbers, at the dark rings to the even numbers, and at the bright 
rings to the odd. 

These laws wen^ arrived at with great accuracy by Newton ^ him- 
self, but he did not stop here. He found that in his experiments the Wave 
absolute thicknesses of the film corresponding to the dark rings were 
i 7 .s 0 do ^^^*5 ’when the angle of incidence was I'’. From 
this we find A= ^ ^1^,, inch approximately, which corresponds to the 
most luminous part of the spectrum in the miigliboiirhood of the 
yellow. These measurements are the first from which the wave lengths 
of light might have been determined, aiul Newton made use of them 
for the purpose of ascertaining the length of a fib, his attention being 
concentrated on the development of the emission theory.- 

If water instead of air bo placed l)ctween the glasses the radii of 
the rings arc observed to be much smaller. This then is a proof that Velocity 
light travels slower in water than in air, foi* here the thickness of 

^ Newton, OpfJcks, hook ii, 

“ “If tlic rays which paint the colour in the coniines of the yellow and orange 
pass perpendieiilarly out of any medium into air, the interval of tluhr fits of easy 
rellection are the part of an inch. And of the same length are the intervals 

of their fits of easy transmission” (Newton, (J/tfir/cs, book ii. part iii. ])ro[). 18). 

For the thicknesses at the dark rings wen* irAiur.j etc. This obviously 

corresponds to half a wave length, so that we have for yellow light the first deter- 
mination of X = ^ 4 ^ 0 ill. 
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wjiter re([uir(3(l to let/inl one component on the other hy a detinitc 
amount in Ic^ss tlian the thickness of air, which produces the same 
residt. formula Avliich determines the radii of tlie rings also 

points to the same conclusion, for the wave length in any medium is 
pro])OT*tional to the velocity, and we infer that the radius of any ring 
varies api>roximately as the srpiare root of the velocity in the film 
when the incidence is nearly normal. Thus, from the contraction 
exhibited by the rings wdien wabu* or any other fluid I’cplaces air 
])etwe(m the lens and plate, it is [)ossible to com])are the velocities of 
light in these media. 

When violet liglit is used the rings are smaller • than Avith red 
light, and the theory j)oints out that the ratio of the radii are as tln^ 
stpiare roots of tlie wav(i lengths ; hence Avai have again arrived at the 
conclusion that tlie violet Avaves are shorter than the red, and Ave can 
again not only compare their magnitiulcs, but absolutely determine 
their lengtiis in any given substanc(\ 

When ordimu y solar light is used a series of iris-coloured rings 
are exhibited, viol(‘t at the inner and red at tlie outer edge. The 
oi’der of succession of the coloui*s laid down by XoAvton - from t]i(^ 
centre outwards for the successive rings was: ( I ) black, blue, Avhite, 
yidlovv, red ; (2) violet, lilue, green, yadlow, red : (d) ])urple, blue, 
green, yellow, red ; (4) green, red : (b) greenisli-blue, red ; (0) greenish- 
blue, ])ale red ; (7) gr(umish-l.)lue, reddish-white. This list is gemu'ally 
ndei’red to as “ Ncjwton’s Scale of Colours.” 

Thus w(^ I'cad of the red oi* blue of the “third order,” meaning 
thereby that red or blue which is seen in the third raiuliOAv-coloured 
ring Avhich eiuurcles the c(‘ntral dark sjiot. 

With white light the alternations are IVaa', foi- the coloured rings 
soon IxM'ome sujxu-posed and ovcu'lajiped, so as to obliterate all trac(\s 
of interf(ir(mce and colour, and tin* rings fad(‘ gradually into uniform 
illumination. 

116. The Transmitted Rings. — Th(‘ rings avc have spoken (d so 
far are ])r()duced by the intiuference of the streams of light I’ellected 
from the tAvo surfaces of tin* thin film. It is obvious that the light 
transmitt(*d tliroiigh the film should also exhibit int(‘r f(U*ence pheno- 
mena, but of a comj)leimMita,ry character, tlu' maxima and minima 
of one systcun correspomling to the minima and maxima of the 
other. Tlius Avhen the film is looked at from the other side a system of 

‘ This iH.iy he* oh^ci viHl (Ibl lowing Nrwton) l»y illimiinating tlio glassiis with 
light from dillhrciit j)arts of the s}M-cti'nm, or more siinj)ly, by looking at tlu^ I’iiigs, 
formed by ordinary light, through <lilferently coloured glasses. 

“ Opfh'h’s^ l)()ok ii. ol)s. 4 ; see also table, p. 228. 
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linos is ol)serve^(l, cornplementcuy in cliaiiuTin' to those ohsei ved ])v 
reflection, ^ind consequently encirclini;- a white centre. Tlu^se liiii^s 
are much }3al(M‘ tlian the reflected system, for on ac(*ount of tlu‘. i^reat 
<Iiflerence in the intensities of the interfering ])cncils,^ there are no 
points of alisolute darkness, so that the hi-ight I’ings do not stand out 
so ])rominently as in th(' I’tdlected system.- 

If tlie two ring systems are. viewed at once it follows that uniform 
illumination should Ix^ the lusult. Tliis 
lias been verific'd by Arago.*’ Iflacing a 
glass })late and lens in contact in a 
Aci'tical ])osition ovei’ a horizontal slu'ct 
of unifo]-mly illnminated white paper, an 
<‘ve situated at K (Kig. 97) will i-eceive 
light from H by reflection at and also 
light from A by transmission. Hotli th(‘ i(dlect(‘d and transmittcxl 
systems arc* in the tiedd of view, but being exactly coniplementaiy, the 
result is uniform illumination. 

Specimejis of ancient glass sometim(‘s show triinsmittcul colours of 
gveat brilliancy, ilrewster’s e.vplanation is that owing to sujierficial 
de(a)m|)Osition of tin*, glass we have here to deal with a sen’ies of thin 
plates of nearly (Xjual thiekiu^sses. W ith such a, series th(‘ transmittcMl 
colours should lie mucdi jiurcn*, and the rcfl(‘cted much brighter than is 
usual with a single plate.* 

117. Ring’s with a White Centre. — 'The system of rings ])ro- 
diiccal by tin*, transmitted light as we have obscu’ved starts from a, 
ANdiitc centre, but the feature of the reflected system is that their 

' Wlini is inci(l<‘iit ]»<*r))fii(liciilarlv «ni alamt I pt*!’ criit is rcllcclrd ; 

the iiitciihity ol'llic iirsl rcllt'ctrd luanii is tlMTidnn- about J-, ot'tlic iiicidiuit liraiii. 
Tlic. rest (‘id (M'S tlic *;'lass and loses -1 per (-(Mit aL^aiii by icllccf i'Ui at tin* second 
siirtaei', so Ibal ( 'IKI )-, or ot 1 be oi'i^^inal Iii;ld passes 1 brou^'b. d'lie lii^ld trans- 

iiiilled aller beinij twice r(;jlee{ed inside 1 be plate is I('!ni)“ (o' , or abont percent. 
That tour times relleete(l inside Avill only Ik* ...g- of this, and s(( on. The dillieull s 
tben is to undei’stand bow sneb a. small (piantily ot li.i^ld when superposed on the 
stronii; direct beam slionld produce any pei'e(‘j»tible ring's at all. llowe\er tie* 
iiiteiisity ot ll)(M^ eaker beam is (J-)“ it the intensity ol'tlie stroujo-r is unity, luMiee 
tlie anijditud(.* ((ttlu* weaker is and the maxiniuni and minimum intensities in 
1 b(‘ t ransmitt(‘d beam will be 

so that tlie (lillei‘enee is as niiieli as J, ol‘ tin* stronm*r ]>eam. (For tin* eoni]>let(' 
ealeulation se(‘ Art. lid.) 

- Noticed by N(*wton, book ii. obs. d. 

" Ara;^o, (Hurres conipUtrs, toni. x. j». 10 (note). 

TJi(‘ analytical investigations otStokes lor a ]»ile of jdates ( Pror. Hoif. Sue. vol. xi. 
]». 0 15, ISOO) may lx* apjdied to iliis (piestion. 
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central spot is lilack. The theory accounts for the black spot liy 
showing that the two interfering streams of light arc reflected under 
did(;rent conditions, one in passing from dense to rare, and the other 
in [)assing from ivire to dense, the result lieing that a difference of 
])hase of half a period is introduced between the two beams. 
Let us now consid(;r the case of two plates enclosing a film of a 
refractive index int(UTm‘diate lietween those of the plates themselves. 
Thus suppose the film to be denser (more refracting) than the first 
})late, and less refracting than the second plate, then the reflection at 
the first surface of the film will take place when the light is passing 
into a mor(^ refi*acting medium, and the sjune will be the case at 
tlie second surfaci* also. T1 h‘ light is tlnu’iTore reflected undfu* 
similar cii*cumstancc!S at both faces, and no difiei*ence of jihase is 
introduced. It follows, tlnui, that in the system of rings formed 
under thes(i circumstances the cimtral s])ot should be white. 

Young N'erified this anticipation of tin; tln^ay by enclosing oil of 
sassafras between two lenses, one of which was of flint glass, and the 
other of crown glass. By this experiment Young justified tlu^ hy[) 0 - 
th(‘sis of the loss of half an undulation. t 

The oil of sassafras may be r(‘])laced l.)y a mixtiin^ of essence of 
clov(\s and (‘ssence of laurels. If the film be of higher index than the 
obj(‘ct-glasses betwticn which it lies, the centre of the rings should still 
b(‘- black. Aiago verified this by using oil of cassia, of which the 
index is su])erior to that of flint glass. 

Wdnm the third medium difbu’s from th(‘- first, th(^ theory of thin 
plates ))econi(\s inoi'(‘ complicat(‘d. In om; case, how(‘vei*, no colours at 
all should be exhibited, vi/. when the film is liacked by a ])erfect 
n^fli^ctor, such as polished silv(?r covered with a film of gelatine. In 
this case tin' waves arc lefh'cted /a /c/e, so that the reflected and Irans 
niitted systems become superjiosed. 

118 . Conditions for Large and Bright Rings. — ’fhe formula of 
Art. Ilf) shows that the diameter of the nth I’ing incivases with 
tlui radius of (airvatuia* of the lens -that is, with the tenuity of the 
film. Hence, in ord(*r to obtain Avide idiigs, a lens of very small 
curvature should be employed, but with a given [liece of apparatus 
tliere is still another factor to lie considered in estimating tlui magni- 
tude of the rings, vi/. the angle of refraction into the film. The 
diameters of the rings depend on the secant of this angle, and they 
therefore increase with it. With a simple piece of apparatus, such as 
that shown in Fig. fifi, when the angle of incidence is increased, there 
is great loss of light by reflection at the first or up])er surfacii of the 
glass, and only a small fraction of the incident lieam reaches the film, 



ART. Ill) EXAMINATION OF KINGS THROrcil A 1‘UIS.M 189 

‘ so th;it a large angle of incidence is detrimental to brightness, and tlie 
rings obtained be very faint. This diiliculty may be avoided l)y 
using a prism and a lens, as shown in Fig. OS, instead of the ])late and 
lens employed by Newton. 

One face of the })rism is 
[)laced on the curved surface 
of tlie lens so that light falling 
nearly perpendicularly on one 
of the other faces will enter 
the pi’ism in large (piantity, 
and in such a direction that 
the angle of refraction into the 
him is also large. Viewed thi'ough the third fac(‘- of the prism th(‘ 
rings obtained in this manner are ])oth bright and large. The same 
result is obtained with a glass plate and a prism liaving one fac(‘ 
polished into a spherical form of small curvature. 

The cliief peculiarity of the rings obtained in this manner is 
not so much the brilliancy, or the diminished inlluence of the 
tluckness of the him, as the more or less pei*fe(;t achromatism Adiro- 
produced ])y dispersion, especially in the neighbourhood of total 
reflection, so that the bright rings arc nearly white instead of ])eing (iis])ersi()ii. 
highly coloured. This happens because the more r(?frangible lays 
are more deviated by the prism, and th(U‘cfore enter the him at 
a greater angle, so that for a given thickness of him they hav(‘ a 
smaller path retai’dation, as ex])laincd in Art. 1 10. TTis means 
that the dispei*sion increases the diameters of the rings cori’esponding 
to the more refrangible rays, and when the diameters of the rings of a 
given order are the same for all wave lengths there is perfect achro- 
matism, and the rings are black and white. This compensating elfcet 
of dispei’sion diminishes the confusion whicli arises from overlapping, 
and increases the ]uim))er of visilhe rings. As the incidence augments 
thii violet rings may become larger than the ]‘(m 1, and a revcu’sal of 
colour occurs. This takes place near total nhiection, Avhich ha{)p(Uis 
iirst for the violet light, and is attended by a ra])id change in the value 
of cos /• (see further, Art. 120). 

119. Examination of Newton’s Rings through a Prism. -When 
Newton’s rings arc examined through a ])i*isni some I’cmarkal^le pheno- 
mena are exhibited. They arc described in his twenty fourth ohsorva 
tion, 0j>tkk,'< (hook ii.) : — 

“ Wlirn the two ohject-ghisse.s an* laid njjoii oinr another so a.s to make the rings 
of* the eoloiirs a]>]>ear, tliougli with niy naked eye I could not diseern a])ove. eight or 
ni]ie otlliose rijigs, vet ))y vieAving Ihein thi’niigli a prism I conld sec a fai' greater 
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iiiiiltitude, insoiiiucli that I could number more tlian forty . . . and I believe that ^ 
the experiment may be improved to the discovery of far greater ftumbers. . . . But 
it was on but one side of these rings, namely, that towards which the jPefraction was 
made, which by the refraction was rendered distinct, and the other side became more 
confused tlian when vieAved with the naked eye. . . . 

“The ares when; they seem distinctest were only black and white successively, 
without any other colours intermixed. 

“ I have sometimes so laid one object-glass U])on the other that to the naked eye 
they have all over seemed uniformly white without the least appearance of any of the 
coloured rings ; and yet by viewing them through a prism great multitudes of those 
rings have discovered themselves. And in like manner plates of Muscovy glass and 
bubbles of glass blown at a lamj) furnace, which were not so thin as to exhibit a 
great variety of them, r.aiigcd irregularly up and down in the form of waves. And 
so bubbles of water, before they l)egan to exhibit their colours to the nak(;d eye of a 
bystand(;r, have api)eared through a prism, girded about with many parallel and 
horizontal rings ; to ju'oduce which ellect it was necessary to hold the prism parallel, 
or v(‘i‘y iK'arly jiaralhd, to the horizon, and to dispose it so that tin; rays might be 
refracted U]) wards.” 

Newton attributes these ‘‘odd circiiiristances ” to the dispersing 
power of the prism. The blue being more refracted than the red, it 
is possible that the ?ith blue ring maybe so displaced relatively to the 
y/th red ring that, at part of the circumference, the displacement may 
compensate for the difference of diameters. A white strip may thus 
be formed in a situation where without the prism the mixture of 
colours would be complete, so far as could be judged by the eye. 

A simple case is that in which the thin him is a wedge bounded 
by plane surfaces inclined at a small angle. If the edge of the prism 
is parallel to the intersection of the faces of the j)late, by drawing back 
the prism it will be possible to adjust the effective dispersing power 
so as to bi'ing the 7/th bars to coincide foi* any two assigned colours, 
and therefore apj)roximately for the entire sj)ectrum. The formation 
of these achromatic bands depends upon the same principles as the 
fictitious shifting of the centre of a system of Fresners ])ands when 
viewed through a pi-ism (Art. 104). 

120. Herschel’s Fringes. — A very simple and effective method of 
obtaining coloured fringes l>y reflection from a thin plate of air was 
hrst pointed out by Sir William Herschel.^ On a perfectly })lanc 
])iece of glass or a metallic mirror, before an open window, place an 
e(]uilaterai prism. The light falling upon the exposed face of the 
prism is reflected at the base and emerges from the other face (Fig. 99). 
To an observer looking in through the latter face the held appears 
divided into two paits, one brightly illuminated, which arises from 
the occurrence of total reflection at the base of the prism, and tlie 
othei* comparatively dark, the light there being partly transmitted. 


William Ilersvlivl, Phil, Trans. 1809, p. 274. 
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^The line of Fieparatioii of the two parts would be circular to an eye 
situated in the pAsm, but the apparent shape of the curve seen by the 
eye outside is the distorted form of a circle seen by refraction through 
the prism. Since total re- 
flection occurs at slightly 
different incidences for 
the different colours, it 
follows that the curve of 
separation will be iris- 
coloured. Inside this 
coloured band, and run- 
ning parallel to it, we 
have, in addition, a 
system of beautifully 
coloured fringes, the l)readth and number of which vary with eveiy 
change of pressure. 

These bands do not re(|uire for their formation a perfect polish 
in the lower surface nor extreme thinness in the air film, foi’ they 
may be seen very well when tlie prism is separated from the lower 
plate by the thickness of thin tissue paper or a fil)re of cotton wool. 

That excessive thinness of the air film is not necessary to the 
production of toleralfiy broad fringes when the angle of incidence 

approaches the angle of total reflection may be inferred at once from 

the expression 2e cos which gives the path retardation of the 
interfering pencils in the case of a film of thickness r. Near the 
critical angle r is nearly 90”, and cos r is very small, so that the 
retardation may be small even with a sensible thickness of film.^ 

When the pi-ism and plate combined are held up to the light a 
transmitted iris is seen, lined with a similar system of fringes, on 
looking through the plate and the l)ase of the prism. 

The experiment may also be conducted ))y merely looking through 
two prisms placed in contact (Fig. 100). In this form it was rei)eated 
l)y H. ¥. Talbot.- If the prisms be ecpuil, isosceles, and right-angled, 
then when placed with their hypothenuses in contact their cuds Avill 
form squares. Looking through the combined prisms at the sky, a 
system of l)ands is seen, and looking at the interface so as to sec the 

^ Tliese fringes may also be obtained very eonvcnimitly from a film of air miclosed 
between two plane glass plates wbieli are sejiarated by two traginents ol the same 
tliread of platinum wire (about iV nim. in diameter), oementeil around their edges, 
and j)lunged vertieally in water contained in a rectangular glass vessel in tin? manner 
described in Art. 8.‘h 

- 11. V. Talbot, Phif. Mwj. 1.836, p. 401. 
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light reflected there, another system is observed, the hitter lieiiig ' 
eomplementaiy to the foi*mer. 

Fox Tan)ot describes a modiflcation of the experirnent as follows : — 

“ J3ut th(^ l)eauty of the a])])earances may l)e surprisingly increased by 

trans])orting the apparatus into 
a dark chamber and suHering a 
pencil of the brightest solar light 
to pass through the prism, or to 
be reflected from the face AC. 
If then a sheet of white paper be 
held 11 }), at any distance from the 
prism, the coloured bands ai’c 
de})ieted u})on it with the greatest 
vivacity and distinctness. The 
transmitted bands have altogether 
a diflei’ent chantrlrr from the reflec>ted ones, so that it is impossible to 
mistake one for the other, even without reference to the path of the 
ray. 

“Tin; coloured bands are not, as has been supposed, /.s7W//Y)//?a/7r' 
lines. Tlie deviation is sometimes very maiked, so that a band in the 
course of its jirogress acquires very diflerent tints from those which it 
possessed originally. This fact may be considei ed of some importance 
with respect to the theory. It takes ])lace when the prisms ar(‘, in 
close eontaid. and the bands few in number. Hut the following is still 
more deserving of attention. When the contact of the prisms is 
iliminished by interposing a haii* between them (still pressing them 
togethei'), the coloured bands dejiieted u{)on the ])aper become more 
numerous, nari'ow, and crowded. Freijuently they alt(n*nate a great 
numb(n- of times with tavo complementary colours. This appeal ed to 
me so remai'kable that 1 repcat(*d the expiuiment Avith additional 
care. The radiant })oint of solar light was made smaller by trans- 
mitting the ray through a lens of shoi t focus, and thi‘. position of the 
combined prisms was slowly altei*ed by turning tlunn round their 
centre. The apjieai'anee of tin* bands on the paper Avas all the time 
carefully noted. 1 soon found a ])osition of the iirisms in Avhich 
the remarkable phenonumoii occurnMl of a compliitii compensation of 
(‘olour — that is to say, that the bands were black and Avhite. At the 
same time they Averc become exc(iedingly nari-oAV and numerous. . . . 
They I’esembled more than anything else the closely -ruled parallel 
lines by which slmdmrs are ])roduced in some kinds of engraving, and 
which are often employed in majis to rejiresent the sea. 

“Noav it requires in ordinary circumstances the employment of 
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\('r(/ ImiHf^ffeneoas light, in order to produce haiids anything like tlu‘S(‘ 
in nuinhcr and di^ftinetness. In the present instance, ou t]u‘ contrary, 
coTimion solar light was employed. . . . Idn'se hands a.i’(‘ best setni in 
the liglit njlrctn] from the face At\” 

The achromatism here i‘eferr(‘d to is accounted foi* hy the disper 
sion which tak(?s plac(‘. in the glass, and which heeomes highly (‘Heeti\e 
when the light falls upon the him at an angle nearly ('(pial to tin' 
critical angle, so that the ai^gle of rcTraction into tln^ film is m'ai’ly 1)0 , 
:is explained in Art. 1 10. 

In the lii'st place, it may he I'emarked that when the })rism is 
isosceles, so that the angle A is erpial to the angh' B, tln'n a, ray (‘liter 
ing tlni hrst face A(J (Fig. 09) at any angle will li*a\e the siu-ond face 
BC at the same angh^-, and (_*ons(‘(|uently a. beam of wliiu* light (‘nl(‘ring 
the fac(‘ AF will leave the fa.ee BC without dispersion. In other 
words, th(i dis])ersion ])rodnced in thi‘ anghi A will he (‘omj)ens;iti‘d in 
the aaigh? H. The function of the j)i-ism is theri'fore to vary the angh‘ 
of ndVai.'tion r into tlu^ lilm in such a Avay that cos / A is apjiroxi 
mately the same foi‘ all tin' coloui's. W hen A is not (‘pual to B tln‘i(‘. 
Avill 1)0 a furthei’ dis])lac(micnt of the fringes such as would h(‘ produced 
liy regiirding tln'in thi'ough a ])i*ism of angle B, as ih'scrilx'd in 
Arts. 105 and 1 19. 

Let the aiighi (»f incidence' on tin' first face of the prism lx‘ and 
the corr(‘sponding angle of re'fraction Tln'ii if / a,nd /* lx‘ the angh's 
of incidence, and re'fraction foi* the film, W(‘ ha\ 

sin /, - jLt sin /•, 
sill / —/X sin / 

/ . /■, - A . 

where /x is the r(dVacti\e index of the pi*ism, and tin*, lilin is snppos(*(i 
to h(‘ ail'. Wdien the him is other than air, ccpiation (2) can he, 
nioditied aceaii’dingly. These* eepialions combined with tin* achromatic 
< ondition 

cos /’ 

^ roast. . . . I 

determine the angle', of incieh'iicc at wliich achroniatism takes jilace*, 
when the law of dispersion in the', glass is known. 

Thus in Talbot’s form of the exjieriment a. parallel l>eam of white 
light was used, so that /\ is the* same* foi* ail wave* lengths: hence* by 
difterentitititig the fore'going eepiations Ave* obtain 


jj. (.'OS /’if/ /'| + si a /yZ/x 

0 . 

' 1' 

cos Idi i sia /r//x 

cos I'd !' . 

1 '1 

d.i -\- (( /‘j 

ej . 


\ sill cos yv/\ 

0 . 

. (\‘ 


e) 
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Combining these equations we obtain at once M. Mascart’s relation ^ 

sill A ^dfji 
sill r cos r, 

wliich may lie written in the equivalent form - 

,o sill A \ dfx 

cot“p-- . . ^ 

sill i cos y'l fx r/A 

The foregoing applies to Talbot’s form of the experiment in which 
the angle of incidence q is constant, and all the light of a given colour 
is refracted at the same angle, so that the bands arise from variations 
of the tliickncss of the film, such as when a hair is placed between the 
prisms to jiroducc a wedge-shaped film. 

In llei'schers form of the experiment the prism is placed lieforo 
the open sky, so that the angle of incidence is vaiialile and light of a 
given wav(i length is not all refracted at the same angle. These bands 
ai‘o broad and richly colourcid, and they are ])i‘oduccd near the limit of 
total reflection by the variation of the angle of incidence when the 
thii.'kness of the film is constant. Of course bands of an intei'mcdiate 
chara-cter are jiroduced when the angle of incidences and the thickness 
of tlu*. film botli vaiy. 

Tlie theoretical condition for constant thickness is better satisfied, 
if, aft(‘r Mascart, avo place the layer of air in the focus of a small 
radiant point (electric arc). In this case the area concci’ned may lie 
so small that the thichness in operation can scarcely vary, and the 
ideal Hcrschers liands arc seen depicted on a screen held in the path 
of the reflected light. It Avill, of course, be understood that liands 
may l)e observed of an iuterimidiatc chanu^ter in the formation of 
Avhich both thickness and incidence vary, llerschers relate to one 
particular casi; — that of constant thickness ; Talbot’s to the other 
es])ecially simple case of constant angle of incidence. 

From the present point of view thei-i‘ is one very important dis- 
tinction, because one is achromatic and the other is not. To under- 
stand this, Ave folloAV Herschel’s bands in greater detail. 

In the same notation as before 

5 -2(.’ 1 ‘os r //A, 

and the question to be investigated is the relation of q io n. The 
band of zero order (/i = 0) occurs Avhen v=90'", that is at the critical 
angle. For tAvo successive bands Ave have 

7tX 2^’ cos r, (71/ I' 1 )\ = 2^ COS 

^ iM. Masc.-iH, Traill d'(>^tiq;uc^ tom. i. p. 411 C 
“ Jiord Rayleigli, Thil, Maij. vol. xxviii. j». 19(>, 1889. 
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•therefore 


X=: - 2r. siluv//*. 


Also 


cos fM cos r^dr ^ , 


SO using })revious results we find 




- cos V’ — \ cos /•, 

fjLvns I ’ ‘2c sill /• -Ic- cos /^cos I sin i‘ 


Near total reflection siiu'=:l, (q.p.) and the factors cos V p cos cos?! 
vary but slowly with the order of the 1)an(l and iilso with the wave 
length. Hence the width of the band is approximately proportional 
to the order, the square of the wave length, and the inverse square 
of the tliickness. 

AVhen the light is white, the centre of the system will ho Avhen* 
there is coincidence of hands of the order u in s])ite of the variation of A. 
About the achromatic centre thus determined the \ isihio batids will 
he groiq)ed. At the central hand n is the same for the various coloui's, 
consecpKuitly the widths of the various systems are at tliis place 
ap})roximately pioportional to JIenc(} these hands ar(‘- h^ss achro- 
matic than ordinary hands or Newton’s rings, in wliicli the Avidth is 
proportional to A, and this tlieoretical conclusion is in liainioiy with 
o1)Scrvation (see Lord Ihiyleigh’s paper, P/til. Mmj. Sept. ISSO). 


()[jsrri’afl(Htx on //?r (Jtflnmrtl of Tlfhi 

Olifir/.'s, Look ii. part i. o]>s. I ; “I took two object a ss(‘s, llu* oii(‘ a |»laiie- 
coiivcx Ibi" a, tbiirtccii-lbot Iclcsenpc, and tile otiicr a lai'^^c. double convex Ibi* oik' 
of about lifty foot ; and upon tliis biying tlic other witli its jilanc side downwards 1 
pressed tln'in slow ly toget her, to make (lie (.•olours successivi'ly (Umcj'oc i n I hl^ middle 
of the circles, and then slowly lifted the upper glass from the lowei- to mahe I hem 
sina-essi V(*ly vanish again in the same place. The colour, which by pressing the 
glasses together cimu'giMl last in the middle of tin* other colours, would ui»on its lir>.t, 
a[)pearance. look like aeireh* of a colour almost uniform from its eireumfciamce to its 
centre, and by compressing t he glassi's still more, grewM'ontinually broader till a uew 
e.olour luiierged at its centre, and thereby it became a ring encom]>assing that new 
ooloui’. And by eom[)ressing the glasses still more the diameter of this ring w(»uld 
iiicri'ase, and th(‘ hreadth of its orbit or perimeter decrease until a new' colour emm-ged 
in tlie centre of the last ; and so on until a thini, a fourth, a lifth, and other follow- 
ing new' colours siieeessively emerged tlnu'e, and iHicame rings enconij)assing the 
innermost colour, the last of which was the black spot. And, on the contrary, by 
lifting up the upper glass from the lower, the diameter of the rings would decrease, 
and tlui breadth of their orbit increase, until their colours ri*aehed suce(‘ssively to the. 
centre ; and then by being of a considerable breadth, 1 could more easily discern and 
distinguish their sjieeies than before. And by this means 1 observed their succession 
and cpiantity to be as folio weth. 
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“ N(;xt to tlic pollueid central sj)ot made by tin; (■oiitact of the glasses succeeded 
Idiie, uliiio, yellow, and red. The blue was so little, in quardity that I could not 
discc'in it in the circles made by the ju'isin, nor eoiild 1 well distinguish any vi<det 
in it, but the yellow and reil were ]»retty copious, and seemed about as much in 
(‘xtent as tlie white, and four or five times more than the blue. The next circuit in 
order ol' colours immediately encomj)assing thes(5 Averc violet, bluc-grecn, yellow, and 
red ; M.nd these were all of them cojuoiis and vivid, exc(‘j)ting the gr(‘en, which Avas 
very little in quantity, and seemed much more faint and dilute than the other 
colours. Of the other four the violet Avas the least in extent, and the blue less than 
the yellow and red. The third circuit or order Avas purj)le, hlin^, green, yelloAV, and 
red ; iiiAvhic.h tin; purple seemed more reddish than the violet in the former circuit, 
and the green Avas much more (M)nstucuous, l.Hdng as brisk and copious as any of the 
other coloui's excejjt the yellow ; but the red began to be a little, faded inclining very 
much'to ])urple. After this succeeded the fourth circuit of gnMui and red. The 
gre.e.n Avas very copious and lively, inclining on the one, side to blue and on the other 
side to yellow. But in this fourth circuit tlnu'e. was neither violet, blue, nor yelloAv, 
and the red Avas vm-y imperfect and dirty. AUo the other colours became more and 
more im])erfcct and dilute, till after IhnM- or lour rr'volutions they ended in j)erf(^ct 
whiteness.” 

“ 5.- -To determine the iiiUu’val of tln^ glasses, or thickin’ss of the inter- 

jac.ent air, by Avhi(;h each colour Avas ]>roduc(!d, I )neasured th(‘. diameters of the 
lirst six rings at the most lucid part of their orbits, and squaring them, I found 
their squares to bo in tin; arithmetical progression of the odd nundjcrs, 1, 13, h, 7, 9, 
11. And sin(!e one of these glasses was jilane and tin; otlnu- s]»herical, tlnur intervals 
at those rings must be in the same prognxssion. I nieasurcMl also the diameters of 
the dark or faint rings lK‘twcen the more lucid colours, and found tlieir squares to 
be in the arithmetical progression of tin; even numbers. 2, 4, (3, 8, 10, 12. And it 
being very nice and dillicult to take these measures exactly ; 1 rej)catcd them divers 
times at. divers jairts of the glasses, that hy their agreement I might be confirmed in 
them.” 

“ (iha. 10. AVetting the object -gla.s.sics a little at their edges, tin* Avater er(q»t in 
sloAA ly between tln;m, and the (;ircles thereby l)eeam(; less and the colonrs mori‘ faint ; 
iii.soniiich that as the Avater erept along, one half of them at Avhieh it lirst 
arrived Avould ap]»('ar broken olf from the other half, and contraeted into a 
less room. By measuring them 1 found the pr<q»orlious (»f Ilnur diameters to the 
<liamelers of tin' like circles made by air to he about seven to eight, and consequently 
the intervals of tin; gla.sses at like circles, causc<l by those two nn.'diuins Avatcr 
and air, arc as about three to four. IVrIiaps it may lx* i\ general rule that if any 
other medium mort; or less de.nse than Avater he eompressi'd Ix'.tween the glasses, 
tlieir intervals at the rings caused thereby will he, to their int(*rvals eamsed hy 
intcij.'icent air, as the sines an* Avhieli nn*asurc Die it'fraction nunh* out. of that 
medium into air. ” 
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Section III. — Trk Colouks of Thick Dlates 

121. Brewster’s Bands. — When a pencil of light hills in sncces- 
sion upon two tnuispurent [)lates which are not very thin/ some of 
the ni.'iny portions into which it is divided by partial reflections at 
their bounding surfaces are ficipiently in a condition to interfere and 
produce coloured bamls. These fnbiges were ol)s(n‘ved by Sir I). 
Brewster - in 1815. The apparatus employed in the experiment con- 
sisted of a straight tube (Fig. 1 01) blackened on 
the inside and closed at one end by a disc con- 
taining a small aperture 0. Two uniform glass 
plates of equal thickness were placed near each 
othei* at the other end of the tube, one of them 
being at right angles to the axis of the tube, and the other inclined to 
it at a very small angle. This angle coukl be varied l)y means of a 
micrometer screw. 

In order to understand the formation of these fringes it is only 
necessary to riotice that when the aperture O is illnminated and 
viewed through the plates the light which reaches the eye consists of 
many distinct components ai'ising from successive )•e^lections within 
and between tin; |)latcs, and a (*orrcsponding sei’ics of imag(\s of tln^ 
source is c.onse^juentlv presented. 

This series of images may be divided into a system of groups. 
Those of the first group coi'respond to light that has tra\'(;rse(l the 
space Ixitweeu the plates onc(‘, so that they ai*e formed by light that 
has not been reflected from one ])lale to the otlun*, but which may 
have sufl‘c)*(Ml reflectioii within either plate. The. first image ol this 

' A thick plate in opties means one of thiekness large c<>nip.ii<‘<l with the l(*n_L;lh 
of a wave of light. 

“ l>rewst»‘r, K<linh. Tr^nis. vol. vii. }». ISlh. 

A plate of [lerfectly uniforin tliiekness eannot he procured in [)i’aftiee, and it is 
diflimdt to ol>tain plates suflieiently uniform to j^ive good Iringes l>y this imithod. 
A plate of glass gcmerally has its faces inclined to each oilier so as to lorm a prism ot 
very small angle*. The, linos of constant tliiekjn*ss in such a platt* Mr<*i approximat(*ly 
rectilinear and parallel, and can be seen when the j»late is viewed hy n^lleeiion in 
monochromatie light. Tlie interfereiiee fringes follow tlie lines of constant tliiek- 
noss, and if the plate be cut in two nlong a line ]K*rpendieular to tin*, direetion ot^ 
the fringes, the two parts wlien superposed by fohling them round the lino ol 
section will readily exhibit Brewster’s bands, for in this case the eoiTesponding rays 
of the iiitm'feriug pencils traverse the plates at places ot equal thickness. 
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^roup may be called the principal image, and it i% formed by light 
that has been directly transmitted through the plates, such as A A in 
Fig. 102. Hehind this there is an image formed by light that has 
suffered two internal reflections in one of the ])lates, such as the rays 
BB and C(', and so on for multiple internal reflections. Now the 
image formed by BB will coincide with that formed by CC when 
the ])lates are parallel and of equal thickness ; but when the plates are 
slightly inclined the thickness traversed by the light in one of them 
will differ by a small amount from that traversed in the other, and 
there will be a small relative ])ath retardation introduced between the 
pencils BB and C(J, so that interference l>ands will be produced. 
Regar-ding the image as a source of light we may say, then, that the 
image formed l)y P»B interferes with the image formed by (JC, and 



Viii. 102 . 

])rodiices an image crossed by fringes. The image formed liy AA 
pi’esents no fringijs, for there is no other [lencil of light of approxi- 
mately the same path. The other images of this grou]) are also 
crosstKl by bands — for example, the light that has suffeied four 
reflections in the ])late AI interferes with that which is four times 
rellected within tll(^ plate N, etc. The second group consists of light 
that has travers(*d the space between the plates three times. The 
first image of this gi’oup is formed by light that has traversed each 
plate only once, such as the ray l)I), and, like the first image of the 
first group, it piesents no fringes. A little behind this, however, 
comes the image formed liy EE, and this is interfered with by FF, so 
that fringes are presented. Other images are formed by rays, such as 
G(f, that have suffered four or more reflections, and they also present 
bands which are explained in the same manner. The third gi’oup is 
formed by light that has traversed the space between the plates five 
times, and so on. 

Tlu^ relative retardation of the j)encils forming the interference 
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])ancls on the second image of any group is easily expressed in terms 
of the angleg of refraction into the plates. For if e be the common 
thickness of the plates it is clear that the ray EE suffers a I'elativc 
retardation "le cos r in the plate M, while FF suffers a relative 
retardation cos r in N. The two transmitted pencils have 
consequently a relative path retardation of 

5 - 2<’ (cf^S >• C'OS /•'). 

This vanishes Avhen r -/ — that is, when the light is incident on 
the two plates at the same angle, or is parallel to the plane bisecting 
the obtuse angle betweeji the jdates. The light incident in this 
direction consequently determines the central fringe of the system. 
Hi ewster describes the experiment as follows : — 

“ 111 order to observe the jdieuoinenoii to the gn*;itest Jidvantrigo, let the light <h'ji 
cir(Milar image subtending an angle of 1'^ or 2^ lie iiieident ])erpe,iidieiilarly, or nearly 
so, upon two plates of parall«;l glass j)laecd at a distanee of onedioitb of an imOi, and 
let one of the plates be g(*iitly inclined in the other, till one or mon; of the relleided 
images bo distinctly separated from the briglit image formed by transmitted light 
and received upon the eye placed heliind the ]>lates. Under these cireumstanees the 
reflected image will he crossed witli about 15 or 10 heaulifiil parallel fringe's . . . 
th(^ direction of the fringes is always parallel to the eonnnon sc'elion of the four 
rellocting surfaces. 

“All the juecediiig exjierimeiits w(;ro made with jdates which were cut out of 
the same piece of glass, and had therefore the same thickness. I now tried plates of 
dilferent thicknesses, ))oth Avln'ii ground ])ara.llel and when cut from a common j)late 
of glass ; but I could m'vcr render the coloured fringes visible, unless wJien the glass 
was i»arallel, and exactly of the same tlii<^kness in both plates.” 

122. Jamin’s Interference Refractometer. — The interference 
bands obtained by Brewster’s method have been turned to account 
by M. damin * in the construction of a very delicate refractometer. 

Two plates of parallel glass as nearly as possible of equal thickness 
(about 1 cm.) are silvered on theii* backs and su])ported (on an 
oj)tical l)ench or otherAvise) so that the distance betAveen them ctiri be 
altered at Avill. Their })laiie faces can be placed in the vertical, Avhich 
is supposed perpendicular to the plane of the paper in Fig. lOd. 

The first plate AB is fixed, and the light of the sun or any other 
source falls upon it. After reflection it is received on the second 
plate (Ji), Avhich can be turned round a horizontal axis by means of 
a scrcAv situated at its back, and round a vertical axis by means of 
the sci*ew Q. The displacement of this plate round the vertical is 
measured by the movement of an arm on a graduated are at V. Part 
of- the light incident on the first face AB is reflected there, and 
after penetrating the second plate is reflected at its second surface 

^ .lamin, ytn?i, de Chim. cldc Phys, third studos, tom. lii. ]>. 1C3, 18.58. 



200 


THICK PLATES 


CHAP. VIII 


jind oin(3rge.s from the plate. A second part of the light penetrates 
the first platen, and after reflection at its second sui?ace i^ is reflected 
froTii the fii-st surface of the; second plate. Thus of the two heams 
one is reflected at the front of the lirst jilate and the liack of the 
s(jcon<l, whihj the oth(;r is reflected at the hack of the first plate and 
the front of the second.^ Hence if the plates lie parallel, the two 
pencils will trav(3rse ecjual and similai’ paths, and they will therefore 
h(; in th(i Sana; [)hase on leaving the second plate; but if the second 
plate he tui inid through a small angle the ray which is refracted in it 
will pursue a |)ath slightly diftei‘ent from that traversed by the ray 
refract(*d \u the first plate ; there will therefore he a difference of 



|)liase h(‘tween th(‘ beams as they leave the second plate, and the 
phenonuma of iiiterfeiuniee will he presented. 

If we start with the two plates parallel and the plane of incidence 
horizontal, liien by turning the screw at tlie back of Cl) the plates 
will hecoim* inclined to each other* and their line of intersection will 
he hoi’izontal. A systiun of horizontal fi’inges will consequently 
appeal' in the tield, incivasiiig in width as the inclination of the 
plates is diminished. When the plates are rigoi’ously parallel the 

' Thrrc is of rouis«* a whoh* system of images formed by successive rellections 
witbin tlie plates and at their bounding surfaces. Tlius an image is formed by light 
relleeli'd diieetly fi'om tlie face Ali and tlien from (M). Behind tliis there is tlie 
imagr eoiisidennl in tin* text and which is crossed by liands because it consists of tw'o 
nearly eoineiilent images -namely, that formed by rellection from AB and C'D' 
combined with that formed by rellection from A'B' and CD. The next image is 
blight and may he considered the principal image of tlie system, and is formed by 
tln‘ light relleetod from the inetallie surfaces A'B' and CyD'. This is followed by 
other fainter images produced by light that has sidfered two or more internal 
rellections witliin the plates. These are also crossed by interference bands, and the 
whole system is situated sensibly on the perpmidieular to the plates drawn through 
the source. 
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))ari(ls should di|appear entirely and give place to a unifoi-m illumina- 
tion. As. this stage is approached, however, the hands generally 
become deformed and form undulating curves indicating want of 
homogeneity in the glass or imperfections in the planeness of the 
surfaces. 

The central fringe corresponds to zero retardation and, as in 
Brewster’s experiment, is formed by those rays of the interfering 
pencils which make the same angle with the two plates. These rays 
are consequently parallel to the plane bisecting the obtuse angle 
between the plates. The effect of moving the screw Q is to displace 
the central band vertically and raise or lower the whole fringe system 
in the field of view. 

When a slender pencil of light (from a slit) is used, tubes con- 
taining gases or thin plates of different substances may be placed in 
the paths of the pencils between the plates, and the relative speeds of 
light in these substances determined by the corresponding displacement 
of the fringes. The apparatus may thus l)e used as a refi'actometer. 

The retardation produced by the passage of one of the [)encils 
through a thin plate of any substance, or through a tube of gas, of 
which it is desired to measure the refractive index, is determined ))y 
means of a rompensa/or K. Thus if a tube of gas or a thin plate be in 
the path of ofie pe?icil, a thin plate of parallel glass may be intro- 
duced across the path of the other, and if this lattci* be of the proper 
thickness, there will be no I’csultant displaceme?it of the fringes. The 
one will compensate the other. The pro])er thickness of tlui paralhd 
glass plate may be adjusted by constructing it of two slender prisms 
of ecjual angle, placed on each other with their edges in opposite 
directions. Phn^ed thus they form a parallel plate, the thic^kness of 
which may be varied at will by sliding one ])rism upon the other. This 
may be done conveniently by keeping one fixed, and disjdacing the 
other l)y means of a screw. When the instrunnmt is once standard- 
ised we know immediately the i*etardation produced by tluj substance 
in the path of the first pencil. 

The compensator used by M. riamin consisted of two glass plates 
(shown Fig. 104 ), fixed to a common axis, and inclined to each other 
at a small constant angle. One pencil passes through one plate, and 
the other through the other plate. The retardation produced by a 
plate depends on the angle of incidence, and is least when the ray 
passes through it normally. When the rays fall on the plates 
per})endicularly to the plane bisecting the angle between them, the}" 
introduce equal retardations, and therefore no displacement of the 
fringes. In any other position the plates displace the fringes by an 
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amount (lejieriding on their thickness and the angles of incidence ; so 
tliat, by rotating the axis to which they arc fixed, ajiy desired 
displacement of the fringes can he produced, and any previous 

displacement compensated. The sensi- 
tiv^eness of this compensator can be 
varied at will l)y altering the angle 
lietween the plates, and the retardation 
introduced by it may be easily calculated, 
but it is best to graduate it by experi- 
ment, which shows that the relative 
i(itardation is very nearly proportional 
to the angle through which it is turned 
from the position of zero displacement. 
M. dam in l)y this method has determined 
the index of refraction of several gases, 
and compared that of dry and moist air. ]>y the same process he also 
investigated the eOect of compression and change of temperature on 
the refi’active index of Avater.^ 

123. Michelson and Morley’s Interferometer. — An interference 
refractometer has l)een described l)y Vrofessoi’s Michelson and Morley - 
which readily jiermits of the introduction of any relative retardation 
betwijen the interfering pencils, and consequently allows of the 
obs(‘rvation of interbu’ence bands corresponding to a large ditiorence 
of path, riiis ajiparatus is the same as that employed in their cx- 
])eriments on the relative motion of the earth and thu ether (Art. 3 15). 

Light from a source of light (a- sodium flame) S (Fig. 105) falls 
u])on a ])lane glass ])late A inclined to it at any angle (usually 45 ). 
Fart of this light is transmitted in the direction Al> and part is 
reflected in the direction Al). Hoth of these beams are received 
pei pendicularly on plane mirrors (J and 1), so that they return to the 
plate A along their original paths and pass in part into the observing 
tel('seop(5 T. Now tin*, pencil reflected from I) traverses the plate A 
three* times befoie it reach(‘s T, and in order to compensate for this a 
similar plate of glass 15 is introduced into the path of the pencil 
reflected from C. Hence if AC^ AI), and if the plates are parallel, 
the two pen(*ils Avill have traversed paths of eepial length, but it is to 
be obs(*rved that tlu^y liave both suftcred reflection at the same face of 
A, one internally and the other externally, and consequently Avlien 

^ .laniin, Jhik Jr Chiut. rt de PIiiis. tkird series, tom. Hi. ]>. 163, 1858 ; and tom 
]\l ]*. 385, 18(51. 

“ Trolessors A. A. Michelson and E. W. Morley, Journal of flic AssocUdion of 
Euijinri ri,i(j Sorirtif's^ May 1888. 
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the adjustment^ of the mirrors is exact the whole field will he dark. 
In this ca»e the image of the mirror C in A coincides with I). When 
the adjustment is altered there will be a path retardation l)etween the 



Vig, lO:.. 


pencils equivalent to that of an air film of thickness A - Al), and 
whose angle is e(|ual to that between 1) and the image of V in A. 

One of the mirroi’s is furnished ivith a micrometer screw l)y which 
it can be moved parallel to itself so as to introduce ajiy diflerence of 
])ath desired. 

124. Newton’s Diffusion Rings. — The preceding cases of inter- 
ference may ])e produced with tolerably thick plates and ai’e known as 
the intei'ference colours of thick plates. The coloured rings of thick 
plates are phenomena of a distinct kind. 'Idiese were discox ered and 
.described by NcAV'ton.^ 

He allowed a pencil of sunlight to fall ])erj)endicularly upon a glass 
mirror, ground concave on one side and convex on the other, to a 
sphere of nearly six feet radius, and silvered on the convex surface. 
Holding at the centre of the sphere a screen of white ])aper, with a 
small liole at its centre to allow' tlie beam of light to pass and repass, 
he observed four or five rainbow-coloured rings on the ])aper, encircling 
th(i apei’ture through w hich the light poured. These w ere similar to 
the trmisiidtteil rings of thin plates, the squares of the radii of the 
bright rings being projiortional to the even numbers, w'hile those of 
the dark rings were in the ratios of the odd numbers. 

When the mirror is inclined a little so as to throw' the I’eflected 
image slightly to one side of the aperture the rings arc formed as 
before, but their centre is at the middle point of the line joining the 


^ Newton, Opticksy book ii. ]»art iv. 



201 


TIlirK rLATKS 


CHAP. VIII 


jipciture iuul its irna.i^c. 'Fhis (rcntial spot changes its^i])peara]icc in a 
remarkable manner as tln^ image recedes from the aperUuc, being 
alternately bright and dark wlnm lioniogcneous light is used, but with 
white light it assumes (;very gradation of colour. 

N(uvtofi endeavoured to account for these rings, like those of thin 
plates, by th(>‘ (miissiori theory ; but it is to Young we owe the 
application of th(i \v*av(j theory to their explanation. His work was 
after wards cornph^ted by llerscln*!, Stokes, and SehiUli.' 

The rirrgs ar’(3 much br'tter* mar-ked wlnm the surface of the mirror 
is slightly dimmed, as, foi‘ exarnph^, by coating it over with a weak 
mixture of milk arrd waU'r*. This suggests that the phenomena ar*e ' 
due in some way to tin; light which is amtieml at th(3 surface of the 
mirror, for- w(‘ krrow that the efiect of dimmirrg the surface is to 

inerrase the (juantity of light seatter‘cd 
or ir r egular ly iollect(*d at it. ^\'e will 
ther(‘for‘(‘ atUniipt on this supposition 
to (‘xplain th(' pln^nomena in the more 
g(3ner*al cast; wlnm the light comes 
fr-orn a point L (Fig. 106) of th(‘ 
ser(‘err not far- from the axis of the 
miri-or-, t.lu' plarui of the screen passing 
thr-ough th(‘ eemtr-e O of th(‘ min*or 
and bmrig pei*peridicular to its axis 
ON. Drmote tlu‘ dist:rn(*(3 L() by <0 the radius OA of the lii*st surface 
of the mir-r-or- by a the r-adius ON of th(‘ second by e + r where c is the 
thiekri(‘ss of tln^ irrirr-or-. Oorrsidi'-r- th<* illnmirration at a,ny point 
(not in tin* plarn* of tin* pap(*r) on tin* ser-(*(‘n. 

A ray of light LM, aft(*r- irieid(‘nce at M, will be refracti'd in [)ar-t 
alorrg M N , arrd after snUer irrg letleetion at X it will ar-riv(3 at l\ where 
a, portion will lx; regularly r-('fr-acted and soirn* of it will be scattered. 
Ii(‘t l’() b(‘ tin* sca,tlt*re(l i-ay Avhich reaeln's (). Now another* sti-(*ani 
of light will also r each (). For* corrsid(‘r- tin* ray incident at F, pa,rt of 
it will b(‘ scatt(*r-ed on erit(*r-ing the platr*, and some one PK of these 
irr-egular- i-ays will after r-egular- r*(‘Mection and r-efraction at U aatd S 
resj)ectiv(‘ly r-(*ach along S(^). It will thus have travei-sed a path 
dillei*itrg little fr-orn that traversed by LMNFQ. The Ovo 
|)(‘rrcils will tln*r-etbre be itr a corrditiorr to j)r*oduce interfer-erree effects. 

’ *^1 lu'st‘ viiri;s ;nv (hit' to the iiitiTfri’ciict! of tlu* li^ht sfutterod or ditfriictod by 
tin* sfO/o |Kirliclo of dust. It bas l)ei*n shown by Stokes that no regular iiiterferenee 
to 1)0 (‘Xpeett'd between portions of light ditlracted by dilferent pai'tieles of dust, 

* tb(‘ dillusioii is aeeonipanied by a diirerencc of path which varies from [)oint to 
point [(\niih. Trims, iv. p. 147. IS,"*!). In this niemoii* there is a coni})let(‘ discussion 
of tlu' w hole cas»‘. 
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It may be observed that l)Oth the rays have sutlered the seatteriii^ at 
the same point T of the surface, the first at (mieri^enee and tlie second 
at incidence. The tAvo have therefore passed over similai* ]>aths and 
snflered similar transformations. They are eonsefjuently beams of the 
same nature, and may interfere. 

It only remains now to calculate the dilVerenee of the; paths tra- 
versed by the rays. We have 

LM— ^ (r I tr - 4 ^^ 2 )" '' ' , (approx.) 

since // is x'eiy small compared with <(. Again, if i b(‘ the angle of 
incidence (LMO) of the ray I^M, its siiu* is approximately e(pial to its 
tangent or circulai' measui*(*, and consecpuMilly 


and therefoi*i‘ 


Ihit /■ - MNA, tluTcfore 


since 

Similarly 




Dut the path MN i NP is tra\(‘i'sed in glass, so that tli(‘ (Mpiivalent ])ath 
in air Avill ])e /l times as great ; tlie wiiole eipiivalenl air j)ath is tlum 

L.M : : NF ^ Vi). 



Fi’om this the value; of the path JjURSI,), may lx* wi*itten down at once 
])y observing that the lir*st i‘ay travels regulai-ly till it emerges at \\ 
where it is s(;attered. But if the. second ])ath ))e tr’aversed in the 
l•evc]^se direction we see that, setting out IVom along (^)S, r(‘fraction 
and refl(;ctio]i take; plae-e la'gularly at S and It till (;me;rg(;rice; at P, 
where scatt(;ring takes place*. Traversing the* s(;cond ])ath in the; dii'cc- 
tion QSUPIj is then the same as the first path in the dii ection lAlNPQ 
with this difterence, that the point is at a distance v from (), whei’cas 
the distance e)f L from it is./', (/onseepie^ntly the second path may be 
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written down from th(^ l»y intercliun^t^in'^ // and r. It is tlH‘refore 

n ‘Jin ( 1 • , , ^ , • 

'Ji( ‘ V ‘J/i-ii-/ 'I'l 

Tlui dillcrem e of tlie path is consiMpumt ly 


d 



//- . 


Wdicn lliis diir(‘r(‘nc(‘ is an cvmi riumlxM* ot halt wa\'e lcni!;ths the two 
hcaiiis ;ir(‘ in tin* s;ini(‘ phase, ;ind all poirits at tlu? distama* r from O 
;n<‘ lniL;hl. If tin* dilliMcma* is an odd nuinlaa' of halt wa\'(*s this 
circh^ is <lark. 

d’h(‘r(‘ is ih(‘rcfor(‘ a siaics of altiariatrly Iny^-ht and dark riipLCs 
onrircliny th(‘ |)oint O. 1’lic radii of the rinys ai'i‘ tin* \a.lii(‘s of />, 
w hieh sal isfy t Ik' epiial ion 


/'■ 


!>- 


the hriuhl I'inys (•oi’r(‘sjMmdini;- to (‘\(‘n \alin‘s of // .ind the dark riiiys 
tot h(‘ odd \ aln<‘>. 

If // ( ), w (‘ ha \ e t Inai 

. //./■■’ \ 

/- ^ ‘ 


a foimnla which mnhraccs the laws laid down Ky Niwvton for tin* ease 
in which tin* oi‘iyin of lii^ht is at the cmitia* (h tln‘ mirror. 

'I'liiis the (Iianiet(‘r (if any riny varies in\(‘rs(‘ly as tlu' sipiare root 
of t he I hickne.ss of the mirr(»r, while, as in the transmitted riii'^s of 
thin plate>, t lie diamet ers of the hriyht rinys an' pro[)oi-t ional to tlie 
s(|iiar(‘ I'ools of the (‘\en nmnl>ers, and tiu' diann'lers of tin' dark rinys 
to llu' S(jiiare roots of the odd mmdu'rs. k’inally, tin' sipiari's of the 
I’adii \ ai‘\^ direct ly a.s the wa\e h'nytli, so that Avitli white' liyht tlu' 
eirch'.'' aia* lainhow colomeal hands, ehanyiny fiom xiolet at the inm'r 
(o I’cd at I lu' oiitei’ cdye. 

Wiieii // /■ lii(' ri'tardation is zero for all waN'e lenyths, eon^e* 

(pa'iitly the cii’cle with eentr<‘. (), and passiny throiiyh the luminou>> 
point h, >\ill he hriyht for all eoloin*s, a?id will tlu'ia'fore' he white', and 
(opj)osite' to L) at the- otlu'r e'xtre'inity of the' elianu'te'i- of this circle 
the'i'e' will he' an imaye' e)f the point L feirnu'd ky reyular retle'e'tiein at 
the' siirfae e' of the mirieird 'I'liis white' cire*le' is siirroiineleel by anothe'r 

• W'ltli regard te (Iicm* Ne’wtnii dl.scrvfs : **Tln' iiicieh-iit aii'l ictlccteMl l»faiiis 
i>t‘lii;'lit .ilwavt; a ll upitn the ^)p|)o^,itt• }>art'^ t)f this wliite illuiiiiiiat its peri- 

u'tcr likf two iiu)ck Mills in th** eeppesitc ]>arts of an iiis" [O/ifiris^ hook ii. })ait 
iv. ohs. in . 



AIIT. 125 


MIXED PLATES 


20 r 


system of coloured ring's. The diftereiiee of tlie s([uares of the radii 
of any two eon.\l*cutiYe rin^iijs is eonstant, and the aiea of the annulus 
between any cons(;euti\e [)air is tliercfort* tin' same foi' all pairs and 
is e(jual to 

TT P\~ r-f . • • 

1 J 

The sueeessi\'(* circles ihei*efor(‘ a]))>roach each otlna- more and inoie 
clos(‘ly th(‘ farther we out from the (amtia*, so that at a .short distaiict' 
from the ccaitre tln^ a])])earanc(‘s beconu'. so confused lliat all ellect is 
obliterati^d. These rin^■s may i>e also observed (‘illuM* w ith a plane 
ylass niii*!‘or oi- with a coina'x: mirior, but tinw aii* moic faint. W ith 
a con\'ex miL*ror it is fiecessai'y to us(‘ a, (M)nv<*i’i;(‘nt peiu'il of lii;h( in 
oi‘d(‘r to obtain a rc'.al iniaii;e of tlu' source. 

d'lu‘y wt‘rc obtain(‘d by tin* l)uc (h‘ ('haulin‘s’ with a coneaxe 
nnOallic retleeloi*, in front of which he placaMl a very thin plat(‘ of ylass 
oi- nii{‘a. dimnu'd with a nii.\tui'<‘ of milk and watm*. 'TIk' m(‘talli(‘ 

r(‘ll(‘ctine; surfaca* plays the ])art. of lh(‘ sihertal back of Nt'wtim's 

mirror, while the [)late of ela.ss or mica, acts as its lirsl faia', and the 
air s[)ace betw(a‘n the ])late and th(‘ r(‘ticctor corr(‘s])onds to the i^lass 
of the mirror. 

The rines tnay also b{‘ well o])S(‘r\(‘(l without a. scre('n, as siiy:;(?st(al 

by Stok(‘s.- All that is re(jnir(‘d is to ])lace a small llann* at the 

emitia' of cur\atnr(‘ of tln^ mirroi*, so that it coincid(‘s with its ima;j,(‘. 
T1 h‘ rin<;'s a!‘e them se(‘n .surround in^i;’ tin* llaim*. 

Dr. W hewa*!!’’ observed a similar .syst(*m ot colonia'd hands torm(‘(l 
w'h(‘n tin* imaye of a ca,ndh*, held ?ieai‘ the (‘ye, is \ i(*.wed by relh'ction 
in a. ])lan(* i^lass mii’i’or plac(*d at a distama* of sonn* t«a‘t. This 
obseiwation was (a)nimunicat{'d to M. <bt^*h'lrt,' by whom it w'a> 
pnbli.sln'd. In ia‘p(!atinu' tln^ c\p(*riment to. 2 ;(ither th(‘.\ tonnd it 
ess(*ntial that tJie mirroi' should not be pcife(tl\ bi'iuht, and to (*nsnr(‘ 
th(^ pi'oduction of tin* bands it was sullici(*nt to hri'atln* yently on the 
surfact' of a cool mirroi’. Instead of moisture, which pniekly e\ aj)orat(‘s, 
M. (^tiK'telet n*(a)mmen(h*d a tarnish of i;i(‘asc., 

125. The Colours ot* Mixed Plates. When tin* spaia* b(‘tw(a‘,n two 
i^iass plates is tilh‘d with a niixtui'(^ of twa> suhstaina's in a fiin‘ly dix ided 
state — such as water and air, or xvatei' and oil liyiit will in y(*neral 
traver.s(* the dilVerent parts of themixturi^ in ditlerent tiiin's, and the 
interval of retardation xvill d(*.j)end tipon the dillercmce of tin* X(‘loeities 

^ I)c (iianliic.s, Mfm. (f>' /' .Ino/. (/( s Sr. ]>. I'l*), 175.'. 

- /’////. Minj. jj. 11 a, IS;')!, 

Slukivs, i'unth. nSd. Trims, pp. 1 IS, 1 p.i, Isal. 

* (yiftck-'t, ^'nrrr'i'p., I*li ijs. rf M(tf h . tom. v. p. '{!tl, 1S2'.‘. 
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of light ill the two media, and upon the varying arrangement of the 
media Ixitween the two plates. Portions of the tranfmitted light will 
therefore he in a condition to interfere, and coloured rings arc seen 
when a luminous object is viewed through the glasses. 

The colours of mixed plates were first observed by Dr. Thomas 
Young and described in the Phihu^ojihiml Tninmctiom for 1802.^ He 
pi'odiiccd them by interposing small globules of water, or butter, 
between two glass plates, or two olijcct-glasses, pressed together so 
as to give the oidiiiary colours of thin plates. In this way little 
cavities of air were surrounded with water or butter, and on 
looking til rough the combination he saw fringes or coloured rings 
several times larger than tliose of thin plates which would have been 
])roduced had air alone been contained between the glasses. The 
rings were seen by the direct light of a candle, and began from a 
white (Mjntre liki; tliose produced by transmission through an aii* 
lilm. On the dark space next the edges of the plate he observed 
another system of fringes complementary to the first and beginning 
from a dark centre like those produced by reflection. This latter 
system was always brighter than the former. Brewster‘S in repeating 
the experiments “tried transparent soap and whipped cream, which 
gave tolerably good results ; but I obtained the best eftect by using 
the whiUi of an egg beat up into froth. To obtain a proper film of 
this substance I place a small quantity between the two glasses, and 
having pressed it out into a film I separate the glasses, and by holding 
them near the fire I drive oif a little of the superfluous moisture. The 
two glasses are again placed in contact, and pressed together so as to 
pi'oduce the coloured fringes or rings, they ai*c then kept in their 
|)lace either by screws or by Avax, and may be preserved for any 
length of time.’’ 

If a da,rk olqect be behind the glasses and if the incident light be 
somewhat oblique, th(5 lings change their character and resemlile the 
ordinary retlected system of NcAvton. One of the portions of the 
inteifei’ing light in this case suffers reflection, and accordingly half a 
])eriod difference of phase is inti-oduced. ddiese rings contract as the 
oblicjuity of the light is increased. The opposite occurs in the case of 
Newton’s rings. 

The colours of mixed plates Avere attriliiited by Young to interfer- 
ence, on the sup])osition that part of the ti*ansmitted light passes 
tlu’ough one of the constituents of the mixture and part through the 

^ Also rf])iiblisli(*(l in 1807, Eh ments of Xnlund Philosophy, vol. i. pp. 470, 787; 
vol. ii. ]>]). (>80. 

- Sir 1). Hiv\vst(?r, “On the Colours ot Mixed Plates.” Phil. Prans. p. 7:1, 1838. 
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^ other, and the explanation from this point of view has been followed 
up by Verdet.^ Thus if part of the incident light be refracted through 
the plate at an angle and another part at an angle v.,, then by Ex. 
Art. 71 the relative retardation between these parts is 

5 - cos - lUL., cos /•.,), 

and Avhen this is an even or aii odd number of half wave lengths there 
will be a corresponding increase or diminution of intensity. For 
normal incidence (S = and the bright and dark rings will 

correspond to 

2c()Lt| - ~ /A, 

according as 7i is even or odd. 

In the case of the coloured rings of thin plates seen by transmitted 
light the bright and dark rings correspond to thicknesses 

2/ - n.h\ 

according as n is even or odd. 

Hence the thicknesses r and r/, at which rings of the same order 
{n) occur in the two experiments, are in the ratio 

e 


Exivnples, 

] . If the- coiistitiUMiis of the mixed plate be wat(‘r an<i air, wc have a[»[)roximalcl y 
;Lt, - and — 1 , therefon; 

/ 1 
r ■’()■ 

But the s(piarc*s of tlu^ diameters of the rings are proportional to the thicknesses, 
consequently the dijimeters of corresponding rings of the two systems are in thr 
rat io 1 : Vtl 

2. The expression cos r, - cos /’o increases with tlui angle of ineidemu*, ami 
the rings eonse(iuciitly contract in diameter. For 

(Id -- e{fJL, sin r.dr.t - Mi sin r^dvy) — r. si n i{(h\, r/y, ), 

hut di\, is greater than di\, therefore d.b is positive ami d increases with i. 


Newton's Ohserwtions on iln' JJiffusiun lliugs of Thick Plates 

Opticks, book ii. part iv. : ‘ ‘ Tliere is no glass or specul uni how wellsoiiver polished , 
hut, besides the light which it refracts or reflects regularly, scatters every way 
irregularly a faint light, by means of whicdi the 2 >olish’d surface, when illuminatcMi 

1 Verdet, Optigue Vhysique^ torn. i. p. 155. 

P 
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in a dark room by a beam of the sun’s light, may be easily seen in all jwsitions ot the s 
eye. There are certain phenomena otthis scattered light which, ^vhen I first observed 
thejii, seem’d very strange and surprising to me. My observations \v[n’e as follows. 

“ 1.*— The sun shining into my darken’d chamber through a hole one-third 

of an inch wide, 1 let the intromitted beam of* light fall iierpendieiilarly upon a 
glass speculum ground <‘oiicave on one side and convex on the other, to a sj)here. ot 
five feet and eleven inches radius, and quick-silvered over on the convex side. And 
holding a white opake charf , or a quire of paper at the centre of the spheres to which 
the speculum was gruiiiul— lhat is, at a distance of five feet and eleven inches from 
the. si)ec,uliim- -in sucli a manner, lhat the beam of light might j>ass through a little 
hole in the mi(hlle of the chart to the specmlum, and then(;(‘, be refie(!ted back to the 
sarnie hole : I observed iqton the chart four or five concentric irises or rings of colours, 
like rainbows, eiKiompassing the hole much after the manner that those which (in 
the. fourth and following obsiu vations of the first [»art of this third book) aj)i)ear'd 
between tin; object-glasses, encompassed the black sj)ot, but yet larger and faiiittU’ 
than those*. . . . Win*!! the sun slioiie very ch\‘ir then^ aj)peared faint lineaments of a 
sixth and seventh. I f the. distance of the chart from the speculum was much greater 
or miudi less than that of six hud, the rings Ix'camc dilute and vanished. Ami if 
the distanci* of the speculum from the window was mmdi greater than that of six 
feet, fh(^ rcfhu t(*d beam of light would be so broad at the distance of six feet from 
fhc spe(!ulum when; tin* l ings ap]n*ared, as to obscui’c om* or two of the innermost 
rings. And therefore. 1 usually jdaeed the speculum at about six feet from the 
window ; so that its focus might fall in with the (‘.entre of its concavity at tin* rings 
iijum th(i clnirt.” 

“1^5. d. -Measuring the diameters of these rings as accurately as I could, I 
found . . . the square's of the diameters of tin; (bright) rings in the progression, 0, 

1, 2, 2,, 4, etc. 1 UK'asured also the diameters of the dark circles between thesi* 
luminous ones, and found their s<|uares in the jU’ogression of tin; numbers h, H, 2\, 
di, etc.” (that is I, d, fi, 7, etc.). 

r>. . . . If the speculum was illuminated with red (light), the rings 

wen; I of ally red with dark intervals, if with blue they were totally blue, and so 
of the other colouis. ... In tin; red they were largest, and the indigo and violet 
h;ast, and in tin* int(‘rmediate colours, yellow, green, and blue, they were of several 
idtermediatc; bignesses.” 

“ 0//.S*, 7. "By analogy . . . it seemed to me that these colours were juoduced 
by this thick plate, of glass mmdi after the manner that those were ])roduccd by 
very thin j)lates. for iqMUi trial I found that if tlio quicksilver were rubbed olf 
tin; ba(!ksidc of the s[»eculuni, the glass alone would cause the same, rings of colours, 
but much more faint than before ; and therefore tin* plienonn*iion depends not upon 
tin; (juicksilver, unless so far as the quicksilve-r by increasing the rethixion of tin* 
backside of the glass increases the light of the rings of colour. I found also that a 
s]»eculum of im*tal without glass . . . produced none of these rings, and thence 1 
understood that these riiigs arise not from one specular surface alone, but dej)end 
upon the two surfae(*s of the plate of glass whereof the speculum was made, and upon 
the thickness of the glass between them.” 

Experinn'iiting with specula of dilferent thh;knesses, Newton found that the 
s(piares of tin* radii of the rings varied inversely as the thickness of the glass (see. 
Observation 9). 

12. — AVhen the colours of the prism were; (*ast successively on the specu- 
lum, that ring which in the two last observations was white, was of the same big- 
ness in all the colours, but the. rings without it were greater in the green than in the 
blue, and still greater in the yellow and greatest in the red. And, on the contrary, 
the rings within that white circle were less in the green than in the blue and less in 
the yellow and least in the red.” 
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Section 1. — The Elementaky Tiieoey 

126. Diffraction — Introductory. — Hy fur the i^neatest (Htliculty 
encountered ut the outset of the wave theory was the ex])lanation of 
the rectilinear propagation of light. This ditheulty confronted the 
early founders of the theory, and tliose who f(‘ared to ('iicounter it 
became partisans of the emission tlieory from whi(*h tlui })rinciple 
flowed as a natural conse(|uencc. A closer examination of the facts, 
however, shows tliat light suffers some deviation from the )*(H*tilinear Uendin^^. 
course in passing by the edge of an opaque o))stacle ; that it does l>en(l 
round corners as rc([uired by the wave theory, but, as the wave length 
is excessiA^ely small, the intensity falls off rapidly within the geometri- 
cal shadow, and the amount of bending observable is so slight that 
careful examination is requii'cd to detect it. Wlien light passes 
through a very small aperture, the dimensions of wliich arci com])arable 
with the wave length, it is not propagated through tin*. ap(!rture as a 
delinite ray or pencil, but diverges in all directions just as sound do(?s 
when passing through an ajierture of a few feet in diameter. 

(3n the other hand, well-marked sound shadows ai'o formed by 
huge obstacles, such as mountains oi* large buildings, and the existence 
of these may be often noticed by the most casual observers. 

The phenomena which occur when light passes thi*ough a veiy 
naiTow aperture or close to the edge of an opaque obstacle, and which 
arise from the light deviating from the rectilinear path, arc- classified 
and studied under the title of DiJfractiotL These a])pearances are de- 
picted at the boundaries of the geometrical shadow, and wJiile all 
other theories have failed to account for them, the wave theory 
explains and even predicts the phenomena truly. 

The first observations on diffraction were made V)y Grimaldi,^ about 

* PhyskO'mathesis dc hiniine, adorihus et iride^ Bononii«, 166.^). 
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CrimuMi. the middle of the seventeenth century. Having admitted a cone of* 
light into a darkened chamber through a very ^nall aperture, he 
found that when a small 0))aque obstacle was placed in the cone 
its shadow on a screen was much larger than its geometric projection, 
so that the light suffered some deviation from the rectilinear course 
in passing the edge of the obstacle. On observing the shadows 
attentively he found that they were bordered l)y three iris-coloured 
fringes, running parallel to the edge of the shadow, and decreasing 
in width and intensity as their distance from it increased. Similar 
fringes may also be observed, under favourable conditions, within the 
shadows of narrow obstacles such as a fine wire or hair. 

The phenomena of diffraction were subsequently examined by 
Newton. Hookc ^ and Newton. “ The experiment of Grimaldi was varied 
)>y Newton, who transmitted light through a very narrow aperture 
])etw(ien two knife edges and observed the image it cast upon a 
screen. The image was bordered l)y three iris-coloured bands, in 
which the colours succeeded each other as in the rings of thin 
j)lates — violet nearest the shadow and red farthest removed from 
it. He o])served the same appearances in the exterior of the 
shadows of many obstacles, but he does not mention the brilliant 
fr'inges which occui’ in the interior of the shadows of narrow obstacles, 
altliongli (irirnaldi had observed the crested fringes at the angles of 
shadows. 

The first application of the wave theory to the explanation of 
V<>uu.i;. diffraction phenomena was made by Dr. Young,^ who attributed the 
fringes to the interferenee of the dii’cct light which passes very close 
to th(^ (ulgc with the light reflceted by the edge at grazing incidcmce. 
That the elfeets are not produced ])y the interference of two pencils of 
light, such as \"oung imagined, is proved by the fact that they do not 
depend on the degree of polish oi* sharpness of the edge. Fresnel 
observed that whethei* light passed over the back or edge of a razor 
the fringes i)roduced were the same, and this he confirmed by exact 
experiments.^ If the binges depended in any way on the light 
retlected at the edge of the obstacle, they should vary in intensity or 
position wlien the degree of polish or the material of the edge is 
altered. 

To ascertain whether the form of the edge had any effect on 

^ Hooke, rosf/nnnous fTorks, }». 190, Loudon, 1705. 

“ Nowlou, Opfirks^ book iii. 

•" Young, “ On the Theory of Light and Colours,” rhi/. Trans, p. 12, 1802 ; Lrr- 
tun'Siai Natural Philosophy, pp. 342, 305, 1807. 

•* Fresnel, (Nnvns conipltlrs, torn. i. pp. 148, 280. 
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the fringes, Frejnel took two plates of steel, the edge of each Fresnel, 
being rountled off* in one half of its length, but sharp in the 
rtiinaining half. He placed the rounded portion of each opposite 
the sharp part of the other. If the position of the fringes 
depended on the sharpness of the edge the effect would here 
be doubled, and the fringes would a})pear broken in the midst. 

On the contrary, they were found perfectly straight throughout 
their entire length. Young’s explanation is therefore incorrect, and 
it is to Fresnel that Ave OAve the true solution of the problem, and the 
deduction of general expressions for the effect of a aa%ivc at any point. 

According to Fresnel the phenomena of diffraction are to be 
attributed to the mutual interference of the secondary Avavelets Avhich 
diverges fi-om the waA^e front. Each ehmumt of the ])rimary Avave, 

Avhen it reaches the obstacle, is considered as the cemtre of a diA orging 
Avavelet, and the resultant of all the secondary AvaA Cs he expressed by 
means of two integrals taken Avithin limits determined by the parti- 
cular nature of the problem under consideration. The pi-oblem of 
diffraction Avas thus solved by the principle of Huygens combined Avith 
the principle of interference.^ 

Diffraction phenomena are, therefore, due to the mutual intorfei*- 
cnc(i of the disturbances propagated from the various elements of a 
single Avave, just as the interference phenomena desciihed in the foic- 
going chapters are due to the mutual i?]tei*fercnce of two trains of 
Avaves. The bright focus of a lens exists because the disturl>ances 
pro[)agated there by the Avave passing through the lens agree in ])hase 
and pi’oduce an intense effect. At other points destructive interhu’ence 
of the Avavelets occurs, and there is no illumination. 

In tlie hands of Fresnel - the theory Avas de\adoped to such 
])erfection that little room was left for addition, and by the exact 
agreement of the results of careful obserA^ation Avitli the anticipations 
of analysis, the evidence furnished in its faA our is so o\au’Avhclming that, 
to those Avho impartially examine it, little doubt is left as to its truth. 

In this section avc shall confine ourselves to a g(;nei*al explanation 
of the phenomena by elementary methods, so that we may become 
ac(piainted Avith the general facts of some important cases before 
entering upon the more intricate investigations. 

‘ Marian [Mnn. V AauUniU firs Srienccs, ]». ;j 3, 1738) and Diitour {Mf'fH. dn 
V Academic dcs Scioicrs, tom. v. p. 36.5, 1 768) conceived tliat the fringes depended r)n 
the refraction of the light by a thin layer of condensed air on the edge of the obstacle, 
hut that this is not the case is proved by the fact that dillVaction tak(*.s plae(j in 
vaciinni e.xactly as in air. 

“ [It appears from a note of Prof. Preston’s that his opinion of Fresnel’s work on 
diffraction Avas considerably modified after the publication of the s(icond edition.] 
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127. A Straight Edge. — The first case of diffjjaction which we 
shall consider is that pi-esented when light, diverging from* a luminous 
point (such as the image of the sun produced by a lens of short focal 
Umgth), passes l)y the straight edge of an opaque screen. Let O 
(Fig. 107) be a luminous point emitting spherical waves, AB an 
opaijue obstachi p(;rp( 3 ndicular to the plane of the paper, then if the 

light be propagated accurately in right lines 
from 0 there should be uniform illumina- 
tion above the line 0AM, and complete 
darkness below it on a screen PQ jdaced to 
receive the light after it passes over the 
obstacle AH. It is observed, however, that 
the illumination does not become zero im- 
mediately below M, but that it fades away 
and there is complete darkness at a small 
distance Ix^low M. Immediately above M, on the other hand, the 
illumination is not uniform, but passes through a series of maxima and 
minima, giving rise to a series of brilliant fringes parallel to the edge 
of tin; ol)Stacle AH. These fringes become less distinctly marked the 
fartluM* we recede from M, the boundary of the geometrical shadow, 
till at hmgth th(*y ai*e wholly obliterated and merge into uniform 
illumination at a short distance from M. 

Th(‘ shadow is thus not distinctly marked by the line 0AM, as 
the geometrical theory of optics would indicate, but tlui light fades 
away gi’a, dually on one side, and passes through many alternate suc- 
cessions of brightness and darkness, forming fringes, on the othei*. 
The aj)peai‘ancc of these fringes is imlependent of the distances of the 
two scretius from the luminous point, the scale merely varying accord- 
ing to cii’ciinistances, and from their constant character they may be 
leadily recognised in expei-iimiiits in which they occur associated with 


Ki«. 107. 

roniinuuusit/ and rapidly, 


ntlier fringes. 

Ijet us now consider the illumination at any point P on the screen 
outside the geometrical shadow. Wo have already found (chap, iii.) 
that the elfect of the wave SA at P is confined to a limited number 
of half-period elements around the pole K. If thei efore P is so far 
removed from M that none of the effective elements of the wave at P 
are interce})ted by the screen AB, then the illumination at P will be 
affected in no way by the obstacle AH. Hut if P be so near M that 
the arc KA contains only a portion of the effective elements of the 
lower half of the wave, the other part being intercepted by the 
obstacle, we may roughly consider the illumination at P as consisting 
of two portions, one the entire lialf wave liS and the other the part 
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RA consisting o^a few half-period elements. Now if RA contains an 
even rmmlier of these elements they will mutually interfere in pairs Fringes 
and should have little eftect at P. Whereas if RA contains an odd 
numbei' the effect should be much greater at P. We are led to infer 
then that the minimum at P is a maximum or a minimum according 
as the arc RA contains an odd or an even number of half-period 
elements. That is, if 

AP - RP-(2;t + 1 (maximum brightness) 

A 

and if 

AP-RP==2//|^ (minimum brightness) 

the difference of the distances AP and RP remaining constant, the 
point P will move along a hyperbola having A and 0 for foci, for 

OP- AP-OR (AP RP), 

and OR is constant, therefore the ditlcrence of the distances of P 
from the fixed points 0 and A is constant. P therefore descrilies a 
hyberbola, but its curvature is so small that it almost coincides with 
its asymptotes. 

Denoting OA by (f. and AM by h we can easily calculate the distance 
.(• = PM of any bright or dark band from M ; for ^ 


Therefore 


or 




2{a + bY 


ami A P — + ' 


2// 


Al’-RP ---Jd- ] ) 
2\b a\b/ 


2 b{<i 1' b) 


(for a bright or dark band). 


Hence for maximum l)rightness 

and for minimum brightness 

> a. 


^ Or thus: the angle PAM is v’ery small and e(jual to twice the angle ARI), 
where D is the ])oint in which a cirelc, centre P, radiius PR, cuts PA, therefore 


i - AK ■■ "ffl . AOK ~ -I. ■ tt -r b' 


^h{(i k-h) 


a 
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When the screen PM is moved nearer to or farther from the 
obstacle AB, the distance a remains constant while h varies f the corre- 
sponding values of x are the ordinates of the hyperbola mentioned 
above. 

To determine the illumination at any point P inside the geometrical 
shadow, we must observe that the part of the wave which propagates 
light to P is only a fraction of half a wave. The point R (Fig. 108) 
is now below the edge of the obstacle, so that some of the powerful 

elements arc intercepted by the screen. 
The light from the point A is, however (of 
the effective part of the wave), that which 
requires least time to reach P. If there- 
fore we divide the jiart AS of the wave 
into half-period elements with resj^ect to P 
beginning at A, the first element AM^ will 
be the most powerful, and the others will be 
smaller and become rapidly equal to one 
another, so as to destroy each other’s effect at P. The resultant effect 
at P is therefore confined to a few half periods near the edge A of the 
olistacle, and these will give a resultant illumination at P. However, 
as P sinks farther into the shadow, the obliquity of the line PA to 
the wave front will increase, and the consecutive half-period elements 
AM], etc. Avith respect to P will gradually become smaller and 

more nearly equal in effect, till finally when P is a small distance 
below M, tlie whole (fifectivo jiortion of the wave is cut off and the 
resultant at P is ;^ei-o. 

Conse((uently Ave conclude that the light falls off continuously but 
rapidly Avithin the geometrical shadow, and alternations of brightness 
and darkness do not occur. 

It is not difficult to see that diffraction fringes can be exhibited 
only Avdien the angular diameter of the source of light is ‘small. For 
if the luminous origin subtends any considerable angle at the eye, each 
point of it Avill give rise to a corresponding set of fringes, and the 
multitude of sets Avill be so super])osed and intermixed as to obliterate 
all visible effect. 

In practice a strip of light from a narrow slit is used, and the fringes 
are vieAved through an eyepiece mounted on an optical bench. 

128. Narrow Wire. — Let us iioav consider the case of a very 
narrow opaque obstacle, such as a hair or a fine Avire. Let the opaque 
screen AB of the preceding article be limited on the loAver side, so 
that it becomes a narroAv strip intercepting the light from 0. The 
shadow oil the screen MN (Fig. 109) aauU be bounded externally on 



Fig. Ids. 
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each side by a sj^tem of fringes similar to those just described, and 
accordingly •attributable to the same cause. The system on cither side 
is produced by the light which passed that side of the obstiicle acting 
independently of that which passed the 
other side. The upper system is due to 
the diffraction of the light from 0 over the 
upper side A of the obstacle, and the lower 
system is produced by the diffraction of 
the light at the lower side B. 

In addition to these two systems of 
fringes, however, there is another set of 

brilliant bands situated inside the geometrical shadow (MN) of the 
obstacle (if it be sufficiently narrow). This system is finer than the 
others, and, unlike them, of ccpial width throughout. It remains 
therefore to account for this internal system by the theory.^ 

In the preceding article we have seen that the effect of the portion 
AS of the wave at any point F inside the geometrical shadow is due 
entirely to a few half-period elements at A, the others mutually de- 
stroying each other. The portion AS of the wave may therefore be 
replaced by a small luminous source near A, so far as its (effect in 
illuminating F is concerned. Similarly the lower portion BT of the 
wave, in illuminating F, is equivalent to a small luminous source near 
B. Thus any point P within the shadow is illuminated by both sources 
at the same time ; these sources will, therefore, like two small near 
apertures, produce the phenomena of interference inside the shadow, 
and the fringes which occur there are accordingly accounted for. 

If the obstacle AB is not very narrow, then there will be no internal 
fringes, but a gradual fading away of the light at each side of its 
geometrical shadow and the usual system of external diffraction fringes 
on each side. When the obstacle is narrow, however, the illumination 
inside M overlaps that inside N, and interferes with it. Or we might ])ut 
it thus : with the straight edge any point in.side the shadow is illuminated 
by a small source at A. If the obstacle l)e narrow this point is also 
illuminated by a small source at B, and if the distance AB between 
these sources is small enough, they will interfere and i)roduce fringes 

^ Diifraction fringes may be cxhibittMl on a minute seale by eandle light, with no 
other a])paratiis than a small lens having a fine wire stretched across in contact with 
its surface. Holding the other surface next the eye, if we look through th(i lens at 
the flame of a candle at some distance, or, what is better still, at its light admitted 
through a narrow slit, the wire being ])arallel to tlie slit, the dark imagJi of the wire 
will be seen edged by the external fringes, and the shadow marked by the internal 
fringes in a remarkably beautiful and distinct manner (see 11. Powell, Phil. May. 
and Ann. January 1832). 
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ill the interior of tlie geoinetriciil shadow. It is clear that these fringes 
are given l>y tlie ecjiiations 

Al‘ 151' 

wluMM'. V. is ev(‘,n for tlie hriglit liands and odd for thi' dark ones. 

That th(5 internal fring(‘s ar<* din^ to tin; interference of the two 
|»oi’tions of light whicli pass over the edges of the narrow ohstaclc was 
preoed conclusiviily hy Dr. Young, lie showed that when the light 
from one sidi*. was interci'pted ])y an opa(|iie scri^en eitlier before or 
;d‘t(a‘ it reacluid the ohstach*, tlu; whole systimi of internal fringes dis- 
aj)p(‘are(l, and tlie ordinary ext(‘rnal dilfraction fi*inges aloiu' remained 
on that si(l<‘ o\er which tin; light was allowed to [lass. Tt is clear 
thiirefon* that the internal fring(;s ar(‘- due to the joint working of 
the, light which jiasses both si(h‘s of the olistaele, whilst th(‘, external 
fring(‘-s on the upper and lower sides of tln^ shadow are due to the 
ind(*[)en(lcut action of th<‘- portion of th(‘ light which passes on thesis 
sidcNs respe,(djv(‘ly. 

129. Narrow Rectangular Aperture. - Let ns now turn to the 
(ina,si complemeiitaiy case, -that in which tlu' light from a source 0 is 
admitted to a, scriam tlirough a V(‘ry narrow slit or n'ctangiilar a[)er- 

tiire. ' First consiihn’ th(‘ illumination at 
any point F (Fig. 1 10) of the s(M‘(M*n outside 
the lioundaiy of tin* gcomedi ical image of tlu^ 
ajMnliire. As hefort*, we divide AI) into a 
scries of half pi'riod eleimmts with rcsp(‘ct to 
F, lK‘ginning at as the light reach(‘s F 
from this jK)int lirst. Tlnm the point F will 
he the centri* of a bright or dark liand 
a('cording as the ditfci’(*nc(‘ i:i’ AI* is an odd or an evmi numliei- of 
half wav<*. hMigths. If the dilVer<mce is eipial to an (‘V(‘n number of 
half wa\('s there' will he an even number of half-pei’iod elements in 
AF, which will mutually interfen^ at F, and the eifect will lie less than 

' Till* tViiigrs nl’aii apfi tiirc may la* very (list iiictly sn ii Cy mcrclx placing a 
na now slit m ar t In* llamc of a <*amllc, and view ing it t lirongh another slit licld dose 
lo I lie eye and pai’alld to it at the distance of a lew feet. 

J )i llVad ion spectra, images, (»r patterns may, liowever. he oleserved williont (he 
aid ol aiiN sultsidiarv apjiaratiis, l»y partially dosing one’s (‘yes so ;is lu vii'W tlnongli 
tli(‘ eyelashes a candle tlame or any ordinary source of light. The ladies in this ease 
play tin* part ofa diliVad ion grating, and spectral images are prodmial on each sidi* 
of (lie (lame. Similar |>]ienoniena. may he (disi-rved hy viewing iin\ ordinary source 
of light, sudi as a lamp tlame or a gasjd, throngli a poek(‘t -handkerdiief. Tliesi* 
(‘Ifeds avi* hi st marked when tin* edgt* of the lhlnu^ is }H(*s(‘nt (*d to tin* ohs(*rvei' so 
that: it may hav(* its sniall(*sl angular suht(*nse. 

A star whidi is pro]>ahly a vast body giv(*s dilfradion rings as a ])oint source 
het-ause its angular subtense is V(‘r\ small. 
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if there is an odd number of half-period elements in Al’>. There will 
thus bo twi> sA'stems of fringes, one on e;ich side of the geonu'tric iinag(‘ 
of the iiperture, the bright and dark bands of which correspond to odd 
and even values of n respectively. This is just the reverse of what 
takes place in the fringes formed in the interior of the shadow of an 
opa<(Ue obstacle. ddie position of these fringes is given as usual by 
th(5 e([uations 

111- AT iumI,.’ 

where // is even foi* tlie dark and odd for the bright bands. 

Now if the scre(Mi is so I’cinott* fi-oni the apertui’e that AM H.M is 
h‘ss than lialf a wave, then the first band will li(‘ outsich* tin*. e(lg(‘ of 
the imag(‘, and the systcuns of fringes alia^ady nuMitioiual will represent 
th(‘ complete phenomena. I hit if the screen is so near the apc'rture 
that tin' difference of the distances of M (oi‘ N) from A and I*» is a 
nunibei' of half waves, fiinges ai’e visilde within the j)rojection of the 
a[)i‘rture also. The illumination at a,ny point of this imagi^ is dm* 
to tlu‘ two portions into which i)() divi(h‘s tin' wave Al>. 'flnx' ])oi‘ 
tionsaia' si'aisibly ditVei'cnt in magnitude as w(‘ll as oblicjuit y, and tlu'ir 
joint (‘Meet at laapiires a nioi*<', comph'.te invi'stigation (Art. lot)). 

130. Circular Aperture.-- Among tln^ most striking of the pln'iio 
mena of ditlraction ai’e thos(‘ produced when light, div(‘rging fi’om 
a luminous origin, passi's through a, small circular aperturi' such as a 
pinhoh' in a sheet of h'ad. When tin', apiatun'. is vii'Wt'd througdi a 
l(‘ns it ap])ears as a brilliant spot surroun(h'<l bya. seri('s of \i\ id i-ings, 
and as tin; distama' betw emi the a.]M'i-tur(‘ and the ('vi^ is altered thest' 
rings vary in the most })eautiful manner. The. (*entral whitt'. sj)ot. con 
tracts to a point and vanishes as the. ('ve approacln's t In; aja'i t.ui-e wldh' 
the rings close in u})on it in succt'ssion, and the eonlia' passi's in 
suecc'ssion through a s('ri(‘s of most 
b(‘autiful hues similar to those pn;- 
sented in tin; colours of thin |)lates. 

Tin; ])oints of maximum and mini- 
mum int(;nsity on tin' e('ntral lim; aia; 

(*asily d(;termined. Thus h;t 0 In; tin' 
luminous origin (Fig. Ill), All a sec 
tion of the a])ertui'e, and OMF a line 
till ongh its centre M. Tin* illumination 
at I* is found by dividing the wave into half-[)eriod eh'ments as 
it diverges through AB. Thus let M.„ M.,, etc., In; a seritrs 

of points on the wave front marking the half -period elements. 
Then, as shown in Art. 53, the consecutive zones ap[)roximately destroy 
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oth(*i‘, and if tlin aporture transniils an evoii niuijbcr of them, tlie 
ilhnnination at P will he vany f(?e])lc, whereas if it traiisMiits an odd 
nurnlxir tli(‘, illiunination will he. largely inci‘(^as(3d. Hence Jis V travels 
alon;;- the axis of the ap(n*tui-e the intensity of the illumination at it 
passes throut^h a- snc(;(‘ssion maxima and minima. The distarice 
of any |»oint of maximum or minimum int(‘nsity fi-oni the aperture is 
(iasily ealcuIat(Ml. Foi' if we. dent)! e OM and PM hy a and A respectively 
il. tollows at onc(*, from the expression of Art. a*) that the area of each 
half per iod (‘hamnil. is veny aj)pi‘o\imate,ly ecjual to 

TTfffiX 
. />’ 


sirreci th(i radius of tin* ap(*r‘tui‘e. is small eoinjrai'ed with either a or A. 
Denoting;' t his radius hy /•, tln^ ar(‘a of the ajreiture will lx* tt/-, and if 
this contains n half pei'iod elennnrts we have appi-oximately 

TTilhilX 

TT/ - 

o • /y 


Tin; positions of tlu^ |)oints of imiximum and minimum intensity 
alon.i;* the axis a,i‘e conse(|UentIy i;iv(‘n approximately hy the eijiiatioir ‘ 

h 

H<t\ /•’ 


wln‘r*(* r is tin* radius of the ajx'.rtur-t*. 'Vhv dark poirrts con’espond to 
tin* (‘V(*n vaJin*s of //, and the hr‘ie:]it(‘st points to the odd Nalnes. 

Since tin* distarree of any Irr’iyht ]»oirrt fr'oin M dep(*nds on A, it 
follows that- when while* Iryht i.s us(*d points of rnaxirnuni hrii^htness 
for’ tin*, dille.r’errt. colours will lx* situated at dillcr’c'ut distairces fr’orn M, 
the r’(*d heirie; nearest M and the vioh*! far’th(‘st away ; there will not, 


' 'riii.s rcMili may )>•' (ItMliiml din-i-tly l»y r\ pj'f.ssimr t lie inj) 

nl’llic lay PAD, wliicli passo I lie of t he ajHMlun', rfl.ilix i-ly lo tin* r;i\ FM(_) 
parses tlnamL^li tin* rciitm. 'Plius >iin*n r is Miiall ^^(• have 

OA c i ami FA h \ 

'111 '21/ 


Coiis»‘(pifntly tin* rclaidat icii 

lOA + I'A) - '7C-!Y 

‘J V y y h ' 


'I'hat is 


'liifiO 
n i h 


when* d hiiX win'll the aju'ilui'i* contains a whole niiinber of halCpeiiod t*h*inents. 
'Phis expression also j^iNes Tr<(h\ \i( i h) as the ap[»roxin]ate ar(*a of each half-period 
oh'inent. 
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tlicrefore, l)e .'luy points of complete cLirkness, ])ut the centre of the 
inia^Ae Avill ])ass through a succession of riclily coloured hues, following 
each other nearly in the order of Newton’s scale. 

The dark ])oints correspond to the even values of //, Imt a clostn* 
calculation shows that in this case, as in the case of a rectangular 
ap(*rture, the points of maxininm brightness arc not exactly half-way 
between the points of darkness. Ilotli these (|uestions will therefoie 
he resumed in the next chapter, and In* more fully dealt with. 

131, Zone Plates. — AVe have seen that tlu‘. consecutiNc annuli 
into which the circular aperture AH is divided ap})roximatcIy destroy 
each other in pairs at W If then tlie alternates annuli, c.//. tin* l^nd, 
tth, bth, etc., he covenul with some opaepie substance, tiie others 
would he left free to have* their fidl elVect, and we should (‘xpect P to 
he brightly illuminated. Th(‘ tlu'ory hen‘ is in complete*, acee)rdane*ee 
with the r(?sults e)F e)hse;rvatie)n. Sue*h j)late‘s, with alte‘rnate;ly opaepie 
and trans])are]it annuli, may he e)l)ta.ined by ])hotogi‘aphy, am] it is 
foiinel that, although theie is a?i im])orta.nt ditlerence*, the‘y rese-nd)le 
a lems in bringing light fiom anyorgin Ototlie same point P as foems. 
The elillere'ncei is that the* light which passes threnigh the see'onel trans- 
pai‘(‘nt annulus arrives at P a e*e)mple‘te‘, p(‘i‘ie)el late-r than the* light 
fre)m the tirst. Similarly the* path of the light fi-om tin* third is a, 
wave le*ngth greate*!* than the path of the*, light fi’om thei se*e*e)ud, a,nd 
so e)n. \Vhe*reas in the e*ase eif a. lens the*, characte*risti(; is that all tlui 
light whie:h re‘ae*hes the fe)e*us from O arriv(‘s the‘re‘. in the* same* time. 
The* ])hase‘s e)f all the waves which re‘ach the* fe>cus aie* tln^ same*, anel 
the times (je*e*u])ied by them in lrave*Iling the*re*, frenn () are also the; 
same fe)r all. A /euu* plate has the*i*e*fe)re* the* pi*ope*rty of a e*e)n- 
elensing le‘ns.' 

To construct a zone j)late* it is oidy ne‘ce‘ssary te) ele‘se*rihe^ e)ii a 
slip e)f white* pa])e*r a sci*ie*s e)f ea)neamtrieM*ire*le*s e)f raelii pre)pe)i t ie)ual te) 
the sepiare i'e)ots e)f the; natural nund)e*rs, /.c. I, ^/-j, o*te;. 

'riie areas of these cii’cles a,i*e; elire;ctly as the natural numhe*!*s, and the 
area includeel between any jeaii* of ce)n.S(;euti\e eircles is ce>nsta,nt, 
lienee if the alt,e*rnate annuli he hlae*ke;ne;el ovei*, the eethers remaining 
white*, we* will have a sketch of a zeme* j)Iate, but ein mue*h too large a 
se'ale*. A miniature; jihotograph of it may ne)W he* maele; e)n a, thin plate 
e)f glass, and it is found that uhen this plate is inteipe)se;et in the; ])ath 
e)f a beam e)f light it proeluces the* edlect ele;scrihe*d. ’ 1’lie light is 


^ A rniut’old would 1 m* oMuiiird if it woi-u ]>(»ssil»Ic to |iro\id(‘ tlj.-il tJic 

liyht stoi»i)e*d l»\' tin* .•ilt«*i‘iiMtr zoiio.s wfjo rcjihicrd l»y a ji}uisc-]<‘\ (M’>a I without loss 
(if am jilitude*. 

- St*u ("rlazoluook's riiijsli'al p, 
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lirou^lit to ;i focus at a point such tliat tlie rings on the plate are 
half-])eiio(l (ilmicnls with r<^spcct to it. The focus of the ml light is 
of course, as before, neai-er I he plate than the focus of the violet light. 

r(;vcrse holds in tin; case of a lens, for tin; violet, Ixung most 
rcfrangil/h;, com(;s to a focus ncai’est tin; hms. 

132. Opaque Circular Disc. -In applying the theory to the case 
of (liflVartion l)y an opa(|in‘ cinailai* disc, I'oisson was led to the 
startling conclusion tliat tin; illumination at tin* centre of the shadow 
should ])(i tin; same as wh(‘n the disc; is r(;m()ved, and Arago showed 
that this was v(;riiied by (‘xperimentA Wb'tliout (‘iitei'ing into a com- 
plete in\’(‘stigati()ii we can see that the illumination along the axis of 
tin; disc sliould be* uniform and a j)])roximat(;ly tin; same; as when the 
disc is rernoN'cd. h'or, take any point on the axis of the disc, and 
divide tin* wav(‘ into half period ch‘nn‘nts with respect to it, beginning 
at the (‘dgc of the disc. 'Fhc tirst- half p<‘riod element, which immedi- 
ati'ly surrounds tin; c.dg<‘ of the <lisc, is the most ))owerful, and ])lays 
tin* pau't ordinarily taken by tin* centia; zone of the wave. As in 
cha,[). iii,, it follows that tin; r<‘sultant ellc(‘t is appr(>ximat(;ly e(jual to 
half that of tin; first, exist ing zoin*, and wh(*n the oldi(juity is \ cry 
small this will )m* v(‘ry nearly tin* sami* as luh (Art. 0 * 2 ), which 
r(*pi*esents tin; etleet of tin* whoh* wa\ <*. The illumination, howev(‘r, 
must fall off gradually as tin* point un(l(*r eonsid(*,rat ion approaches 
tin* disc, for whi‘n tin* ]»oint is near tin* disc the ohhhjuity of the first 
zom; passing tin; edga* is grtxiter tlian when tin* point, is farther away. 
In otln*!’ woi'ds, tin* el]'<‘cli\<* p(U'tion of tin* wavt* is to sonn* ext('nt 
cut. off when the jxiint is m‘ar (he <lisc. 

'This i’(*snll is easily und(‘i*st.ood by remembciing tin; Ix'uding, or 
dillVaelion, of the light which takes })lacc into the gt*ometi-ieal shadow. 
\\ hen tin* ohstaeh* is a small eire.ulai* disc this dilVraeted light o\'eiiaps 
from all sides at. (*aeli point on the axis. At any one of tliesi* ))()ints 
all tin* di(rraet(*d light is in the same ])hase, and th(*re is (*ons(‘(juently 
no d(*struelive interfi‘n*nee at any j»oint on the axis. At a point not on 
tile axis tin* eonqxments of the diffi’aeted light differ in plias(*, and 
ther(' is interfer(*nc(‘, so that, wln‘n whit(' light is used, what is 
ohser\(M] is a system of rings snn'ounding a whitt* centre, the intensity 

‘ This «'\]»i'riniciit is ditliiMill. to |)frlon)i s.’itislhi-toii] \ , .si)n-t* rN rii w lim the Ui'-r 
is riit willi till* utmost I’nrt*, v:\r\\ »)f llm iniiiuh* imM|ualitics in its cUgr is magiiilird 
aiid ai'com paiiicd l^v iViiigis wliirli mix .and rro.sv su ;is to totally conliisc tin* wliolc 
a|*j>t‘araii>‘i‘. “ 1 liavc siuaa'fdod hy taking U|» a small ({uaiitity of tliii’k ink on iht; 
point of a pfi), and di-o}t}ting it tm a clear plait* t)f glass, hy \\hic*h means a snfii- 
eiently even eireiilai- edge is produced, the disk lieing ahoiit of an inch in 
tliaineter” (KN'V. F>. Ikovell, IVtif. Jhnt. n ad Ana. .lann.irv Tin* dillieiilty 

may often aiise from the faulty n.atin-e of the glass to which the disc is attached. 
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ill the centre ])eing practically the same as if the disc were 

removed. • 

> 

133. Babinet’s Principle. — When li<;iit is transmitted throui!;li a 
very small aperture we have seen that there will he illumination at, 
})oints considerahly outside its i^eometrieal image. Ihit wlum the 
aperture is of sen.sihle magnitude, an image of it is dcjiicted on the 
screen, and at the hoidcM's of this image the illumination falls oil* 
gradually. Now at any point outside the imag(‘, or at an}' point of 
th(' ])attern where the illumination is zero, the tdlect produc(‘d hy an\' 
])art or parts of the ajiei-tui'e must he exactly (M|ual a,nd o])])osit(^ to 
the (diect of the lamiainder of the aperture. 'Thus if S, he the area of 
any ])oi‘tion or any numlau’ of portions, isolat(‘d or continuous, of tin* 
apertun‘, S., the area of tin* remainder, and S tln^ whole* area, we have* 

S S, ! s.,, 

and if the vihra,tion pre>duea*el hy Sj at \\ a ])oint duh'nh' tin* image*, he 
y/^ -- e/ sin 0, the*n the* vibration ]>re)elue‘e*el h\’ S., will he* //., -asin«/), 

feir tin* re'snltant is zeu'e). Ih'iice* it fe)llows that if a,ny part e)r parts S., 
e)f the* aperture he suppose'd e)[)a(pie‘, the* re‘inaiiiele*r S, l)eing h‘ft trans- 
parent, so that diHVactioii may e)ceair whe*n light is trjinsmil te*d thre)ugh 
the* transparent parts, the* \ihi‘atie)?i am! illnniina,tie)n at P will he 
dete*rmine*el 1)y the* e*(piations 

//i and I, n'-, 

while if the f’ore'going opaepie })ortie)ns S., he* snpposeiei t i‘a,ns[)ai’(‘nt , anel 
the transj:)ai-ent ])e)rtions Sj oj)aepie, the ilhunination at 1‘ wlien the 
light is transmitted thre)Ugh S„ will he*, de*,te*i-mine*el hy 

//.. n .sjji 0, and I., 

that is, - I., - ii'\ ())• the* illumination is vo/n/A/v// whe*-n we* snp|)ose 
the trans))arent paits e)f the apendui’e* te) ])e‘eM)nn‘. o[)aejne and the* 
opaepie ])arls transparent. 

This ])rinei})le‘ is elue to l>ahinet,‘ and applie-s to an\’ pe)int at 
which the illumination elue to the*, whole* apendure* is znio. 

If the pe)int V he illuniinate*el, tlieni the? whe)le*. aperture* S transmits 
a vihratie)!) reprcsentcel hy the eepiation 

If — A .^in ((x)f t a;, 

while any selected portion Sj of it produces the vibration 

_rf j sin (ujf ^ a,), 

^ Bahiiuit, Cnmpffs licndus, tnin. iv. j*. ei.'jS, is:')?. 
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Hiid the leniaiuder of the aperture produces 

//.j — (t.f sin iwt a.j}. 

The vibrations due to the portions Sj and S.^, in general, will difter 
in phase and amplitude, but they will be connected with the vibration 
due to the complete afierture S by the (Hpiation (Art. 43) 

A“ \ (i.r r (*os (a, - a,), 

oi' denoting the corresponding illuminations by I, I^, and we have 
I — I, f- 1-2 2 (ct] - Ct.j). 

If < 4 ^ “ a., - .Itt, them 1 “ r r.^. It should be remarked therefore that 
we h;ive tlie (Mpiation 1^ ^ h, 1 only in tlu? special case when the vilira- 
tions from S, and S., diller in })hase by a ijuaitei* jieriod. Attention is 
(lircjcted to this jioint, for it is not unusual to find it assumed that 
1 I,-hr, univmsally, or that the illumination in one case is exactly 
complementaiy t(j that in the other.^ 

When we know the vibration // pioduced by the whole aperture, 
and the viln’ation //^ pi’oduced by any ])ai*t, we can calculate by the 
above (iquations the vibration //.„ and illumination k„ produced l)y tlui 
rimiainder. Thus if the apen-ture S be siqiposed very large, so that 
practically the whole wave may reach any point P on the screen, then 
if // be the vibration e.xcited at P by the complete wave, //^ that when 
any area of tlu^ Avave is stopped by an opa([U(i olistachi, that of 
the remaimh'r, viz. the vibration due to that part of the wave Avhich 
pass(*s tlui obstacl(\ then w(‘ hav(^ 

•f -- Vi 

The vibration // will be ]nactically uniform all ov(‘r the screen, so that 
we have 

//j constant, 

but 1^ 4 - ]., is not constant, for we have seen that 1^ -t- is not eijual to 
1 except in a very special case. If /q be the vibration at any ])oint 
when light passes through a narrow rectangular aperture, and y.^ the 
vibration at the same [)oint when the aperture is replaced by a Avire of 
the same width, then /q + //., = //, Avhich is constant over the screen, but 
Ave cannot say that the illuminations at any point are complementary 

* [Those results are well illustrated by Fig. 10 mi p. Id if wo su[)pose tlio circle 
(' deleted and the angle AOU variable. OF, 0(,>, OR represent ;//i, 7/._„ and y-V\^V-i 
respectively, and OA, OB, OC are lu'oportional tu ^4^, and \/l. If I b i I.^ 
the angle AOB (the phase ditlereiice) must be right. If are known as 

well as the diirerence 1300 t>f the corresponding phases, ^4.j is tound as being 
proportional to CA or OB.] 
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ill the two cases. The same remark applies to the case of a ciicular 
aperture an,d an Opaque disc of the same dimensions.^ 

Such screens are called roinith'inrnfurff srnrna, l»ut tlie term must 
not he understood to refer to any comphnnentary relation l>etween the 
illuminations ; it merely signifies that the transparent portions of oiu‘ 
screen are I’eplaced hy o])a<|ue parts in the other, and ri(r rrr.'^i}. In 
the case of an opaque ()isc we have seen that the illumination is 
approximately uniform along the central line, while in the case of the 
circular aperture it passes through a series of maxima and minima. So 
again it is the outside of the image of a large obstacle that is hordeivd 
with dill’raction fringe's, Avhereas in the case of the cma'esponding aper- 
ture the fringes lie within the geometrical image and tin; [latterns are 
not complementary. 

134. Coronas — Young’s Eriometer. — We have alrevuly se;en that 
when light, diverging from a luminous point, passes hy the edge's e)f 
an ()[)aquo olistach', systems of coloure;d fringes are; formed })arallel 
te) the edge's of the shadow. In tin; ease of a circulai* disc, or a 
circular aperture;, the fringes form a syst(;m of cone*enlrie* (di'cnhir 
1‘ings. Insteael of a single aperture if we; have a large; nnmhe'i* of 
irregularly distributed small (;qual apertures (or of a large; numl)e;i’ e)f 
equal circular discs) in an ojiaepie; scre'en it may he shown (see; Art. loS) 
that the diffraction pattern is the same as that proeluce'd ]>y a single; 
aperture multiplied in intensity l)y the numhe'r of ape;rtuie's. 

Instead of opaepie discs we might eepially have small regular 
glohul(;s of condensed vajiour, as in a cloud, and it is to the; diflractie)n 
])y these glolniles that the coloured i-ings se'en ai ourid the; sun and 
moon, when observed through a thin clone 1, are due. The;s(; rings ai*e 
ohsci’veel cleise to the surface of the sun and moon in hazy we'athe;r, 
ami must not he confuse;d with the larger rings oi‘ halos fe)rmed at 
some distance away. The halos are; ed’ten se;en in ne)rthern latitueles, 
am I are; due te) ice crystals floating in the atmosphei e', the' angular 
radius ejf the first being from *2*2 to *23'". 

Newtein observed coloure'el I'ings arounel he)th the* sun and im)on, 
and lie was the first to attribute them to the actie)ii e>f wate;r glo])uh*s 
in the air. He describes them as folle)ws {(Jjifich, be)e)k ii. part iv. ): 

“For in 1602 1 .saw by reHcxioii in a vos.scl of stagiiatiii;^^ watrr tliicj* lialos, 

crowns, or rings, or colours about tin; .sun, like; three; little laiiibows, coiK^cntrick to 
bis body. The colouis of the lirst or iiiiieriiiost erowii were blue next llm sun, nsl 
without, ami white in the middle between the blue ami ird . . . these downs 


* If b corre^sponds to a circular aperture and L to a disc, then (.Art. 132; I.j I, 
and I, ■}• 2 cos d - 0, or cos 5 - ~ i s b/b 

Q 


pliMiiditnry 

case^. 


( 'orouas. 


Ualo.^. 
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'CucIoscmI oiKi anotlier imiiKMlialely, so that their (tolours ])roce(Hle(l in this continual 
•ordiT IVoin llie snn outward. . . . Tin; like cn)wn.s appear Wnctiincs about the 
moon, I'or in the he^innin^of tlic yonr 1004, Fehrnary 19th, at ni^lit, I saw two such 
crowns a1>out lier. The diameter of the first or innerino.-st was about thre(* decrees, 
ainl that of the scr-ond about live decrees and a half. ... At the same time tliere 
a]»p(*ared a hah) about 22 ' 35' distant from the centre of the moon. It was elliptical, 
and its lon^ diameter was perpendicular to the horizon, ver^dn*^ below farthest from 
the moon. I am told that the moon has sonn;timcs three or more concentri(; crowns 
of colours cneompassin^ her next about her body. The more equal the ;.,dohules of 
wat(;r oi‘ ice are to one. anotlier, the more crowns of colours will ap[»ear, and the 
colours ^\ill he the more lively. The halo at the distance of 22 }, from the moon is 
of another sort. Hy its bein^ oval and remoter from the mor)n below than al)Ove, 1 
com linh; that it was made by refraction in .some sort of hail or snow lloating in the 
air in a horizontal f)Osture, the refracting an^le being about hS' or (10 .” 

FriUliiliofcr (*ontirme(l Newton’s views Iiy showiiiji^ that these 
colom*e(l rings may 1x3 produced artificially liy looking at a source of 
light through a ])late of glass covered with fine globules of condensed 
vajiour or with lyco|)odium dust. The condition necessary for the 
success of the exjterimeut is that tlni gloliules should txi of sensibly 
unifoiru size, lie also obtained them witli a large numl>er of small 
metallic discs of e(|ual size placed Ixdween two plates of glass, and lie 
found that the diameters of tlui I'ings varied directly as tlnj wave 
hmgth, and inversely as the diameters of the discs. 

>M. Verdot ^ i*e[)roduced the .same phenoimma by covering tin; 
object-glass of a toh‘sco))e with a copper plate containing a large; 
number of small circular holes distributed irregularly. On oliserving 
a distant source of light, he saw at the focus of the t(?lescope a system 
of rings similar to the corona*. 

These apjiearances wina* also observed by \'oung,“ wdio in a very 
ingenious manner contrived to apply them to the measurement of the 
diameter of tine tibn’s, or small particle's of any kind. 

The apparatus invemteel by Veiling consisted of a metal plate pe'i- 
forated with a small hede of abemt -L inch (*b mm.) in diameter. 
Aiounel this a])erture was a circle of smaller holes nearly half an inch 
ill radius. The flame eif a lamp was placed immeeliately behind the 
ajierture, anel the plate vieweel threuigh the substance under examina- 
tiein. The central aperture is seen surrounded by a ring, which can 
be brought to coincide with the circle of small holes in the plate by 
moving the substance backwards or forwards along a graduated scale. 
The distance between the substance and aperture is read off on the 
scale, and this varies inversely as the diameter of the ring, but theory 

^ N'rnh't, (Knvira, tom. v. }). Jill. 

- For ail account of Voung’.s Erioinetcr .see Art. “ Lliromatic.s,” vol. iii. of Supple- 
incut to Knrfi. lirit. 1S17 ; see also Phil. Minj. IMaicli 1881, and vol. x\. p. 354, 
1885. 
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shows that the yianieters of the rings, produced hy diheivnl sized 
])articles, vAiy inversely as tlie diameters of the particles (see Art. 
163). Consequently it follows that the diametei-s of the particles are 
4lireetly proportional to the distances hetweeu the substance and apei - 
ture when the ring appears to coincide with the circle of small holes 
perforated in the plate. An experiment is tht‘refore made ^vith 
particles of a known diameter, and this gives the constaiit of the 
instrument from which the diameters of any otlu'r small particles may 
be det(‘rmincd. Thus if r/ be the distance betwemi the ])late and 
substance containing })articles of known radius /•, when tlui ring and 
halo appear to coincide, and if 3 and /> be the corresponding quantities 
foi’ any other substanci', then 


Xriv/on's ( )/)Sf'rriffinns 

book iii. part i. Iburtli edition, 1730. “Griinaldo lias iiifoniKal us that 
if a licaiii of tin* sun’s light be let into a <birk room through a vrry small holr. the 
shadows of things in this light will bo birg«‘r than they ought to be if tho rays wont 
oil by tho bodies in strait lines, and that these shadows havi^ three jiarallel fringes, 
bands, or ranks of color’d liglit adjacent to them. But if the hole be eiilaiged the 
fi'iiiges grow’ broad and run into one another, so that they cannot bii dist inguisherl. 
These broad shadows have been reckon’d by some to pro(*eed from the ordinal y re- 
fraction of th(3 ail', but without due examination of the matter. For (he circum- 
stanees of the pbeiioiiK'noii, so far as I hav<‘ observeil them, are as follows. 

“ Ohs. 1. — 1 made in a ]uece of lead a small hole with a pin, whose breadth was 
the 1-Jd part of a!i inch. For ‘J1 of those ])ins laid together took up thi^ brea«lth 
of half an inch. Through this hole 1 let into my flarkenrd chamber a beain of the. 
sun’s light, and found that the. shadows of hairs, thread, pins, stiaws, ainksueh like? 
slender substances placed in this beam of light were considerably broader than they 
ought to be if the lavs of light passed on by these liodies in I'ight liin's ... a hair 
of a man’s head, whose breadth was but the ‘2<S0th part of an inch, being held in 
this light, at the distam (? of about twelve feet from the hole, did east a shadow which 
at the distance of four inches from the hair was tlie sixtiidh ])a,rt of an imrli bi'oad 
that is, above four times broader than the hair, and at a distaneo (»f two fbet fiom 
the hair was about the 28th part of an inch broad that is, ten times broader than 
the hair, and at the distance of ten f(*et was the 8th jiart of an im;h broad that is, 
35 times broader. 

“Nor is it material whether the hair be encompassed with air or witli any other 
]»elluoid substance. For I wetted a jiolished plate of glass and laid the hair in the 
water upon the gla.ss, and then laying another polislie<l plate of glass upon it, so 
that the water might (ill iqi the space between the gla.sses, I held them in the afore- 
said beam of light, so that the light might pass through them pert)endit ularly, and 
the shadow of the hair was at the same distances as big as before. . . . Therefore 
the great breadth of these shadows procei'ds from some other cause than tin? refiac- 
tion of the air.” 

He* further observed that “The shadows of all boilies (metals, stones, glass, 
wood, horn, ice, etc.) in this light . were bjirder’d with three parallel liinges or bands 
of coloured light. . . . The cobmrs proceeded in tliis order from the .shadow : violet, 
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indigo, ]>alc blue, green, yellow, red ; blue, yellow, red ; ])al(‘ blue, pale yellow, 
and led,” * 

“ O/v.s'. S.--I eaused the edges of two knives to be ground truly strait, and 
pideking their points into a board so that their edges might look towards one 
another, and meeting nenr their points eontain a rertilim'ar angle, I tasteiied their 
handhjs togidln'r with pitidi to make this anglr*. invariabh*. The (list:nir*e of the 
«‘dge,s of the knives from one another at the. clistanee of four inche.s from the angular 
])oint, where the. ('dges of tin* knives met, was the eighth part of an ineh ; and there- 
fore the angle eoidained by the (‘dges was about one degree n l'. The kni V(*s thus li.\ed 
[ placed in a laeim of the. sun’s light, let into my darken’d ehamber through a hole 
tin; 12d part of an inch Avide, at a distan<M‘ of 10 nr 15 feet from the hole, and let 
tin; light which passe.d betw(;(‘n their edg(‘s fall very oblifpn'ly u]>on a smooth Avhitt; 
ruler at a distance of half an inch or an inch from the knives, and th(*rc saAV the 
fringes IVom the two edges of the knives run ahnig the edges ol‘tln‘ shadoAvsof the 



Fig. 111!. 


knives in lines jtarallel to those edges without, grow ing sensibl\ broadei’, tilltln‘y 
met ill angles eijual to tin* angle contained by tin* (Mlgt*s of the knives, and aaIh'i** 
they met and joined they endi'd without crossing one another. Hut. if the lader was 
held at a much greater distanei* from the knives, tin* IVingt's w here tin'V wau’e farther 
from their place of their meeting Aven* a little narrower, and became something 
broader ami broa.der as tln'y approach'd nearer and nearer to one another, ami after 
they met thev cross’d one another, and then became mueh broadt'r than liefore. 

“ Whence 1 gatlu'r that the distances at Avhieh the fringes jiass by the kniv(*s are 
not increased nor alter’d by the .a])proa«di of the knives, but the angles in Avliieh the 
rays are thma* bent are much inereasod by that at>proaeh, and that the knife whiidi 
is nearest anv ray determines w hieh AAay the ray shall be bent, and thi' othi'i- knib* 
increases the Ixuit.” 

“ 10. When tin* fringes of the shadows of the kniv»*s fell per[M‘ndieularly 

upon a paper at a. gi’eat distance from tin* knives, they amu'c in tlu' form of hy}»er- 
bolas. . . . Of these hyperbolas one asymjdote is the line DK, aiel their other 
asymptotes are jiarallel to the lines Cb\ and t'H." 

tin Fig. 112 (bV and (JH an* parallel to the edg(*s of the kni\es, and 1)F is the 
bis(*etor of tin* (‘\ternal angle lu'tweeii thi'in.) 

Allowing the light from the small hole to jmss through a prism and form a 
stieetrum on the o]i[iositi; Avail, he iVnind that the shadows of obj(*ets jihieed in the 
light between tin* prism and the Avail \M*re. bordered with fringes of tin; colour of that 
light in Avhieh they Avt*rt' held. “And eomparing tin* fring(*s made in tin* several 
colour’d lights, I found that those made in the red light wen* largest, those made in 
the violet light Avi*n* le:ist, and thosi* made in the green were of a middh* bigness.” 
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Skction II. —Diffraction (iRATiNi^s 

135. The Diffraction Grating. — W c now proceed to the elementary 
explanation of the appearances presented when a distant source of 
light is viewed through a system of very narrow, e(pial, a,nd capiidis- 
tant, rectangular apcu'tui’es. Such a sy.stem is named a <jnifiin/ or a 
(/ijl'nirfion- f/ntfiiHj. ( {ratings ai‘e ordinai-ily formed hy tracing a nunihei- 
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of parallel e({iiidistant lines on a glass ])late with a liiui diamond point. 
These lines act like a system of line oparpm wires, in that the light 
incident on them is leflected hack in all directions arid I’cdused trans 
mission, whih^ it pas;es freely througli the tr;nisj)ar(mt spaces heAween 
the lines. Such gi’atings fivfiuently contain as many as lit), 000 or 
even 40,000 lines to the inch, tlu' ruling Ixhng so tine that the striae 
are invisible except uiidei' a powerful microscope. 

Wdieii a luminous oi'igin is looked at tlirough a grating a central 
or diiect image is se<in, and on (uther side of it there ai'c .several 
spectral images richly coloured with all the tints of the rainbow, 
dliese spectra increase in breadth and diminish in biilliancy as they 
recede from the centi’e, and as ah*eady remarked, tluiy may Ix^ .seen hy 
merely viewing an ordinary candle liame or gas jet through the eye- 
lashes, or through a pocket-handkerchief, or through a piece of ordinaiy 
wire gauze (.see footnote, [). 218). 

To observe the spectra to advantage a telescojie should be first 
focussed on the luminous origin. The grating being then placed before 
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its object-glass, the spectra are formed in its focal plane, and are 
viewed with all the advantages of amplificatioiifand distinctness 
through the eyepiece. In the following elementary expTanation we 
shall thereforci snp[)ose the light after passing through the grating BM 
(Kig. 11‘1) to fall upon a lens, which we may regard as the object- 
glass of a telescopic 

liCt i\r,Np etc. (Fig. 1 11), be the apertures — that is, 

the transparent portions — of the grating, snppi^sed perpendicular 
to the plain*, of the jiajier, and let the width of each of tlu^ 
apertures be n while the width of each ruling is //, and for simplicity 
suppose th(i light to be incident perpendicularly to tin*, grating. 

Now consider the light which falls u})on the lens in any direction 
OF (Fig. whei’c O is the optic ccnti*e of tlu^ lens. Streams of 

light fall upon the lens in this direction from the afiertui’es and arc 
brought to a focus at F, consequently the disturbances at F will be the 
resultant of all the disturbances sent to it by the various sti'cains 
from tins apertui‘es. Draw M,I>^ (Fig. 114) ])(‘rpendicula]* to the 
direction OF. Each str(*am is propagated fi’om 
this liin*. to F iii tins same time. But the light is 
incid(‘iit in tins sanns [)hase at ev(‘rv point of tins 
gi-ating, sincis we have suj)posefl the incidc^nt wavi* 
front paralh'l to it, cons(*(iU(‘ntly tins light which 
r(‘a(;ln‘s F fi’om the second a])ertui*e will Ixs ri'tai'ded 
on that which leaclnss it from the first and int(*i‘ 
f(‘n*nce will (uaair. Thus the dilferi'nce of path 
b(5tw(‘(‘n the first clenn*nt of the fii'st aperture 
and the first eh'inent of the second is ecpial to 
M.,l).„ and the same difference exists betwei'n all the corresponding 
pairs of elements of these apeilures, while the same i'(*mark appli(‘s 
to every other cons(‘cutiv(s pair of aiiertures. IP, thensfore, M.,D.> 
is an even numl)er of half-wave lengths, tins light from all tins 
apertures will arrive at F in the sanns phase, and will reinforce 
(sach other, and the illumination at F will be very great ; but 
if M.,D., i>^ iiu odd number of half-wave lengths, the light from tins 
tiist apei’ture will bi* destroyed by that from the second, the light 
from the third by that from the fourth, and so on. Hence in this case 
tin* illumination at F will be zero. 

Now M.,D., = f />) sin if the direction OF makes an angle 0 
with the normal to the grating ; hence F will la* very bright if 

or I />Vsin 



and dark if 


(ff -\ h) sin 6 - {2n ^ 1 )h\. 



ART. 13r> TKE DIFFRACTION (iRATlNO 2:0 

TiCt us Tiow suppose 0 to increase from zero while n takes the consecu- 
tive values, 0, \p 2, etc. The value ^ - 0 corres])on(ls to n - 0, so 
that there* is no retardation, and the light from all the apertures 
arrives in the same phase at M on the central line OM (Fig. li:i). 
This then is a bright point for all wave lengths, and with ordinary 
light will be white. An interval of darkness now occurs as 0 incieases 
from zero to the value 0^, given by the e<[uation 

sin 0^ - \![(t ! f,\ 

Jf OP^ be diawn in this dii’ection, me(‘ting the focal plains at P^, tlnm 
P, is a very bright })oint. Another interval of darkness occui-s till ff 
i*eaches tlie value determined by 

sin (L - I h), 

which gives another bright point P.„ and so on. We hav(‘ therefort^ 
a succession of bright places P^ P.„ P.^, etc., with dark intervals 
betw(M‘n them, and like a[)pearances also on the lower si<le of th(‘ 
(‘(Mitral line OAf. The direction from O to the //th bright point is 
given by the e([Hauon 

si n - /t\ '{ a ! h). 

W hat has been said so far applies to light of a (h^liniti^ wave 
l(Migth. WTkmi white light is us(?d a brilliant I'ainbow-c.oloured band 
oi‘ spectrum apjxMirs at each of the points Pj, P.,, P.., (d(‘. h'or th(‘ 
angle c()rr(isp()n(ling to any bright point in(M*(‘as(‘s with the wav(^ 
length, conscMjuently tln^ ])oints of maximnni illumination for the 
i’(‘d light are farther removed fi*om the centre than the corresponding 
points for tin* violet light. Wdiat wci'e blight [loints at Pp 
<^tc., with momxdiromatic light, are now drawn out into (‘X(|uisitely 
colounul spectra,, violet at the innei* and i*(mI at tlui outer edge. 

Several spectra are formed on each siih; of tin; central image ; tln^ 
first pair lieing separated from tin*. se(a)n(l pair, and from the central 
image, by compleUdy dark liands. Overhijiping of the spectra will 
occiu* avIkmi the deviation of the violet of any order is Ic.ss than that 
of the prec(Mling red. This will take })lace l)(!tw(HMi tin; spectra of 
ord(w higher than the second, for since the deviation is pro[)ortional to 
the wave length, and since the wtivc length of the nal is a[)pro\i- 
mately twice that of the violet, it follows that the deviation of the ind 
of the second spectrum will be approximately the sann*, as that of tin; 
violet of the third spectrum, while the red of the third will be mon; 
deviated than the violet of the fourth, and so on. The separation of 
the superposed parts of the spectra at any place may be efiected by 
means of a prism. 


Wliit.- 


i )\ (*r- 
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1. JvMp’.Miii Imw tin* h-ns ;^iv(*s only mn* {mint on tin* siTfi'ii wlicn tin* 

<i|»;i<{nc {tints of tin* ;^rittiiii^ nn* nia'l(* t rans|»Mr(‘nt . 

*2. Sliow l)y l>:i))in' fs prin'-iplr GVrt. 133} that wlmii a Ims is used tin* liri.Ljlit- 
iicss of tlo* l.'itcial sjM'i'tra r. ‘mains tin- s/nm* ulicii tin- o{tinjin* iirnl tians{iar(-iit 
parts of tin* ;^nalin.L;- ;ii<‘ intt*n*lian;^n-(|. 

136. Light incident obliquely- - Minimum Deviation. — If iIr* 
iri(‘i(l(‘iit liylit ])(i not iicrpendiciihir to the j)lane of the giatiiig, 
hut falls uj)on it at an an^le I Avith tin* in)nnal, the i-etaidation 
is i;'iv(ni hy the (*(jUation 

0 \ (f ! A /(si II 0 i sill i). 

Ion* if MI) nnd iMI)'(l^'ii(. 1 1 5) la; drawn |)(?r|)iMidicular to tlie inci- 
dent and transmitted heanis r(?sj)(*ctiv(*ly, the retardation will oh\ iously 
1)(‘ NI) ! N I )' ; hut NI) i A) sin / and MI)' - (</ i- A) sin Tluai- 
for<‘, <de. 

'File position of the //th sjieeti'um in this 
ease, is (hTermincal liy the e([uation 

[a -{ A)(sin 0„ { sin 1) n\. 

'rh(‘ angle of ineidtaiia*. / may lie (h'termined 
hy measuring tlu‘. angle 2/ hetwt‘en the direct 
light and that I'cth'chal regulai‘ly from the face 
I'l.iA. 1 1'. of the grating. 

DitlVaet.ion spc'ctra, like refraction spectra, (‘xhihit a minimum 
deviation. Tln^ d(‘viation sutlei’ed hy the light of tin; nth sj)ectrum is 
given l)v tlui (iipiation 

I) /I /A,. 

Hut 

{t( i /ci^sin i i sin ()„) //X, 

hence the deviation of the //th s|)ec.trum Avill he a minimum' when 
/ -that is, when 1)^2/, or when the angle of incidence is equal 

to the angle of ditiraction. AVe have then 

2,f/ ! A) sin U) 

In the ])osition of minimum deviation the detinition of the spectrum 

' For a inaxiniuni or mininiuni \alni* ot D wo liavt* 

f/I) .f/Z + fZ/A, 0, 

ainl from tlio st-rond o<| nation, wlion X ami /< aro i^ivi-n, wi- liavi! 

ros A / i -p cos df,(f 0. 

Tliorofore cos / — cos /A< -that is, /— /Ai, ha* each is less tliaii 90 . 
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is consi(lenil)ly ;iugnicnte(l. It has amstMjUoiitly ))t‘on used l)y M. 
Maseart ^ in his determination of A. 

137. Purity of the Spectra.- We liave ex])lained how it is iluu 
wlien a luminous origin is viewed through a grating a series of s])eetra 
are seen on eaeh side of the eentral image. W(‘ sliall now show that 
there is no overla])])ing of the colours in these s]>ecti-a that, in fact, 
the spectra ai-e })ure. To do this hit us again i*evei't to the ease of 
monocliroinatic liglit. AVith sueli light a series of l)right images an' 
<l(‘picted in tlie focal jdane. If the oi-igin lx* a point, W(‘ have a seri(‘s 
of hi’iglit points; if a line ])arallel to the lines of the grating such as 
a narrow slit - wc, have a series of bright lines, imagt‘s ()f t,h(‘ slit. 

Now w(‘ may show th;it th(‘ iniag(‘s P,, 1\, P.,, etc., an* really of n ery 
small dinumsions, and arci not drawn out or fuzzy, but aie clear and 
w(‘ll dc'liiual. Pol* h‘t P be a, ])oint of maximum bright lu'ss and consiiha* 
light incid(?nt on the hnis in a dirt'ction dill(‘ring very little from OP. 
'This light will 1 k‘ brought to a focus at a point via'v close* to \\ and 
our object is to show that at this point i1um*(' is no illumination. Now 
since P is a bright ])oinl tin* rc'tardation is an (‘ven numbe*!* ed’ 

half-wa\'e hmgths, conseMpient ly tin* retardation M.d)'., for the new 
<lir(*('tion, very close to is the sa-im*. numb(*i' of ha, If wa,\'i‘s jilus 

or minus a small fraction of a wave* length. L(‘t us suppose*, this 
fi*ae'tion very small, say A, whie*h will corretsjieind to a point 

e*xe‘e‘e.Mlingly cleise to P. The light from the* liist a])ei‘tun3 is in advance; 
of the* light from the se;e‘ond by an amount 

in i M.V.ojX, 

c()itse(pie*ntly it is in advance* of the light freim the*. 50 1st a[)erture; by 
500 tinie*s this ameiunt, or by 

(r.uO'x i },)\ 

that is, by an e)elel number eif half waves. The; light the;refe)re; fremi 
the first aperture is eh'stro^’eel by the light freim the 501st,, the light 
fre)m the second lyv the; light from the 50!^nel, anel so e)n, se) that if P 
be a bright pe)int thei*e is ne> illuminatie)n at j)oints e;ve;n ve;i‘y e*le)se; te) 
it. If a nan*e)w slit be useel as the se)ure;e of light, and if the; line;s e)f 
the grating ai*e pai*allel te) the; slit, tlien fe)r me)ne>e;hre)matie* light we 
will have bright lines at P^ P.^, etc., })aralle*I U) the lines e)f the 
grating, but if white light be useel each 2 )articulai‘ wave h;ngth give*s 
an image of the slit, and all these are arrange*d siele by siele in a 
ce)ntinuous si)ectruni withenit sensible ovei*la 2 )ping or blurring. 

' Mfiscart, Anti, dr V Er>dc norm. tom. i. rt iv. ; Ciimj)lcs Id/ulus, tom. Ivi. j>. 138 ; 
tom. 1 viii. j». 1 1 1 1 . • 
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138. The Dispersion in the Spectrum. — The directions to the 
red and violet of the y/th spectrum bein;^ i^iven by tluj C(|Uations 

s'WlO,. n\rl(tt }-/>}, 

sinf),. A;, 

it follows that if (ft r /t) is deer(‘ased in any jiropoi tion, then sin 0,^ and 
sin 0,, will be increased in the same propoi tion. If these angles are 
small th(di* siiuis are approximately equal to their tangents, so that 
tin; diHenimaj of tlie sines will lu^ (‘(pial to the diHerence of the tangents, 
which will c()ns(Mjuently be also increasijd in the samci ratio. But the 
diller-ence of tln^ tangents is pi-oj)ortional to the distance between tln^ 
1(^(1 and vioh't of tlie sp(‘ctrum, and this distanci; im'asures the amount 
of dispersi(jn in the. speetrum, eonsiupneitly by d(!creasing (e -i />) in any 
ratio we inensase the disjiersion a]>proximately in tlie same ratio. If 
the lin(‘.s of tin; grating arc*, very close and V(‘ry line*, tlie colours of the 
s[)(*('lrum will Ice wi(l(*Iy s|)i*ead out oi* the spcictrum will be long. By 
this nuauis th(5 absence of any particular coloui* or wavc^ in the*, solar 
light is exhibitcal, and by ruling the gratings v(‘ry closely sp(‘.cti’a have 
Iccani obtained and mapped which show that the* solai* speaTrum is not 
continuous, but is delicic'ut in many jclaccs, bm'iig crossed by numerous 
dark lines, indicating that tin*. coi*rc*sj)on(ling wave* (‘itlu'r was not 
(‘mitt<‘d by thci sun, or elsc^ that it was lost, by absoi’ption or otherwise* 
bcd’oi’c*. it r('.ach(‘(l us. 

\\ he'll the^ ineaele'iit light make's an angle i with the normal to the 
grating, and tlie diHVacteel light an angle 0, we* have for the* //th s[)e*c- 
trum (e/ 4- />)(sin / i sin d) ~ //A. Hence if the angle*, of incidences i*emains 
e’emstant, the* \’ariation tiff of the* anghi of elitlVaction is connected with 
the* cori’esponding variation //A of the^ wave*, h'ligth by the e‘epiatie)n 


I (/ • A ) r«»s 0(Uf nf/\. 


If 0 is lu'arly zei’o the factor (ft \- It) vos 0 remains sensihly constant 
from one^ mid of the^ sjx'ctrum to the other, and the vaihition of 0 is 
tlu'refore pi'eiportional to the variation of A only, if the angle e>f 
ditlraction ]>e*. small. In this case^ the separation, or dispersion, of the 
i‘ays e-orresponding tec the ditlerent kinds of homeegeneous light is 
directly proportional to their ditrerence of wave length. 

When 0 is not small the above eepiation shows that the angular 
variation ilO is directly ])roportional to the order ii of the spectrum, 
and inveu'sely as cos Consequently the higher the order of the 
spectrum and the greater the angle of ditlraction the wider the dis 
persion. The dispersion, being defined as the ratio of the angular 
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interval <W to the corresponding variation d\ of the wave length, is 
given by 

(10 !( 

(f\ {(( \ h)cniiO 

Hence the finer the ruling of the gniting the liigher the dispersive 
})()V'er. 

139. Normal Spectrum. — W'e have seen that a spectrum formed 
l>y a grating is pure, — there is no overlapping or mixture of colours. 
This is not generally the ease with the speetia formed by glass prisms, 
but with pi-oper arrangements they also may l)e made to give pun? 
spectra. The grating sp(H!tra, how(?ver, have a great advantage ov(ir 
refraction speetia in another respect. We have seen that tlie disper- 
sion depends ' meridy on the wave length and on tiie distance {a ! />) 
— that is, on the numb(?r of lines to the inch in the grating. Hence 
the s[)eetrum formed by any grating is exactly similar to that formed 
by any other, one being an exact copy of the other on a lai-ger or 
smaller scale, — the ratio of their lengths b(‘ing a' i 1' \a (- //, for the 
dispersion is inversely as it v }>. (V)ns(‘(piently the ratio of the widths 
occupied in the sp(‘ctrum by any tw<> colours is invaiaable. This is 
not generally the case with the spectra formeil by diflen^nt prisms. - 
The relative dispersion of any two colours, tin? orange and blue say, 
may be very dillercnt with jirisms ma.de of dilferent gL‘iss(‘s, while some 
substances even reverse tin? oinhu* of the eoloui’s. Thus one may 
separate the blue and ora,nge very much, Avhile the other s(‘|)arates 
these colours very little. This is known as tin? irnilimmlifif af disinr- 
and on account of it W(? ai'c unable to compare r(?fracti(m sp(‘(?tra, 
the spectrum obtained with oin? piisni not b(?ing similar to that. 
j)roduc('d by another. 

On the oth(?r hand, all spectra produced by gi-atings are exactly 
similar, and the oliservations made by any oin? at any pai’t of 
the earth may lx? n?p(?ated and verified at any other station. The 
dilfraction spectrum is therefore taken as the standard or mn'/nul 
spectrum. 

^ This iirghn'ts tlu- viii iatioii of cos 

“ If two prisms of dilVcrciit suhstanccs sucli as glass and water, and ha\’ing 
refracting angles such that they give spectra of the sann*. length, he plac(-d with 
their i-(*fractiiig edges in opposite dii-cctioiis, then in a heani of light transmitted 
through the pair the red and violet rays will he reiinitc<l, yet the int(*rmcdiat(i 
rays will he somewhat disjiersed. Tfcmce if a white liin; he examined through such 
a eomhination inst(!ad of being seen colourless aft»*r ndVaetion it will form a small 
spectrum, puri)ln at one end and green at the other, the water jtrism refracting the 
green or iniddle rays more* in jjroportion to the extremes than tluj glass. Thesf5 
spectra formed hy the irrationality of the distauxsiou have hi‘en callecl sreondary 
hy Ilerschel [Knry. avt. ‘“Light”). 
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140. Absent Spectra. — The general conclusion which we have 

drawn is that if {(( -i- h) sin 0 or is any even nuwiber of half-wave 

lengths — that is, any whole number of wave lengths — then the illumi- 
nation at P is a maximum, and a spectrum is forpied there. We will 
now show that it may ha]>pen tliat is an even numl>er of half- 

wave. lengths and yet there is no illumination at P, in fact, the 
s[)ectrum is wanting. This will hajipen when the direction OP is 
such that th(‘r(‘. is an evim number of half-period elements in each 
apertun*. Kach apertuie will tlnm ])roduce zero (‘fleet at P, and lhei*e 
will be no illumination at that point. Now su})[)ose that a and ji are 
the two smallest whole numbei's which measui’e the ratio of a to then 
a Kit and k7>, so that if 0^ i we must have f/A, 

since M.,I : Nj 1 - (( i h : -- a + /i : a. I lencc th(‘-re is an even numbtu’ 

of half- wave; [leriods in the apcnlure M^X,, and thendorcj in evtny 
aperture, cons(M(uently each aperture ])roduces no etlect at P, and tlu^ 
result is darkm.vss at tliat point. Hence if we say that -y/A 

corres|)onds to the /(th sja'ctrum, we may say that the 

(a 1 /3,'(li, 2(a l-/3)th, <‘tc., n.{a I 7)tli 

sjiectra are wanting. 

141. Reflection Gratings. — Sp(‘ctra similar to the preceding may 
also be obtained by relU'ction, and tirst-(dass gratings may be foi’ined by 
ruling very tim^ jiarallel grooves on a polished metallic sui’face. The 
strc'ams of light ivgularly retiected from tin* j)(')lislied iuDu’vals ))etwe(Mi 
the ladings pi*oceed from a vii tual image of the soui'C(‘ as if they came 
thi'ough the intervals fiom ludiind the surface. If the surface be 
plane the case, will ]>e analogous to that of tlui trans})arent grating 
just considered, and the expression for tin; retardation, when 
the light is incident at an angle i and diflractiHl at an angle 0, 
becomes 

0 \n i h){s\u i ± sin tf). 

Ap[)(‘arances of the same nature and attributable to the same cause 
are often observed when a metallic surface has lieen p(dishe<l with 
a rather coarse powder. The powder leaves minute striai which 
affect the light as described above. A simple way of producing 
a similar result is by jiassing the finger over the surface of a 
})iece of glass moistened with the breath. The exquisite colour 
of mother-of-pearl and other striated substances (formed of a vast 
number of very thin layers) arc natural instances of the same 
phenomena. 

142. Curved Gratings. — Let the surface on which the lines are 
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ruled be not playe, but have any curved section AB (Fig. lib) per- 
pendicular «to the lines of the grating. If light from a source S fall 
upon it at an angle i with the normal, and be dilVracted at an angle 0^ 
the retardation will be 

Consequently for brightness we have as 
before, if PQ (tf -h A), 

n\ - {a -}- A)(siii i ± sin 0)^ 

the negative sign being taken in the case 
of reflection, if S and S' lie on opposite 
sides of th('. normal (as in Pig. 1 1 G). ii'>- 

To obtajn the image S' of S, vii tual oi* I’eal, let us consider two 
rays SPS' and StJS' incident at angles / and / + (//, and dilVracted at 0 
and 9 \ i/0 respectively, and let the normals to th(‘ cui*ve at P and (»> 
meet at C. Denote the small angles at S, C, and S' by a, /j, and y 
respectively. Tlum clearly we have 

a 4 i /? I / I supplcnunit of aiit^lc nt M, 

[i \-0 - y \ 0 \ iJO - supplement of angle at X. 

Conse([uently ili = a - /J, and (19 - fi y. 

But if S' is a focus, G must bo stationary, and this condition gives 



sin / - sin const.. 


or 


cos ii^i eos OdO 0. 


Hence, substituting for dl and (19, we obtain 

( a - ^-i) fos / {li y) (mks 0 0 


Now if we write 
we have 


1\S p, PC-R, PS' p, p() r, 
pa - e <-os /, \i(i - c, py c vns 0. 

Therefore (1) becomes 

/(•os/ 1\ rost^X 

from which we find at once 

, Rp rns“ /y 

p(cos d re«)S /) - R eo.s- / 


( 1 ). 




( 3 ). 


Here we may regard p and i as the polar co-ordinatcis of S, and // 
and 9 those of S'; hence if S describes any curve, S' will describe 
another, the focal curve, defined by the above e<piation. 
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K(A\l;iiprs ('(fv. 1. If ^ U COS /, then //- U COS /y— tliat i%, if S describes a 
circle on 1\ as diameter, S' will niovci on the same circle, rience if the 
grating curve be a circle of radius It, a source situatetl on a circle 
(hisca-ibed on K as diameter will give spectra situated on tlui same circle. 

'rhis important deduction has lietm utilised in a mastca ly manner 
l)y Professor Rowland in the construction of his concave gratings. 

(^(u\ 2. — When i ^ 0^ if p R cos i (as in Fig. 117) we have 
fi' Hence iri the position of mininnun (hn iation, as for prisms, the 

source; S and its image S' are eepiidistant from the grating. Pon- 
seepiemtly the diflVacted rays returning to S foiin an image supei-i)os(;d 
on the source. 

(Jtu\ .‘h — If the; grating be plane; li is inlinite, anel 

/»' /j (*«>s“ /. 


143, Rowland’s Concave Gratings. -Professe)]* Re)wlanel has sue 
cessfully ruh;el fine gratings on a conca\'0 sphe^rical sni’face; e)f polishe.‘d 
speculum metal. 'I'he lines are tlie intersee‘tie)ns e>f the surface; with 
a- sei’ies of i)ai‘allel eepiielistant plane;s, one; e)f which (the central one) 
pass(;s thre)Ugh the cemtre; e)f the sphere. 

liCt l*M (Pig. 1 17) be the surface of the‘ grating, (’ its centre;, and 
M the mieldle peiint e)f the ruleel surface. On OM as eliam(*te*r elese*ribe; 



a circle*. 'rhe;n, as s]ie)wn abe>ve; (Cor. 1), 
a source; S on this circle will give an 
image* at S' e>n the same circle, e]e;fine*el by 
the eepiation 

/t \ [If t / siij 0), 

the ne*gative sign occiirri.ng here because 
we leave taken S anel S' een opjeosite sides 
e)f the neermal M(\ 


Real eliflniction spectra will coiiseepiently be formeel on the circum- 
ference e)f the; circle SCS', having their lines parallel to the lines of the 
grating. If three arms e)f equal length ])e hingeel at F, the principal 
fexMis of the splierical surface*, e)ne to cany the grating G, anutliei- the 
slit or lumine)us enigin S, anel tlie thirel an observing telescejpe or screen, 
by rotating this latter all the spectra may be successively obscrveel. 
The length of each arm is half the raelius of curvature of the grating. 
In the thirel arm, insteael of the screen or phote)gi*aphie camera, a 
sensitive raeliometer may be subslituteel, anel the heating effects of the 
various ])arts eif the s})ectrum stuelieel, as has been elone by Professor 
S. P. Langley.^ 

^ S. 1\ L:iiiglt‘y, /V//7. v.il. xxi. ]>. .‘tiri, ^lay 188(1, 
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In order that a large part of the field of view may he in foeiis at 
oiiee IVofejisor Kowlaiid places the eyej)it*ce at i\ so that 0, and 
the value of i for the //th sj)ectriini is then given hy 

[O i- h ) sill / /i\. 

This arrangement is secured mechanically hy placing the slit at S 
(Fig. 1 IS), the intersection of two arms S(i and SC set at i-iglit angles. 
At the cxti eniities (i a, ml C of thest‘ arms the grating (1 and the camera 
or eyej)iecc are placed. This arrangement is sp{‘cially advantageous 
foi* ])hotogra-phing the spectrum. Fails are placed on S(J and SC for 
the locomotion of the grating and camera hox. 

S({ and SC are h(‘avy wooden heanis of which S(i is fi\(*(I, whih* 
S(^ has a slight fi'eedom of rotation about S, conti'olled hy screws at C. 
'rhe rails foi* the gi-ating-holdei' and camera-hox are of iron and fastened 
to these lieams liy screws which admit of adjustment, so that the rails 
may Ik? straighteiual if the lieams warp. (JC is a tubular wrought- 
iron girder pivoted at its ends directly over the rails, on two iron 
carriages. Its l(?ngth is a[)pi‘o\imate.ly eijual to the r.idius of the 
grating, and has a rang(? of ad 
juslnuMit of about six incluvs 
The carriagt'S have wh(‘els i’(‘stiiig 
on th(‘ iron ways, and these 
enable the gird(;r to be ea.sily 
moved from one position to 
anotlun'. The camera box and 
grating art? tliemselv(‘s movable 
along (tC, and Iiave fr(;edom of 
motion, Imt can be tinally 
<‘lam])ed in jilace. 

Tlie slit, which is generally 
open not more than ‘00 1 inch, can be adjusted parallel to the lines of 
the grating. This adjustment is one of tin; last to be mad(? in 
mounting the grating, and is executed liy turning the slit until the 
<lefinition is the best possible, a condition V(‘ry important in photo- 
grajdiing the spectrum. If the slit be out 0 ’‘5 the d(;tinition is spoiled. 

Stops can be placed at the to[) and bottom of the slit, thus causing 
the grating to be illuminated only by tlie centie of the solar image* ; 
otlierwise the definition may be endangered by the rotation of the 
sun. The image? of the sun on the slit should cons(*<jUcnt ly Ik? large. 
With the a})])aratus in the dohns Hopkins Univ(‘i-sity it is 1 •:! cm., and 
this is reduced one-half by the sto|)s. For solar work the light is 
thrown on the slit by means of a condensing lens and a, totally leflect- 
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iii^ pn’sm.^ Betw een the lens jind the [)risni absorbing solutions ciin 
be placed. For ordinary jnirfioses a 10,000 grating is sidficient, but 
for photographing in the ultra-violet it is best to have a 20,000 grating 
wdth :i iMiled space of o j, inches on a G-inch polished surface. The radius 
of curvature is generally 2 1 *5 feet. The pliotographic plates are 19 
inches long, 2 inches w'iih^, and i»<‘h thick, which allows them t(j be 
bent to the re([uired radius without breaking. 

144. Spectrum Photographs —Choice of a Grating. — Most gratings 
giv(*. a lirighter s])(‘ctrum at one side than at tin* other; and so l>ef()re 
placing the grating in the hohh^r it must be examined to see which 
side should be used. Fvery grating has spectiji of dillcrent lirightncss 
on th(i tW'O sides ; and one should b(‘. used which is })right in the par- 
ticular spectrum desired for observation, ddn* red of one spectrum may 
b(i bright and its vioh*t faint. iMirther, tlu3 various parts of the grating, 
especially if it be concave, may give spectra of varying brightness. 
For instaaice, the s(‘cond sp(‘ctrum may 1x3 uniformly bl ight for all parts 
of the grating, while oin* end of the grating may give a bright thirtl 
s])(‘ctrum and tin*, other a faint one. Having selected the grating 
which we w'ish to us(3, it is mounted in its holder and the colli- 
mating eye[)iec.e is put in ])lace. Tin* focus is then cai’efully adjusted 
by altering tlu! length of /> till the cross-hairs an* exactly at the centre 
of curvatur(3 of the grating. On moving the bar the* whole series of 
spectra are seen in exact focus. Idie rail S(J on wdiich the carriage 
moves is graduated to equal divisions representing waive lengths, since 
the waive length is proportioinxl to the distance SO. The instrument 
may thus 1x3 set to any particular wave length wt 3 desire to study, or 
the waive length may be obtained by a sinijile r(‘a(ling. By having a 
variety of scales, one for each specti um, wa3 (‘an immediately see wdiat 
lines are su[)erim posed on each other, and identify them wdien W'e are 
measuring their relative waive lengths. Beplacing th(3 eyepiece liy a 
camera, the spectrum may be photographed with the greatest ease. 
‘‘ W’e put in the sensitive plate either Avet or dry and move to the part 
wa* wash to photograph. Having exposed that ])art w’e move to another 
])osition and expose once more. We have no thought for the focus, 
foi‘ that remains perfect, but simply refer to the table giving the proper 
exposure for that portion of the spectrum, and so have a perfect })lat(*. 
Thus wa 3 can photograph the wdiole spectrum on one ])late in a few' 
minutes from the F line to the extreme violet, in several strij)s each. 
20 inches long, and Ave may })hotogra})h to the red rays by ])rolonged 

' 111 Fig. ns tin* light is t]in)Wii on tlx* slit hy iix'aiiN of a totally ivlha-tijig }>risiii. 
This of course is necessary only when the asjHvt is such that tlx* light cannot he 
tlirown on the slit <lir(‘etly. 
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exposure. Thus the work of days with any other apparatus ]>ecoines 
the woik o£ hours with this. Furthermore, t‘ach plate is to scale, an 
inch on any one of the strips representing c.ntrflif so much diiVcrence of 
wave length. The scales of the different orders of sp(‘etra are exactly 
proportional to the ordm*. Of course the superposition of the spectra 
gives the relative wave lengths. To get the superposiLion, of course 
photography is the l)est.” ^ 

Between the slit and the camera-hox no lens is interj)osed. Besides 
the saving of light and cost, theit' are no corrections necessary for 
sjdierical aberration, imperfections of lenses, etc. ’^flie concave 
grating is astigmatic, /.c. a point of light as the source is brought to 
focus not in a point but in a line. By the astigmatism a small 
spark of light at the slit is broadened out into a wide*, spectrum, 
gr(\‘iter accuracy in comparing solar and metallic lines is afforded, 
and a s])ectrum is obtained which is broad enough to stand 
enlarging. 

The specti'um is normal at C. Further, in this case = + 

sin i. But SC = /> sin r - A, thus if an al)solut(‘ wave*, length be 
marked on SC and the instrument is in perf(‘ct adjustment, we can 
mark on the arm SC a scale of wave lengths for each sj)ectrum, and 
the absolute wave length (^)f any one line is known at omte. It is 
important to noti(‘e that this scale on the beam is id('ntical with the 
scale on the photographic plate, and that all the spi'ctra are in focus 
at C at the same time, and sA/// in Jorffs ; however, V mo\'es along 
S(.^, it being ligidly attached to C. The concave grating besides 
is the onlv s[)(H-t]’osco[>(i suitabh; for the ult];i-vi()U‘t and infra-red. 
Aruch longer phoU)gra])hic ]daU‘S can l)e used than with any other 
instrument, since they can be easily bent, so as to be throughout 
in focus. 

A 10,000 grating has on the whole bettor definitions than a 
20,000 om^, and is of course much cheaper. It is ordy for work with 
the camera in the ultra-violet part of the spectrum that it Ixatomes 
necessary to use a 20,000 grating. This is due to the fact that for 
tlie same dispersion there are fewer overIapi)ing specti’a. with the 
20,000 than with the 10,000 grating. 

A spectroscope is used for two purposes — to measure the liiuis in 
the solar or metallic spectra, or to establish coincidences simply. 
For both these purposes the concave grating is far superior to any 
other on account of the overlapping spectra. 

Owing to the astigmatism of the grating it is not possible to adopt 
the usual method of illuminating part of the slit with the solar image 
^ Trottssor II. A. RowlaiKl, YV///. }». 197, ISS^.t 

R 
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and part with the spark or arc, and so a different and far better plan 
is adopted. A compound photograph of the two* spectija is taken. 
The solar spectrum is photographed along the middle of the sensitive 
plate ; the sunlight is then turned off and the metallic spectrum is 
then allowed to fall upon the upper and lower part of the plate. 
Then, finally, the sunlight is turned on again along the middle of the 
plate. If there has been any gradual displacement of the camera 
during the operation the (Tror is eliminated by this jirocess if the two 
times of exposure to the solar spectrum arc the same. A record of the 
barometer and thermometer readings must be kept for corrections due 
to variations of temperature and pressui’C may be considerable. 

145. Difficulties of Construction. -The difficulties attending the 

construction of a grating are described by Mr. J. S. Ames : ^ “It takes 
months to make a perfect screw for the ruling engine, but a year may 
easily be s[)ent in search of a suitable diamond point. . . . Most points 
make more than one ‘ furrow ’ at a time, thus giving a great deal of 
diffused light. Moreover, few diamond j)oints rule with equal ease 
and accuracy up hill and down. This defect of unequal ruling is 
especially noticeable in small gratings, which should not be used for 
accurate work. Again, a grating never gives symmetrical spectra ; 
and often one or two particular spectra take all the light. This is of 
course desirable if these bright spectra are to be used. Generally it 
is not so. . . It is not easy to tell when a good ruling point is 

found ; for a ‘ scratchy ' grating is often a good one ; and a bright 
ruling point always gives a ‘ scratchy ’ grating. When all goes well it 
takes five days and nights to rule a G-inch grating having 20,000 
lines to the inch. Comparatively no difliculty is found in ruling 
11,000 lines to the inch. It is much harder to rule a glass grating 
than a metallic one ; for to all of tlui above difficulties is added the 
one that the diamond point is continually breaking down.’^ 

146. Measurement of Wave Lengths. — By far the most accurate 
method of determining the absolute wave length corresponding to any 
part of the spectrum is by means of a diffraction grating. This 
method involves the accurate measurement of the angle of deviation 
of the ray under consideration, and also the measurement of the 
absolute length of the grating or grating space. The latter is difficult 
to determine accurately. Metallic gratings arc much larger than glass 
gratings, and consccpiently an error in measuring them is of less 
importance in the result. However, it requires several days to rule a 
large grating, and as the coefficient of ex])ansion of speculum metal is 
more than twice that of glass, changes of temperature give rise to 

^ J. S. Ames, 7V<//. ^fafJ. May 1889. 
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greater irregularities in ruling, but this advantage of the glass grating 
is more than cminterbalanced by the great difficulty in ruling one 
free from flaws occasioned by the breaking <lown of the diamond point 
on the hard material. 

The interference methods of determining A usual]}" recpiire the 
exact determination of some very small length ; they are therefore 
much inferior to the diffraction method, w"hich lends itself more 
readily to linear measurement besides affording very pure spectra. 

Transmission gratings maybe used in two ways: (1) with the 
incident light perpendicular to the 2)]ane of the grating, in which case 

~ [(f 1 h) sin 0, 

and (2) in the position of minimum deviation, when the c<piation 
which determines A is 

/f \ - 2{(i I 6) sill .U). 

The former method was used by Mr. Louis l^elP as offering fewer 
experimental difficulties ; but with either method the accuracy with 
which the angular deviation can he determined far surpasses that of 
the measurement of the grating space (a + />). 

The spectrometer and grating being plained in exact adjustment, 
readings may be taken on the 1)^ line in the spectra on both sides of 
the slit, and the angle measured five or six times in succession. 

Mr. Bell Avorked with the third spectrum, as in it the definition 
was particularly good, and being of the highest order that could bo 
conveniently observed, an error in the angle could produce little effect 
in the result. No correction was con.sidercd neces.sary for tlie effect 
of the velocity of the a[)paratus through space (see cliaj). xix.). 

The accurate determination of Avave lengtlis Avas first rendered 
possible by Fraunhofer’s rescai-ches in th(^ solar spcjctruni. The dis 
eoveiy of dark lines in the spectrum gave a definite standanl of refer- 
ence, and Fraunhofer - himself, Avith a Avire grating, nece.ssarily very 
defective, obtained very fair determinations of the wave length of tlui 
T) line. 

His mean result AV"as •()00r)88<S mtn., Avhich is remarkably accurate, 
considering his gratings and the fact that most of his angles of devia- 
tion Avere less than 1 . 

These determinations were not impiwe<l on till the importance of 
1 Louis Lell, 7VoV. JA/r/. l*. 26;*), Marcli 1887. 

- “Neiic Moditikation des Liclites durcli gc^^cnsciti^u^ Einwirkuug iiiid linuguiig 
dcr Stralileii, uiid (Jesetze der.selbeii,” pre.seiited to the Munich Acadeniy in 1821. 
See Lell, “On the Absolute Wave Length of Light,” Phi/. May. ]>. 246, Ai)ril 
188S. 
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sjKictroscopic work was established by the ^r(‘at researches of Bunsen 
and Kirchhoff, and the art of ruling gratings was much improved l)y 
Xo))eit. Mascart employed four or live of Noljiut’s gratings, and 
work(id with them in the })osition of minimum deviation — that is, so 
th;it the incident and diffracted rays made equal angles with the plam^ 
of the grating. Tin's method avoids the necessity of placing the 
grating ])erpendicular to tln^ axis of either telescope, hut it is rather 
more ditiicidt in the ex])erimental work, and is ])erhaps of questionable 
utility. Howevei', it geneially im[)roves the (h'linition, and is ca|>abl(‘ 
of giving V(U*y accurate results. 

In the same year (BSTiS) Angstriim’s r(‘.searches a}>]>eared, and foi* 
long lemaiiK^d tlie standard of reference in all (piestions of wave* 
length. lie useal NoIkmI/s gratings, and in spite of the fact that these 
were small and inaccurately ruled, giving impei'fect delinition and 
showing numerous “ghosts,” his results would have been very neai'ly 
exa,ct if his standards of length had been correct. 

fn all the earlier determinations of tlu^ wave hmgth insufficient 
attentioii was paid to the im^asurement of the grating spaces, and this 
of course riMjuiies an accurate; standard of length. Thaleii,^ who 
assisted Angstnim in his woik, corr(‘cted it afterwards for the error in 
the assumed length of the Upsala metre. 

Ten years after Angstrom’s research Air. C. S. P(‘irc(* - again 
attacked the ju’oblem with Itutherford gratings far superior to any 
])reviously used. 

The grating sjja.ee {(t i h) is never pei’fec.tly uniform throughout 
the whol(; extejit of the ruled surface. Kegiilar or ])ei*iodic variations 
jjroduce “ghosts” and dill'erences in focus of the specti*a on opjjosite 
sides of the cauitre. Thei’e ai’c other variations of an irregulai' 
character, such as the displacaumuit or omission of one or more lines, 
or, what is far worse, the more or less suddiui change in the grating 
sj)ac(*, forming a part having a grating s])ace ])cculiar to itself. This 
lattei’ is by far th(‘ most formidable tj pe of error. The othei’ irreg- 
ularities are harmless, and occur in most gratings. If the abiloiinal 
portion of tin* grating be confim‘d to a few hundred lines, they will 
merely ditl’iise a certain amount of light without jjroducing false lines 
oi* sensibly injuring tlie definition. They will, however, lead to an 
incorrect residt if we ileterminc the grating space by meas\iring the 
total length of the grating, and dividing by the total number of lines. 

Mr. Bell describes an expei-iment illustrating the etlect of these 

^ Tlialrii, Siir /r S/h'cfn' /V/\ Ppsala, ISSa. 

'*■’ Atiirrican Journal Scicnct\ thin] st*ries, xviii. j). 51, ]S7it 

ritil, Mtnj. }>. Mii\' 1SS8. 
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errors of ruling : “ Place a rather bad grating — unfortunately only too 
easily obtamed — the spectrometer, and, setting the cross-hairs care- 
fully on a prominent line, gradually cover the grating with a bit of 
paper, slowly moving it along from one end. In very few cases 
will the line stay upon the cross-hairs. A typical succession of 
changes in tlie spectrum is as follows : — Perhaps no change is observed 
until two -thirds of the grating has be(*n covered. Then a faint 
shading appears on one side of the line, grows stronger as more and 
more of the grating is covered, and finally is terminated l)y a faint 
line. Then this line grows sti-onger till the original line appt^ais 
double and finally disappears, leaving the displaced line due to the 
abnormal grating s[)a,ce.’’ 

The effect of an abnormal portion of the grating is, therefore, to 
cause a displacement of the lines of the spectrum and lead to error in 
the evaluation of the deviation, as well as in the calculation of the 
grating interval. The abnormal s])acing generally occurs at the end of 
the grating where the ruling was Ix^gun, for the engine after stalling 
iHMjuii'es some litthi tinui to s(‘ttl(^ down to a uniform state. 

To (h‘tec.t and evaluate the (errors of irregular spacing Mr. Pell * 
proposes the aililiniflon of the grating. In this process the grating is 
examined under a microsco[)0 from end to (Mid. 'Fhis gives tlu^ varia.- 
tions in the lengths of the spaces in dilfcrent parts of the grating. 
Pells mean result for l)j with foiu’ coia’cctial gratings, two on glass find 
two on speculum metal, gav(5 fit 20 C. and 7bt) mm. ])ressure in air 


or in vacuo 


Xi), tcntli nn‘lrt‘.s, 


Xp, Iriitli mchvs, 


which, as fai* fis (M’rors of observfition go, he (considers should be. cor- 
ri'ct to within one ])art in Indf a million. 'Tlu; wave lengths of tho 
other lines in the sp(xtrum derivial from this are in air at 20 and 
TOO mm. 


A (line l»ct ween 

‘ lirad ” :iJif 1 ** tail 

1 ti, (liiKi I»«*t w tM‘ii ** lirad ” 

and “tail ” 

otgi'oiijn 

. 7621 cn 

ol' i^n-on|n . 

. 7)270 *;V2 

b 

,, . 6881*11 

>E., ■ „ 

. '')260*8 1 

0 

,, . 6r)6-‘> *07 , 


. 7)18:1*82 

(i>, 

. r>8H6-l8 

F 

. ]N6 1*7.1 

u»., 

,, . r.8!Mr22 




Mr. Pell has given with the above figures the chief results pre 
viously obtained for 1), as folhjws : — 

^ J^(aiis Ucll, 77///. Mtftj. p. oCa, Ala} 18811. 
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Alascjirt . 

Van (kn* Willi^^cri . 

Aiixstrnni 

DitsclKiiiH']* 

IViivo . 


5891 *4 

Angst riim eorreeted h} 

’ Thaleii 5895-89 

5898-6 

, Miiller and Kempf.t 

. 5896-2.5 

5895-14 

Maee do Lejdiiay . 

. • . 5896-04 

5897-4 

: Kinlliauni 

. 5895-90 

.5896-27 

Roll 

. 5896 -IS 


Every rnetliod of determining wave lengths must necessarily involve 
the uncertainties of the standards of length used. The experimental 
difficulties involve small hut troublesome corrections, such as the effect 
of moisture in the atmosphere, changes of pn'ssure, uncertainty as to 
the true temperature of the grating, and vai'iations of the giating 
space. 

[ Itunge {ylsfpfnonnf and Jsfrojfh//sirs^ vol. xii. p. 4*20) gives an 
example on the necessity of allowing for the dispersion of air in deter- 
mining wave lengths by tin; method of coincidences : “ Suppose at a 
temperature of 20 Celsius and a jiressure of 700 mm. two rays have 
the wave lengths 0000 and 2000. They would then exactly coincide 
if one was observed in the first and the other in the third onhu’. 
Now reduce both rays to vacuo. 4diey would no longer coincide, tlu' 
ray in the third order lying to the less refrangilile side by 
Odb^T) X .4- 1*044 = 0*272. Since the corrections are proportional to 
the density of the air a barometric ])ressurc of say 770 mm. Jind a 
tenijierature of 12 Celsius would make the distance between the two 
lines 0*011, an amount which is laiger than the probable error that 
may be reached with well-defined lines.” 

lie gives the following table for reducing to vacuo Rowland’s 
staiidai’d wave lengths and all wave lengths that are determined from 
them by interpolation - 


8000 

! 2-1 til Angstrom 

1000 

1 -109 Angst rom 

7000 

! 1-S94 ■„ 

4000 

0-857 

6000 

i 1-644 

2500 

0-749 

5000 

, V469 

2000 

1 0-6:}.5 


Compare the table on j). 147 containing Ivayser and liunge’s 
indices for dry air.] 

[146(r. The Echelon Spectroscope.^ — We have seen (Art. 148) that 
the dispersion of a grating varies directly as the order (a) of the s[)cc- 
trum and inversely as the di.stance (u + b) between consecutive rulings. 

^ It is sad to reoall tliat Prof. Preston had ordered an echelon s])eetroscope for his 
invostijLjations on the Zoeinaii etieet, and that he had died hefore the instrument was 
coin})leted. 
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Consequently to increase the dispersion the rulings must he made Hner 
or else a sj^ectriiiR of higher order must be observed. On account of 
the extreme faintness of higli order spectra the second alternative 
afforded no promise of improvement in the construction of gratings 
until llichelson ^ investigated the subject, lie pointed out tlie condi- 
tions depending on the shape of the grooves made in ruling under 
which a reflecting giating would concentrate most of the light into a 
particular group of spectra, and he constructed a most ingenious and 
valuable transmission grating by means of which the same effect is ])ro- 
duced. Michelson took a number of })la.ne-[)arallel jdates of o})tical 
glass of exactly the same thickness (/'), and built tliem up in the form 
of a stair, each step being of tlie same depth ( /). 


0 !i the plates and passing through cor- 
responding points A and on consecutive 
steps. Draw A^C at light angles to CQ. 
The retardation of the second ray on tlu‘ 
first is /xJ3jA^ - AC if //. is tin; refractive 
index of the glass. Now AC is ecjual to tin* 
sum of the projections of Allp MjA,, and 
Aj(' on its direction, that is A(.’ - Al>j 

sin 0 i‘ n^AjCos^^ - -- / sin 0 i c cos Th(‘ 
retardation is tlierefoi*e 


of light 

1101 

;p , 

nially incident 

P, 





A 

B, 

It 


A, 

Q 

/ 

/o 



iu\ - jLO i / i>\U 0 r COS . . . . • 0 

and if in is a, whole numlier the emergent light of wa.ve huigth A from all 
the steps making the angle 6 with the normal will form a bright imagi^ 
of the slit when brought to a focus by a lens. As tin*, retardation is 
large, m will ])e large and the order of the spectrum will be very high. 
Difi'erentiating (1) for a given value of ni we find 

,10 (li) 

c sill 0 i y ros 0 

and also replacing m by nt -i- 1 and 0 by 0 l- SO in (1) we have 


.so that on division 


r. sin & i n 

dS nn/\—ri//jL 
\ 


where (10 is the change of 0 due to change of wave length (^/A), and 
is its change on passing to the spectrum of next liighest order 
{■•n + 1). 

^ A. A. Micliolsoii, 'rhe Astrophysiad Journal^ vol. viii. ]». .‘37 (.Juno 1898). 



248 


DIFFRACTION (iRATINIiS 


CHAP. IX 


lieplacing nt l>y its value from (1) wc have 

tlO f sin 0 cos 0 (l\ , fji 

AO' \ - X • X • • • • 

For Hirit-^lass diftjX) is approximately equal to - ’2(/X!X\ and the 
formula beconuis 

(10 y sin 0 -f /'(2 - cos (/\ sina (f\ 

AO X ■ A ' sin a ‘ A ' ‘ 

whei-e a(^-tan b^/) is the ari^le of slope of the echelon. Tf dX 'X 
0*001 as in the case of the two sodium lines, if c = 5 mm. - lOOOOA, 
and if 0 is very small, dM = 10A^> approximately, or the sodium lines 
would be se])a, rated by ten times the <listaMce between the spectra. In 
this case also ///A (//, - 1 )r 10000 (/a- 1 )A, so /// is about oOOO. 

Fxactly as in Art. loT when tln^ <‘chelon is composed of n plates 
tin; separation of the s[)ectra (AO) is increased //-fold. Indeed, Fig. 140 
a[)plies v(‘>ry well to an instrument composed of only sf'irn elements 
with which Ali(4i(dson easily obsei‘ved the Z(?eman effect. 

Also, as in Art. IbO, the intensity due to a singli^ step is propor 
tiomd to sin“(/)/(/r when; </> -7r/A"^sin (L On account of tlie enormous 
size of /’ compared with A tin; total intensity (eonqian; again Art. loO) 
is insignificant exce|)t when; (i is v(‘ry small, and all the light is ])rac- 
tically includ(;d lietween tlie deviations i A//. Ihit tin; distance 
betweim two successive s])ectra. is A /’ by (*4), so there will in general 
be two spectra, visilile. l>y slightly inclining the rchelon one of these 
may be re.ndered (amtral and much mori* intense than the othei*. 

“ 44i(; overlapping of the specti’a is ovei’come by a direct vision 
prism of modcu’ate dis[)<‘i’sion, but the distance lietwcen the s])ectra is 
so small in (comparison with the dispersion of tlie (‘chelon tliat the 
spectra, of tin; source under examination must consist of rather fine 
lines if overlapping is to lx; avoided.'^ 

Michelsou gives the dimensions of a twenty plate echelon constructed 
for him. Fach plate was 18 mm. thick, and the successive elements 
diminished in width from 22 mm. to 2 mm., so tliat the width of the 
ehmientary pcmcils is 1 mm., and the retardations are of the order of 
20,000 waves. The resolving power of this instrument is about three 
times that of the best gratings, and more jiowerful instruments can be 
constructed. The real ditliculty is to obtain plates of exactly the same 
thickness. Most valuable results may be anticipated in the analysis of 
close groups of lines.] 
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Skction III. — Investihation ok the Intensity in 

1 ) 1 KKK ACTION TaTTEHNS 

147. Application of the Graphic Method. — In the foregoing 
sections ^ve have considercil merely the general cliaracter of the effects 
produced by diffraction when light, diverging from a luminous point, 
falls upon a narrow aperture or pas.ses by tin* edge of an opacpie obstacle. 
Tlie actual calculation of the intensity of the illumination at any point 
of a dilfraction pattern (that is, the fringe system produced ))y ditfrac- 
tioii) is generally a problem of sonui diflicultv wlnm attacked directly 
by the analytical method, but in many ca.ses tin* solution may be 
(dfected with great simplicity b\' means of the elegant gi'aphic method 
introduc(Hl in Art. to. A\'c shall therefore; reeajutulafe b!*i(‘lly this 
method of representing the resultant of a system of vibra,tions of tin; 
same period, but of different am[)litudes and ])hases. 

Thus it has l)een shown that if a, polygon be (‘onsti’ucted so that 
tin; lengths of its sides (big. 1 10) repi’c.sent the amplitudes Cj, 
of a, system of vibi'ations simultaneously sup(;rposed on a particle, while 
tin* angles which these sides make with 
a given liin; OX represent the phases 
of the corres[)onding vibi’ations at any 
instant, then the closing side ()D of 
the ])ol}'gon represents the amplitude, 
and tin* angle XOP which it makes 
with OX represents tin; phase of the 
resultant vibration. In this figure the 
phases of the successive vibrations are 
taken in ascending order of magnitude, 
and are such that there is an abrupt 
change in passing from each to those adjacent to it. If, however, the 
change of phase be not abrupt, but varies (continuously in iiassing from 
each to tlie next, and if the amplitudes ])e very small, tlnai the sides 
(^f the polygon will be very short, and the angl(‘.s which they makt; 
with each other will be very small, so that in the limit the figure 
becomes a continuous curv(3, as shown in Fig. 120. This is what 
happens Avhen we attempt to represent the effect of a complete wave, 
or of any part of it, at an external point. 

The shape of such a curve depends on the mf\nn(*r in which tin; 
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.‘irnplitudes and jihases of the vilirations change in passing from each 
to the iK^xt of the system, the cnrv^ature at any poirfo being measured 

by tlie late of variation of jiliase with ampli- 
tude. Thus if tlie eleimmt of length of the 
curve lie denoted l>y and if tlie angle 
between two conseeutive elements be 
then //ijj will lu*, the diifei’ence of phase 
])etw(‘en two consecutive vibrations, and the 
radius of eurvatiii'e at the (a_)rres])onding 
])oint of the vibiation curve will be 
(is (lil). The form of the eur\ e i*e])resenting 
the (^llect of any part of a wava^ will (onsiajumitly (h‘pend on the* 
manner in which the wave is subdivided into e.leimmts of area. 

In th(^ particular case in which tlu^ xibi-ations form a system of 
<‘(|ual amplitude and uniformly increasing phase the curvature is the 
sarm^ at all points, and the vibration cur\e (as already noticed in Art. 
IT)) is a circle. This is the ease discussed in Arts, ol and in which 
the. inlliK'ma; of obliquity is negle(*t(‘d, and whei’c the wavi* front is 
dividial into ring (dements corresponding to e([Ual increments of jiliasc. 
The a,r(‘as of thes(‘ ehmumts are not ecjual, but vary directly as their 
distance's from the', point (), at which theii* joint etlect is to lie calculated, 
and it follows tJnn’c'fon' that when tlu' intlmmce of distancci only is 
(‘onsidened, the. amplitudes of tlui vibrations produced at () liy the 
vaiaous rings are tlu'. same. Wlien the inllin'iice of obli(jiiitv is taken 
into account, on tlu^ other hand, the amplitiuh's form a diminishing 
series, and therefoiM' in the vibration cuitc d.s' continually diminishes 
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as </> uniformly increases, so that the curvature gradually increases as 
we proceed along tlie curve, and consequently the effect of the wave, 
instead of being represented by a circle, is re])resented by a spiral 
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curve encircling a point J (Fig. 121) with convolutions of ever diniin- 
ishi ug I'culiii^. * 

This luethod of dividing the wave front into eliMueuts of e»}uallv 
increasing phase is nndonhtedly the most desirable when it can he 
applied, hut there are many cas(‘s in which it ceases to he conveniiMit, 
and other methods of subdivision have to he adopted. For e\amj)h‘, 
tlie ring method applies at once, if we wish to calcnlat(‘ tin* inU'iisity 
at any point on the axis of a cii‘cnlar aperture, or the ellcct of any 
circular or annulai* portion of a wave at a point on its axis. When 
the a])(‘rture is rectangular, or wh(‘n tin* light is dilliacled over a, siin|)h‘ 
straight (‘dg(\ it is l)est to divi<h‘ the wave into (*lenn*ntary strijis 
parallel to the edge of the ohstachx We shall conse(|nently coiisidt'r 
this nn‘thod of stri]) division in some detail h(*for(* ap[)lying it to par 'I’li.* strip 
ticular proldenis. In the ring nn‘thod tin* surface of tin* wave is 
divid(*d into elements of area by means of a syst(*in of sj)ln*u*s having 
a common c(*ntre, while in the strip method tin? snrfaci? is int(*rscctt*d 
and divided into stri[) areas by means of a syst(*m of jilam*s having a 
<‘ommon 

148. The Method of Strip Division. — Let t wo paialh l light lines 
AI> and (d) (Fig. 122) la; drawn 
in the front of a plane wavi* so as 
to iindudc a, very narrow strip of 
tin* wave, and let it be r(*(juir(;d 
to determine tin*, ell'ect of this 
strip at. any (*xt(*rna.l point (). 

Taking the strip to be very 
nairow we nia)' r(?present it by 
the right line AH (Fig. 12.*»), 
and divid(? it into (*lem(*nts of 
length, IbMp et(?., by points 

tak(*n on it at equally iiu'reasing 
distances from These ele 

ments are such that 

OM, OP-O.M. OM, r(r. -0\' o.\ O. 

They are elements of uniformly incr(*asing phase, but an; not of (Mpial 
l(*i}gth. To express the length of any om* of them, XX' for exarnph*, 
we have by similar triangles 

'OX' -OX : XX': : PX' : OX'. 



Denoting OX' - OX by (3, and writing /• and ./• for OX' and FX' — that 
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is, for the distances of the element from 0 and P respectively — we 
have ^ 



X 


Hence, if we neglect the influence of obliquity, the amplitude of the 
vibration contributed by the element XX' will be proportional to 

XX' 5 

/■ X 


We conclude therefore that wdien the strip is divided into elements 

(corresponding to uniformly increasing 
phases their- effects diminish as they 
recede from the pole P, the diminu- 
tion of effect being inversely as the 
distance of the element from the pole of 
tire strip. AVhen the influence of obli- 
quity is taken into account this rate of 
decrease in the effects of the elements, as 
they recede from the ])ole, is made still 
more rapid. Hence wlnm we compare 
two consecutive half-p(*riod elements of 
the strip, as in Art. 51, it follows that 
when they are near tire pole tluiy differ 
c()nsid(;i-ably in effect, but when they are far away from the pole they 
a])proximat(;ly neutralise each other. 

' Denoting the effects of the consecutive half-pei*iod elements by 
vy/.,, yyy.j, (^tc., and taking into account the two halves of the sti-ip, viz. 
Sinj^le AP and HP, the whole tdYect of the strip may be Avritten in the form 



st rip. 


S - ‘2( m I 7//o + )■ 


In this series the tciins diminish rapidly at first, so that they soon 
beconui very small, and ultimatcdy equal and opposite. We may 
therefore conclude that when the wave length is small the Avhole 
effective portion of the strip is confined to a small region in the 
neighbourho(jd of the jrole. In the same way every other strip may 
be reduced to a small effective portion in the neighbourhood of its 
pole with respect to O, and the whole wave may be replaced by a 
narrow eipuitorial band QQ (Fig. 122) passing through P in a direction 
at right angles to the strips. 

The calculation of the effect of the whole Avave at 0 is conse- 
quently reduced to that of the equatorial band, QQ. Noav this band 


^ This inorely expresses that rOr — xdx, 
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is cut into elements by the strips ABCD, etc., which correspeiul to Equatorial 
equal increments of phase, and as the effects of these at 0 vary 
inversely as their distances from P (when the effect of obli(piity is 
neglected), it follows that the successive elements produce effects at O 
which rapidly diminish as they recede from the pole. This diminution 
is rendered still more rapid hy the influence of obliquity, which also 
causes a falling off in amplitude as we i*ecede from the pole. The 
result is that the effective portion of the e({uatorial band is confined 
to a small area in the neighbourhood of P, and, Jis before, the effect of 
the whole wave may be limited to a small area surrounding the pole. 

Now if the effect of a single strip, such as AB (Fig. 1*2‘>), be 
represented graphically in the manner already explained, it is clear 
that (since the amplitudes of the vibrations contributed by the succes- 
sive elements of the strip rapidly diminish as they recede from the 
pole) the curvature of the vibration curve will increase rapidly at first, single 
and then more slowly, so that the curve will be a spiral similar to that 
shown in Fig. 120, with convolutions of evei* decreasing radius 
encircling a point J. This spiral repi*esents one half of the strip, and 
the other half will be represented by the same spiral repeated. The 
effect of the whole strip will consc<|uently be represented in 
amplitude by 20 J, and in phases by the 
angle XO»r. This angles measures the 
difference in phase between the resultant 
vibration contributed by the whole strip, 
and that contributed by the cential point 
or pole of the strip. 

Having determined the amplitude and 
phase of the viliration contributed by each 
sti’ip — that is, liy each element of the 
equatorial band Qf^ — a spiral may be draw?i 
in the same way to represent the effect of 

the complete wave. Now since the phas(i of the vi])]ation contributed 
l)y the whole wave differs from that arriving from the jiole ])y *20 ' 

(AiT. 52), it follows that the spiral representing the ecpiatorial band 
must encircle a point J on the axis OY (Fig. 121), and must start wiioie 
from O, not as a tangent to OX, but, making an angle with it, deter- "^‘*^*^* 
mined by phase difference between the resultant vibration of a whole 
strip and that contributed by its pole. This spiral repr(jsents one half 
of the equatorial band, and the other half is represented by the same 
spiral repeated, so that the whole amplitude is measiu’cd by 20J, 

In the case of a spherical wave the surface may be divided into a 
series of strips by a system of planes passing through a diameter of 
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Spherical the sphere. Thus if APB (Fig. 1 25) represents the front of a spherical 
wave diverging from C, and if it is required to calculate 4he effect at 

O of the whole, or some portion of it, the 
surface of the wave may be divided into 
a system of strip areas by a system of 
planes passing through a diameter AB 
of the wave drawn at right angles to OC. 
These planes, which may be called mer- 
idian planes, intersect the surface in great 
circles, and divide it into elementary 
strips, which are limes of small area. 
Each of these strips may be reduced in 
effect to a small area in the neighbour- 
hood of its pole, and may l)e represented 
by a spiral curve after the manner of Fig. 120. It follows therefore 
that, as in the case of a ])lane wave, the spherical wave may ])e 
replaced in effect liy an equatorial band lying along the great circle 
PMN, which cuts the meridian planes orthogonally. This band in 
tu!*n may be represented graphically by a spiral curve after the manner 
of Fig. 124, and its effective portion is restricted to a small area in 
the neighbourhood of P. When represented in this manner the ampli- 
tude of the resultant vibration is 20*1 (Fig. 124), 
and its phase is 00 ' in advance of that of the 
vibration arriving from the polo of the wave. 

The only other form of Avave Avhich we 
Cyliinlrica] need consider is the cylindrical wave, such as 
diverges from a long narrow slit. In this case 
the surface of the wave may be divided into a 
series of rectilinear strips parallel to the length 
of the cylinder by a system of planes drawn 
through its axis, as shown in F"ig. 12(3. Fach 
of these strips may be reduced to a small etfec- i-'o. 

tive portion, and tin', whole wave as before may be re})laced by an 
ecpiatorial band i*MN. This in turn reduces to a small portion around 
\\ and may be represent(‘d graphically, as in the case of a plane wave. 

149. First Applications of the Spiral. — Before making any 
calculation of the actual intensity at the various points of a diffraction 
pattern, we shall consider in a general manner the fluctuations of 
intensity in some of the elementary cases already noticed ^ (Sec. 1.). 

^ This apulu-ation ^Yas |mblisheil hy M. Goniii as a “Methode iiouvelle pour la 
discussiou (h\s ]M’ol)h’‘iiu's do ditVractioii diiiislo cas d’uiio undo oyliiidri([uo ” 

(h' i*hi/siqi(c, tom. iii. 1874). 
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For this purpose, when the strip method of division is employed, ouch 
half of the* wav* gives lise to a spiral curve, and these spirals are 
identical in shape and position. Instead of superposing them, how- 
ever, it will often be found convenient, 

for the purposes of representation, to 
draw one of them above the line OX 
and the otlier below it, as shown in 
Fig. 127. The chord joining any two 
points on the upper spiral will repre- 
sent the resultant etlcct of a corre- 
sponding portion of one half of the 
wave, and the chord joining two 
points on the lower spiral will repre- 
sent a portion of the other half of the 
wave. Thus OfJ represents the whole 
effect of the upper half of the wave, 

and OM represents the effect of a portion of the lower, whereas JM 
is the resultant of these two (viz. (3J and OM) taken together. This 
applies to the case of light dillVacted over a straight (Mlge. 

Sfraif/lU Edge , — It has ))een already indicated that when light 
passes by the edge of an opacpie screen a system of fringes exists just 
outside the geometrical shadow, but that inside the shadow the light 
fades away gradually without ])assing thiough any alternations of 
brightness and darkness. The illumination at any point outside the 
shadow is contributed by a complete half wave KS (Fig. 107) and by 
fraction KA. The effect of the half wave will be represcTited by Od 
and the fraction by OM (Fig. 127), where M is some; point on the 
other half of the spiral. The resultant effect will therefore be repre 
sented l)y JM. Hence as M moves along the sjnral JM passes through 
a series of maxima and minima. There is conseciuently a series of 
alternations of brightness and darkness outside the geometi*ical shadow. 
For as the point on the screen moves outwards from the shadow, the 
point M moves round on the spiral towards J', and JM passes through 
a maximum and a minimum evavy convolution. The least vahuj is 
»JO, that due to half a wave. The intensity then rises and falls, the 
values of the maxima being greater than JJ', that due to the complete 
wave, and the values of the minima greater than JO, that due to half 
a wave. At the edge of the geometrical shadow the amplitude is OJ, 
and the intensity is consequently one-fourth of that ])roduced by the 
whole wave. 

For the illumination at any point within the geometrical shadow 
we have oidy to deal with part of the spiral OJ (Fig. 128), as only 
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a fiiiclion of hulf a wave is now in action. As P recodes within the 
shadow the tracing point M recedes froTii 0 alon,^ the , spiral OJ, 
moving i*onnd towards the point d. The line 
JM, which represents the resultant vi)>ratioii, 
continually decreases tfjwards zero, without ])ass- 
ing through any niaxinium or niinimuni values. 
The illumination therefore falls off gradually to 
z(*i'o withifi the shadow. 

Xarruir Jj)rrfurr. — \a'X us now coiisidei* tlu‘ 
illumination produced at any [)oinl by a 
very narrow luaTangular slit. Since the element of arc of tlu‘. 
spiral measures the amplitude of vi])ration of a coi’responding 
(deimmt of the wave, it follows that the length of the complete arc 
of the spiral which represents the wave from the slit is simply pro- 
portional to the width of th(^ slit; consi^(|uently the- amplitude of the 
ic-sultant xibration at any [)oiiit on (h(‘. scr(‘(‘n will be measured ])y the 
right line joining the extremities of a constant length of the curve, 
viz. an arc pro])ortional to the width of the slit. Insidt* the gtamuTrical 
])roj(*-ction tlu‘- arc in (piestion passes through O and belongs partly to 
om; half of the spiral and pai'tly to th(‘ oth(‘r. Outside tin* proj(U.*tion 
th(^ arc is situat<‘d altogetluM* in one half of the spiral. In all cases it 
is ch'ar that th(‘re will be genm’ally tluctuations of intmisity at ditlerenl 
])oints of the screim. 

If th(‘ slit b(‘ V(M‘V narrow, so that tin* corr(‘sponding arc of th(‘ 
sj)ii'al is small, then inside the ])rojection the intensity will remain 
constant over a considerable range, and b(i very nearly pro|)oi‘tional to 
the s(juare of tbe width of the a])erture, 
since Inne the. arc will nearly agree 
with its oliord. 

Xid’roir iri/'f’. — TIu* case of a narrow 
win*, can be deduced from that of a 
narrow rectangular aperture of the 
.same dimensions. Inside the shadow 
of the wire the etl’ect of that part of 
the wave whicdi passes one sidi^ of the 
wiiv is re})resented by dM (Fig. l-H) 
where M is some })oint on the spiral 
Ofl, and the elVect of the part passing 
the otliei* sid(‘ of the wire is represented 
by d'M' where AF is some point in the spiral Od', and the arc MA!' 
is j)roportional to the width of the wire. If the wire subtends a 
considerable number of half- period elements at the screen, the arcs 
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OM and UM' will contain several convolutions of the spirals and 
the lim‘s JM airi J'M' will he iu*arly ecjiial, so that tluM(‘ will 
be destructiv(‘ interferi'nee Avhcni dM and d'M' are in opj)osit(' 
<liroctions, and niaxiinuni illiuninations when tlu‘y are in the sanu* 
dii’(‘etion. In the inteiior of the slnnlow wc have thus a system of 
interfei*enc(‘ hands. As we approach the hordens of tlu^ shadow, tlu* 
])oint suppos(‘, moves towards () on the s])iral and the j)oint .M' 
moves towards since the are MM' must l)e of constant lenL;th. 'Tlu' 
lines JM and »]'M' in this case ditler consideraldy in magnitude', so 
that when they are ])aralhd and in op])osite directions there' will still 
he some' resultant illuinimit ion and the minima will not he places of 
com[)let(^ darkness. Outside; the shadow \vc have; a comph‘t(‘ half wave 
and a. fraction from one; side; of the wire. These' Avill he r(;pre‘se;nted 
hy 0,1 and OM' respective'ly, while frenn the; otlu'r siele we; have a, 
])e)rtion repr('scnte;d hy d'M wlu're' M ' is 
some* j)oint on the' spiral ne'ard'. 'I'he' aiv 
M'M ' is al)sent and of a constant leiyi^t h 
])roportional to the' width of the* wiia'. 

'Fhus if from d' we; elraw d'N (Vv^. IdO) 
parallel and eejual to the* chord of the' arc 

M'M ', then since' dd' rej)re'se'nts the' e'tlee'l 

of the' whe)lc wave, anel siiiea; d'N re'pre'se;nts 
the; e'llect. e)f the; inte're'e'pte'el pe)rtie)n, it 
fe)llows that dN will re*pre‘se‘nt the tians 

mitted pentie)!!. d\ the'refen’e* i-e'pre'se'iits 

the eire'e;t at a ])oint outsieh' the' shaehew, anel as rl'X re've>l\e;s round d' 
— -tliat is, as the jenint r»'e‘(;ele'S from the* e;di;e; e)f the; shade >w the; line; 
dX will j)ass throui.:;h a se'ih's e»f maxima and minima, which re;j)i“e'sent 
the extei’iial frini^es. 

In the; e'ase; of the nari'ow aperture; it i.s dX that is inte‘ie‘e;j)te'd anel 
d'X tiansmit te;el. 

Tira Xantfi'' l/rr/n iif/tiht r . I /inf mrs. In the e*ase e)f twee eepial nar 
re)W apertures we; have' te) e-e)nsiele'r the* re-sultant ejf t we) ai’e's e)f ilie; 
spiral e)f le'ii'ziths pre)j)e)i‘l ieenal te) the* wielths e)t the* aj)e!rlures. These; 
ai’e-s are; sepai'atcd by an are* e)!’ ce)nstant leiiuth, pie)pe)rtie)iial te) tlie* 
dista!ice he'twe'en the; ape'i ture's. The re'sultant is t he'i e.'feere; the; \ee*te)r 
sum e)f the* e*he)rds e)f the* twe) are-s — that is, the* el iai;e>nal e)f the; 
])aralleh)gram having its aeljace*nt sieles [)arallel anel eejual te) the e'heaels. 
This eliageeiial will pass thre)Ugh a maximum or minimum value; ae.;ce)i‘el 
ing as the; (*he)rels e)f the* are*s ai'e |)aiallel ajiel in the* same e)r e)ppe)site* 
elirections. 

Two narrow wires give a. eM)rrespoiiding system e)f fi*inges, anel the 
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diffraction patterns afforded by other arrangements may he investigated 
in a similar manner. 

Oflruhftion of the In ten sit ff in ihr (jisr of PitroUeJ IJijht 

150. Narrow Rectangular Aperture. — It is very easy to examine 
by the graphic method the case in which the incident light is a ])arallel 
))eam, or in other w'ords, a plane wave. We shall first take the case 
of a narrow rectangular aperture of width and at present we shall 
omit all consideration of the length of the apertui’c and investigate only 
those phenomena which arise from the narrowness of its width. 

Ijct AH (Fig. 1*11) be a cross section of the aperture by a plane 
drawn at right angles to its length, and let the 
incident light make an angle 90" - i with the width 
AH; it is recpiired to (hTermine the intensity 
of the illuniination at any point on the other side 
of the aperture.^ For this ])urpose let us take the 
beam of dilfracted light which leaves the slit in 
any given direction AX, making - an angle 90 - 0 

with AH. Then it follows, as in Art. 136, that 
the relative path retardation of the extreme rays 
AX and P>Y is 

5 ~ a (sill / -f-siii 0), 

and their difference of phase is found by multiplying this by 'lirlX. 
Now let the aperture be divided into a very great niimbei* of exceed- 
ingly narrow strips of e<pial wklth, the lengths of the strips being 
])arallel to the length of the aperture. This is ef|uivalent to dividing 
Al] into a great number of small elements of eipial length, and since 
the light is parallel it is clear that each of these elements produces 
vihi-ations of ecjual am])litude and corresponds to eijiial inenunents of 
pliase. The problem therefore reduces to the calculation of the re- 
sultant of a number of vibrations of equal ani})litudes and uniformly 
increasing phases. Such a system, we have already seen (Art. to), 
giN'es a vibration curve of uniform curvature — that is, a circle — and 
the resultant is conseipiently lepresented in amplitude and phase by 
the length and direction of a chord ()M (Fig. 132) of a circle. The 

^ Kor llie sake of (k*liiiiteiiess Jet us siqqmso tliat a l(*iis is ]ilace(l before tlie a]M‘r- 
tiirr, as ill Kig. lia, so tliat all tlio light wliicli leaves the aperture parallel to a 
giviMi (lirc'ctiou is l'oeusse«l at a single point. 

- The angles are takiui this way iu order to enibraee the ease, in whieh the plane 
i)f ineideneo is not the same as the plane of ditfraetion. Here i and 6 are the 
angles whieh the rays make with a jdane perpeiidieular to AH. 
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intensity of the diffracted light consequently depends on the final 
position of^the tJfecing point M — that is, upon the phase difference of 
the extreme rays AX and BY. For 
example, when this phase difference is 
an even multiple of tt the intensity is 
7.er(), for then the tracing point coincides 
with O, and OM is zero. Now if we 
denote the phase <lifference ^ of the ex- 
treme ra 3 \s hy 2</) we have 2c/> = OCM - 
2 77(3/ A, and therefore 

mt , . . . 

<h— r-(siii I -I- S\n6). 

But we also have 

OM -2RyiiiAO('M -2Rsin0, 

where R is the radius of the circle. Further, if he tlie lengtli of the 
arc OM, then by the manner in wliich the curve is ])lotte(l s must l)e 
proportional to the widtli (ff the aperture. 

So that if we take the constant of pi’oportionality to he unity wi* 
nuyv write 

.S’ t(. 



But .s - 2R(/), therefore 2R-(f/</>, and the expression for OM becomes 


OM 


sill </> 

if' , 

0 


and the resultant intensity is measured by 

' " - ,lr • 

(nr. 1. — Since the line OM makes with OX an angle MOX - iMOO, 
it follows that the phase of the resultant vibration is the same as that 
of the vibration coiitrilnited by the middle strip of the ap(‘i*tur(i. 
Hence if the vibration from I> be repi-esented liy // - sin lo/, that from 
A will be y - sin((o/ + 2 (/j), and the e([uati(jn of the resultant vibration 
is 

sill 0 . , , 

if - it siii(coM-0;. 

0 


* It is to 1 k‘ tliat the tniriiig jjoiiit may liare. (l(*s(’rilMMl the circle 

s(‘verjil times, and liiially settled in tlie. position M. The an^le 20 is the whole 
angle tlirough wliieh tln^ radius CM lias rev'olved, aiul the ai’e s referred to in the 
text is the whole length of are. deserihed by M. 

It is also worthy of note that R varies from point to point of the. seree.n. It is 
.S’ or the. width of the aperture that reniaiii.s eonstant, and it is for this reason that 
the maxima are not determined hy 0 — an odd multiple of 7r/2, as shown in Art. 151. 
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Cor. *2 . — If the Ijc incident perpendicularly on the aperture, 

the intensity at any ])oint of the dillraction ])attern is* pro|)cy ti()nal to 
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151. Determination of the Maxima and Minima. — The expression 
for the int(uisity at any point, lieing a function of the an^lo 0 of dif- 
fraction, will vary from ])oint to point on the screen, and i)ass through 
a series of nuixinium a.nd minimum values. 1liis has already heen indi- 
<‘atcd by the elementary examination of Art. 1 20, but we are now in 
a position to imjuire into the phenomena moie accurately. 

For brcivity we have writtcm </> ^ -^^\sin / i sin 0), and we hav(^ 

found the ifitcnsity m(‘asurcd by u*“\sino/j/(/)“, hence ns the angle vai ies, 
t-he intensity passes through a series of maximum and minimum \'alues 
as follows. 

— I - () when </j -- //tt, excluding the value // - 0, which 
corres|)onds to a maximum. Hence at points in the direction 0 de- 

t(‘rmined hy the cciuation 

sill / ! sin - /iXjif 

thi‘i*e is complete darkness when n 
is any integer other than zero. 

j\[o,>'imo . — Kijuating to zerij the 
iirst derived of sin </> c/>, we find 
that the values of </> wlnkth make I 
a maximum satisfy the equation 

0 tail 0. 

To solve this eijuation graphically, 
plot first the curves 

( 1 ) // -- and {' 2 ) // - tan ./*. 

I’he first represents a line bisecting 
the angle between the axes of and 
//(Fig. 1:K1). The second consists 
of an infinite number of branches 
of am])litude tt. The first branch A A' passes through the origin O 
and touches at infinity flu* lines .r - r J,-, which are its asymptotes. 
The second branch BIV cuts the axis of at the point .r - tt and touches 
at infinity the linos .r— -^I tt and .>*— Att. The maximum values of T 
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corrospoiid to the values of // wliieh satisfy hotli these e([uatious, since 
then we have .r - tan ./*. The maxima are therefore determined l)v the 
intersection of the line OC with the curves AA', lUV, t'C', etc. The 
coriGspondini;- values of </) are less than the odd midtiples of Att, but 
as n increases the value of </> a})proaehes more and moi’e nearly to 
( 2/1 i- l)A7r. The values of </> correspondini; to the maxima values of 
th(‘. illumiiiation havci Ixaai < 4 'iv(‘n by Schwerd as follows: - 
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Thus while (/>^^ becomes moni nearly (2// -f- l)^,- as n increases the 
corresponding values of 1 (the maxima illuminations) decrease', I’apidly, 

being approximately in the ratios of the (piantities 1, ( 

etc., which corres|)ond to </>, e(|ua.l to odd 
multiides of tt. If the intensity of the lirst 
maximum be taken as unity, the values of the 
second, third, and fourth will be approxi- 
mately A,,, -V,, and ^ | respectively. Fig. 
l.‘M represents the variations of intensity, its 
abscissa* being the anghi </> and its ordinates 
the corresponding intensities. The first maxi- 
mum is very much greater than the others, 
and these again diminish very rapidly. With 
white light we have a series of rainbow 
coloured fringes, violet at their inner and red 
at their oiitcu' edges. The spectra formed 
by a single nai*roAV a[)erture Frauidiofer terms .^jurira (ff I Jtr Jirsf rhfss. 

152. Circular Aperture. — ‘The intensity at any point on the axis 
of a circular a})erturc may be easily cx])rcssed in the sann; manner. 
Thus we have already seen (Art. o.‘5) that when the apertiiie is divided 
into circular annuli, cori’esponding to ecjual diHerenccs f)f phase, th(i 
amplitudes of the vibrations producerl by these elements are e([ual, and 
therefore (when the influence of oblirpiity is luiglected) the vibiation 
curve is a circle. Hence, as in Art. loO, if s be the hnigth of the arc 
of the circle which represents the resultant vibration, w(^ have 

OM -2Rsiii 0, ainl s 210/ . 
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'riierefore the intensity nniy ))e expressed in the fornj 

t 

I 

where? 20 is the ]>h;ise diHercncc of the vihiiitions from the centre uiid 
tin? cii’cumfei'ence of the npeirtiire. 

Whciii the radius of tin? aperture is smnll compared with the other 
elistanees involveid we? have approximately, as in Ai*t 120, 

'Ind 27r/ r‘ , r~ . \ wr-{tt 1 h) 

, h' : -1 /> -i- , a h] . 

\ \ \ 'hi. 'Ih ) ffh\ 


wli(?i(? /■ is tin? radius of t]i(‘ a[)(‘rture, (t its distance from tlie luminous 
oiie;in, and h its distance? fre)m tin* se*i-eeMi. Ne)w hy Art. 22 the arc 
s is pi‘oportie)nal to 27re/2 (/e - />), anel this hy the? fe)re*ij;oing i‘e?eluces te) 
tt/' h. Ileuice? the e?xpressie)n for I ]>eeM)mes 


(p Trr-{ti i fi'l2i(h\. 

'rile? maxima, anel minima in this case may he elisciisseel as in the* 
[)ie‘e‘e?eling a,rtie*le?. 

153. Two Equal Rectilinear Apertures. — The same graphic 
methe)el may he a])plie‘el with facility te) the case e)f twe) very naiTe)W 
a|)ei'ture‘s, eae-li e)f wielth e separate^el hy an opaepie inteu’val of wielth h. 
Ia‘t the aixM'tuivs he OA anel IK' (Fig. 122). The?n, as in Art. 120, 

the e'llcct e)!’ each aperture* may he* rej)re- 
sente'd hy an are* of a circle e)f niagnituele^ 2(t, 
where? 

iru . . . , 

a ^ ysiii ! Slil 

anel the*se arcs (Fig. 122) will he sejxiratcel 
hy an ai’c All of magiiituele 2/i given hy the 
e*e|uation 

irft . . 



The resultant ani[)lituele eliie te) each will he measureel hy the chorel 
OA or 1)0- — that is, hy a sin a^a, hut as the resultant vibrations due 
te) OA and 110 elitler in phase hy an amejunt 2(a + /i), namely, the 
angular elistnnee* between their middle pe)ints, it folh)ws hy Art. 43 
that the resultant intensitv is measureel by 


j sill- a 

] — ! ’ 2 f/ - o CO.S- 4- /:t). 
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The ecjiutioii of the resultant vibration is theri'ton 


// 1(( «*os (tt I'pi sill (w/ i la : 




and this corresponds in phase to the middle strip of tlie opaipie interval. 
For the resultant vibration transmitted by OA is 


sin a . , . , , 

//, - tt sill [bit + a ! 

a 

and that transmitted )>y HF is 

“ • / ■ o o . 

//., It sill iun ! .>a i J.! '. 

‘ “ a 

Ihit //--//^ + //.„ therefore, etc. 

The intensity dejiends on two varialile factors, one sin n it, which 
gives th(‘- fringes of a single ap(‘rtnr(‘, and the otlun* (!os (n i fi), whicli 
gives a system of fringe's eorres])onding to the inti'rb'n'm'e. of the lights 
from the two aiperture's. This factor vanislu's wlu'ii 


that is, when 


[a t fi} [In 


TT 
O ' 


{(( i A)(siii 1 i sin tf) {'hi i- 1 ) 


\ 


In this cas(^ tlui light from the. S(‘eond apertuie is an odd nnmbm' of 
half-period elements liehind that from tin*, iirst, and the two di'stioy 
each otlnn* by interference*. Hut if 


a ) [i //TT, 


or 


(tf i /y;(sin / ^-sin (h //,\, 


then tin* two are concordant, and tin* illumination is a maximum. 
These are termed maxima and minima of the si‘cond order, oi’ sjirrh’it of 
iftr si roiul rJiiss. 

AVe may therefore consid(*r the ]>hcFiomena ohsin-ved as tin; super- 
position of these two syst.(*ms of fring(js ; that due to the first, fai^toi’, a 
dilfraction system, and that due to the seiiond faetoi', an intei ference 
system. The intensity is zin-o when either factor vanishes. 

The dispersion of the second systcmi being inversely as n h is less 
than that of the first system, which is inversely as e, it follows that 
when the apertures are not veiy close the second system is n(*arly all 
contained within the first two bands of the first syst(*m. 
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Tile points of inaximuin intensity consequently do not in genenil 
coincide cither with those of the first system or with those of^tlie second. 

154. Small Rectangular Aperture. — In the calcuhition of Art. 
loO the difl’raction pattcH’n is considered oidy in so far as it depends on 
the width of th(j aperture. In the case of a long narrow slit the 
pattciTi consists of a system of rectilinear bands {larallel to the length 
of the slit, and these bands ni’isii from the narrowness of* the ap(*rturt\ 
The huigtli of the slit, in fact, is .so great that all difiVaction ettects in 
this dimension arc lost, for the whole e^I‘ecti^ e portion of a strip of the 
wave taken [laralhd to the length of the slit is transmitted when the 
aperture is long. 

On the other hand, when the aperture is short as well as narrow, 
so as to have the shape of a .small rectangle of length a and width h, 
then the limited length comes into ojieration and j)i*oduces difVraction 
effects. The whole effective ])ortion of a wavci stiip taken parallel 
to the length is not transmitted, but partly obstructed, by the 
ajierture. The pattern (*onsi.sts in fact of a system of bands jiarallel 
to the length of the apei’ture, and also a .system of bands parallel to 
the width. The former arise from the limited width of the ajierture, 
and the latter from its limited length. In order to determine the 
intensity let the aperture be divided into a gre^at number of very small 
strips parallel to its length. Each of these strips will be of length </, 
and will give rise to a. vibration at any point undei’ con.sideration of 
ainplitude (i\rt. 150) 

. sill a , TTtf 

A (f , where a (^siii i siii 

a X 

and the incident light makes an angle 90 -- i with the length of the 
slit, while the diffracted light makes an angle 90 - 6. W e have now 
to find the re.sult of a great number of vibrations of amplitudes 
A — ft sin a a and varying in phase from o)f to (of -i 2/:^, wliei’c 

f-i - (sin /' I sill 0''\ 

\ 

90 - i' and 90' - 0' being the angles which the incident and dif- 
fracted light make with the direction of the width of tlui slit. Diit 
as before, the resultant amplitude of these will be Xh sin /:?. Hence 
the intensity of illumination will be mea.sured by 

T .....sin-a siii-.-i 
I ' . 

a- /i- 

Thc illumination at any point therefore depends on two variable 
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factors, one of which «;ives rise to a series of Imiuls pai’allel to the si(h‘ 
n of the ajRirture, while the other ^i^ives a series of hamls ])aiallel to tie' 
side h of the aperture. d'lu'se liiu's 
I'liclosc a. system of la'ctan^les (Fig. I3G) 
similar to the apei’tiii'i* ttiriual through 
;)0 ‘. The greatei- tli(' h'ligth of a si(h‘ 
the narrower an' the hands pc'i’pendicular 
to that sid('. ll is thus we have oidy 
one system of parallel fi'inges with a long 
narrow slit, for the width of the slit is 
s») small that the hands parallel to the 
length are fairly hroad, whih^ those paralh'l to the width an' invisible 
on aecount of the length of tin* slit. 

155. Talbot’s Bands. — The system of hands which an' s('(‘n 
crossing a tolei‘a))ly pure spectiami, when it is viewi'd through a small 
hole half covered with a thin trans|)arent plah*, has heen mentiom'd 
already in Art. lOG. A\T are now i?i a position to (‘asily deduce tin* 
expression foi* the illumination at any point, the apc'rture Ix'-ing sup- 
[)osed rectangulai'. 

Fiet AB(Fig. 1 G7) represent the |)lat(^ covering half the aperture' 
A(A Tlu' eHect of the illumination from AB will he n*[)res('nt(‘d Iw 
an arc ()A -2a (Fig. 12S) of a. circle', hut as the* platei proelue*e‘s a 
retarelation, it follows that the^ ray from B (Fig. F‘^7) which eloe'S not 






Fi-, l:;s. 


traverse the ])latc will ht! accelerated relatively to that which passes 
through the plate hy some amount 2<5. Ileiice the cllect of tlu; free 
part BC of th(! ai)erture will he represented hy the are I>C 2</. (Fig. 
1.‘58) of the circle, where All ^ 2S, the retardation in the plate;, it 
follows easily that the inclination of the chords ()A and BC is 2(<t - o), 
con.seepiently if they are each eepial to p, their resultant is 


COS (a 5). 
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But by tlie preceding article p = sin a sin a/i, where ah is the 
area of the a[)erture, consequently the resultant ilfuniination is pio- 
portional to 

si 11 - a si 11 - iS 
a'-’ (“-«)- 

which is the formula deduced analytically by Airy.^ A table of the 
A'alues of this expression for various values of a and fi was con- 
structed by Airy, and he also jilotted curves showing the fluctuations 
of intensity. 

1 56. The Diffraetion Grating — Any Number of Parallel, Equal, 
and Equidistant Narrow Rectangular Apertures. — In the case of a 

system of n very narrow equal apertures, 
separated by e(pial opaque intervals of width 
/>, we have to find the resultant of a system 
of amplitudes represented by the chords of 
n arcs of a circle each of magnitude 2a, and 
separated from each other by arcs each equal 
to 2/i (Fig. 139). 

If we take any axes of reference OX and 
OY, and if any one of the cliords makes an 
angle ly with OX, the consecutiv^e chord will 
^ make an angle >/ + 2a i 2/i - >; -i- y, suppose, 

and the other chords will make angles -i- 2y, >/ -t 3y, . . . )/ + (»-] )y 
respectively with OX. Hence if X denotes the sum of the projections 
of all the chords on the axis OX, and if p be the length of each chord, 
we have 


X - />[cos t) -!- cos ( t ) 7) I cos (?; 27) -|- 

cos ,'77 f - 1 ) 7 i sin \ny 
^ sin A7 


cosJ77^- (a -1)7}], 


111 the case of a long narrow aperture (Art. 150), such as we are now 
considering, p is given by the equation 


Similarly if Y denotes the sum of the projections on OY, we have 

Y-p[sin 7; + sin (97 + 7)-!- sill (77 + 27) + . . . + 1)7}], 

si 11 1 77 + i (71 - 1 )7} fan Jay 


^ Airy, 7V/?7. Trans, p. 1, 1841. 
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Hence ^ 




.jsiir hiy 
sill- hy 


But X“ + Y- is the s(|uare of the resultant amplitude. Coiiseipiently 
the 1 ‘esultant intensity is measured by 




where fr is the intensity produced by a single aperture (Arts. 152-154). 

— The phase </> of the resultant vilu’ation is given by the 
eipiation 

1 .111 0 - y - I**-** {v f " i )7! j 

tan [yj {-a 1 "'(a I fi} \ , 


it is conse((uently the same as the phase of tlie vibration from the 
middle jioint of the grating. Hence if the equation of the vibration 
from the first aperture of the grating be j/ - /> sin oi/, the equation of 
the resultant vibration will be 


_ HU\ ft) 
^ HUi{a+ft) 


-- l)(a-l ft)}. 


157. Determination of the Maxima and Minima Intensities. — 

The expression for the intensity of the illumination produced at any 
])oint by a grating is the product of two varialile factors; one />- 


‘ Otherwise tlius denoting J - 1 by i, we liavc, since cos 0 -\- i sin 0 - r ’ 


Similarly 


. . . I--'"-’''’ 

1 c. ^ 






1 -< 


Multiiilyiiig we find 

vo.v-,- ,(I - cos?i 7 ) ,siir 4'/ 

+ j “ — p- — — — - , — p _ — p • I 

(2 I -cos 7 sin-i 


ny^ 

7 


8o also by addition we find 


X=p 


cos {77 + J(7i - 1)7} sin Iny 
sin ^7 ’ 


Y-P 


sii) [7/ -f hin - 1)7} sin \iiy 
sin hy 


and b^ subtraction 
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corresponds to the diffraction produced by a single aoerture, and has 
been ab-eady discussed. The other factor, 

sin- ’ 

also produces a series of inaxiiiia and minima corresponding to tlic 
interference of tluj light from the various apertures. For brevity let 
us write ./• a + thep tlu^, bright and dark l)ands are determined by 
ecjuating to zero the ftrst derived of sin- nj7sin‘-^ ,/• — that is, bj' 

2 sin //./• , . , ^ 

... (ii sni ./* cos n:r - cos ,*• sin )i.v.) - C, 

which is satisfied by 

(1 ) sin —0, (2) n tan .>• - tan n,i\ 

Minima. — Tn the first case if sin nx - 0, we have nx = ///tt, and 
sin 'n{a + /i)/sin (a *i- fS) = 0, so that the amplitude vanishes and we have 
a series of minima of zero value. 

Principal Maxima, — If, however, x- nitt, both the numerator and 
denominator of the expre.ssion .sin //a:/sin x will vanish. Its triui value, 
however, will lie n, so that the intensity will be a maximum and pro- 
portional to This corresponds to 

a -\-f3 ~ hiTT^ or {a + />)(sin i I- sin 0) ■ in\. 

These maxima are very inten.se and are termed principal maxima. 
There are obviously n~ 1 minima between two principal maxima. 
Sreondar// Maxim((. — The roots of the eipiation 

n tan .>• tan ii.r 


other than x ^ vitt (which correspond to the priiicijial maxima) give 
rise to another set of maxima termed secondary maxima, much less 
intense than the principal maxima. From the equation tan r = 
tan HX we find 

sin-;cc 

sin- X 1 -f- (///^ - 1 ) sin- x 

which shows that the ratio of these secondary maxima to the principal 
maxima (/f-) is 

1 

1 + (w- - 1) .sin-.r 

and when n is large these secondary fringes are "very weak and 
entirely lost, but when n is small they may be observed. Fig. 140 
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fihows tlic principal maxima with four secondary maxima between 
each pair. Since ^e have n - 1. minima between two principal niaxiina, 
it follows that \ 

It - 2 secondary 
1 ) 0 tween each pair 
ci})al maxima. Tl 
is constructed to r 
the case it - (j. Tin 
ary maxima are unecjual, l i)?- 

not e([nidistant, and small compared with the principal maxima, 
especially if the number of apertures is large. 

Hence if the illumination depended only on the factor sin- v^.r 'sin-.r 
we should be presented with a set of bright bands of ccpial intensity 
proportional to ii- where ti is the number of lines in the grating. 
These are the principal maxima. Between each pair of them W(‘ 
have a set of narrow fringe's which become more and more narrow and 
indistinct as the number of apertures is increased. ConsC({uently with 
a large number of apertures, as in the diilraction grating, they are not 
discernible. 

The secondary maxima may be determined by the intersections of 
the curves 

(1) If - II tan . 1 ’, and (2) // - tan a.»', 

in a manner analogous to that (unployed in the case of a single 
aperture (Art. lol). 

The first e(|nation represents a curve asymptotic to tlu' line x=}j7r 

Avhilc the second is a 
similar curve, or a set of 
similar curves asymptotic 
to >/./■ - 1 77. Fig. J 4J 
re}) resents the case of 
0. The symmetry of 
X shows that the effect of 
this factor remains un- 
altered if the opacjue por- 
tions be made transparent 
and the tiansparcnt por- 
tions opacpie, as this 
merely amounts to inter- 
changing a and /i. 

The resultant illumination at any point being determined by the 
product of the two factors sin- a/a- and sin- a^c/sin-^ a:, to obtain it we 
must multiply the ordinates of the curve (Fig. 140) by the corresponding 



/G nave 
maxima 
of prin- 
le figure 
^present 
I second- 



1 1 

1 


1 

1 


0 


L, 
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ordinates of the curve relative to a single aperture (Fig. 134). The 
variations of the latter are very feeble compared With the principal 
maxima, so that they scarcely aftect the appearance. 

If it should happen, however, that a zero value of sin a ' a should 
correspond to a principal maximum of the other curve, then this maxi- 
mum will )>e absent. This will happen when 

n and also {ft \ h) -rn'X, 

or 

h in' - hi" 

wh(‘re lit and in are whole numbers, and the corresponding ])rincij)al 
maxima, or spectni, are absent (see Art. 110). 

158. Any Number of Narrow Rectangular Apertures, Parallel 
and Equal, but not Equidistant. — The foregoing calculation is based 
on the supi)Osition that the ojiaque intervals art; of etpial width, or, in 
otlier words, that the grating has been ruled uniformly; the investi- 
gation may, however, ]>e applied with the greatest facility to the case 
in which the length /> is variable, which is that of a system of equal 
ajierturcs placed at random distances ajiart. 

Each aperture will be represented by an arc 2a of a circle, and these 
arcs will be arranged at random round the circumference of the circle — 
that is, separated by varialde intervals. Let tin; chords of the arcs 2n 
make angles . . . //„ with a lixed axis OX, and let each chord 

be /) as before, then the sum of the proj(‘ctions of the chords on OX is 

X /)((*()S 1 cos 7 ]., 1 cos I- . . . cos t],,), 

and the sum of their [irojections on the perpendicular axis OV is 

//sin 7/j-fsin 7/.^ | sin t/.. j- . . . sin 77,/. 

Hence the s([uare of the resultant amplitude is 

X- {- V“ - I- 21 ’ cos (77, - 77.0 ]. 

Now tlie sum 1’ cos (//j - embraces all combinations of the angles 
Vu 'h • • • V/o ^he values of its constituents vary in-egularly, 
taking random values between + 1 and - 1. Admitting that their 
sum is negligible or sensibly zero (see Example, p. 48), we have 

X- 1 Y“ - 7?/}’-, 

or the intensity is n times that produced by a single aperture. Sub- 
stituting for /) from Art. 154, we have 

, siii-a siirrf 

I na-b- . 

a- 
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159. General Investigation. — The coniimnents of the resultant 
vibration at any J)oint and the intensity of the illumination may be 
very easily expressed by means of the vibration spiral. Thus if ./■ and 
// be the co-ordinates of any i)oint on the spiral, and (/> the inclination 
of the tangent at that point to the axis of ,/*, then t/j is the phase of 
the vibration from the corresponding point of the wave. 

Now in any curve we have, if </x be the element of arc, 

and ihj sill 0^/.s. 

Therefore 

,»• - /'{‘(IS and // J sin 

and consequently the radius vector is given b}' the eipiation 

— cos \-\J sin </){/.'# f. 

But the resultant amplitude is given by the radius vector r of the 
s|)iral, consecjiicntly the intensity of illumination is measured by 

I — [y' cos <p(is\- I lysin (pif.sf. 

The phase </>,, of the resultant vibration is given ])y the inclination 
of r to the axis of and we have consecjuently 


tan 00- 


// y*sin 0{/.s‘ 
J' cos 0(/.S 


the integrals ])eing taken between limits which are determined by th(‘ 
problem under investigation. 

Noav the element of arc ds of th(‘- spiral is t.ikcii proportional to 
the amplitude of the viliration contributed l>y an tdemmit of area ^/S 
of the wave front, and this amplitude is taken proportional to the area, 
and inversely as the distance (r) of the element from the point under 
consideration. Further, the amplitude will depend on the inclination 
of /• to the wave normal -that is, on the obliijiiity, as well as on the 
direction of the vibration in the wave front. Tin? full e\q)iession for 
(Is is consequently of the form 


where/ is some function of the co-ordinates, which diniinishc's as the 
(d(iment recedes from the pole of the wave. 

The general expressions for the resultant consequently take the 
form 

/’ //s f . . {/S 

- I t cos 0 — * y—fj 0 
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Tlie intensity of the illumination is consequently 

while the })hase of the resultant is 



In the forei^oing investij^^ation the amplitude of the vilmitioii con- 
tri})ut(‘d hy an element of the wave front, situated at a distance r 
has ])een r(q)i‘esente(l hy the expression ./i/SyV, and it is consequently 
desirable to investigate the constitution of the symbol /. Now if A 
1)(^ taken to i‘e[)resent the anqilitude of the vibration in the wave 
fi‘ont, then the amplitude produced by an element ^/S at a distance 
r may be written in tlie form 


d 


A./S 




where is some function of the angles which r makes with the wave 
normal and the diiection of vibration, and h is a ([uantity which has 
yet to be (bdermim'd. Now a and A are of the same dimensions, 
l)eing both amplitudes, whereas \j/ is a function of angles and is of zero 
diuK'iisions, cons(‘(juently h must l>o tlie inversi} of a length. Hut the 
only othei* (piantities that can have any refenmce to n are v and A, and 
of these r is eliminated by the fact that it is a function of the time : 
hence the only length that can enter into the quantity h is the wav(‘ 
length X. A\’e conclude, therefoi*e, that b is of the form I'lX whei’c /»• 
is a constant of zero dimensions. Using this notation the complete 
exju’cssion for the amplitude is of the form 


Uomparing this with the form //S V, we tind that / is of the foian 


./ 


/■A 

\ 




whci-e Ji’ may l>e taken as unity. AVe have thus reached the important 
result that the factor / contains the reciprocal of the wave length as a 
constituent as well as depending on the obliquity and the amplitude of 
vibration in the original wave front. 
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Examples 

1. If the radius vector 7*, from an external jMjiiit 0, to any element of a iilane 
wave makes an angle 0 with the wave normal, the components of the vibration at 0 
are 

./■--/y eos ('iTrlmjX) .f. dii, 
tf — lj' am {'lirhoIX) . iht. 


where n — sec 6 - 1, and k is a constant. 

[Divide the Avave up into circular (‘lements around the pole P as centre (Kig. 2 t). 
liCt p he the radius of one of these elements and r its distance from O. Then if 
OP - /7, we have p~h tan 6 and r - h sec d ~h{l f u). 


^ - X \ 


(sec - 1 ) - 


^/S~‘27rp^/p 2rrh'' tan 0 sec~ Sd() - ‘27r//-\l 


Tlierefore d’Sji' - 'IttIxJ etc.] 

2. If /’--constant, show tliat llie vibration curve is a circle. 
[Here wc have 

.c — /r j cos — a sin (^TrltK/X), 


y - --k / sin ['lTr}nij\)dtt _«jl - e(>s (27r/>///\)| 


where a is a constant. 
Hence 


y- i (//- a)---- d\ 


which shows that the amplitude eiii-ve is a circle, of radius passing through the 
origin and liaving its c(*nti-c .situat«‘d on the axis UV (cf. Art. 150). J 

3. Ill the same ease jirovu that the vibration excited at O by the complete wav(‘- 
is in pliase a tiimrler period behind that wliicli reaches it from tin* pole P. 

[For tlie complete wave avc have, if we assume that cos co ..-sin ^rj 0 (0 

I {'^TrOtt/X'du 0. 

If -/. j sin (27r5c//\)</n 


Hence if (p be the phasic of the resultant vibration, we have 

tan (p III.'- , 

therefore 

0-^.U. 1 

4. If the elfective portion of a wave be conlined to a sniall portion around the 
polo, which is sensibly plane, ami for which / is constant, the amplitude curve will 
be a circle. 

[We have 

f/S ’lirpt/p — 7rdp“, 

'J’ 
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and 


Hence 



r 

‘2^’ 


siiire /■-- h i 

2h 


n 


dS -h\(l5. 


and tliercfore, since / is supposed conslant, 

.!• ((. ri)s 5f/5 - ff sill 5, 

rs , 

// /f sin5//o-o(l eos<^j, 

and 

.C- -1 (// - f/)- ~ff'\ etc.] 

r>. Deterniine Hjc radius of curvature of the anipliiinle curve, Ex. 1. 

I'riic aniplitud(! of the viluation excited hy the element dS is pro]M)rtional to 


./ 


. dS 


‘27r/y . f/if. 


Hence the elcun'iit f/s of tlio amplitude curve is pro])ortional to /}///, and if cp he the 
an<,de the tan<^o*iit to it makes with OX, wc have f/<f> "iTrhihtjK. Hence the radius 
of curvature p is proportional to 


Hence if / - constant the amplitude curve is a circh*, and if / diminishes ^oadually 
from the poh' of tin; wave-, tlic curve is a spiral of ever deereasino railius of curvature 
as we move alon^ it, setting' out from O. j 


we have for a ](lanc wave (Ex. 1) 


./• I’ I cos {'2rr/iKi'\} “ ^ ^ i/it, 

// - /.• I sin (27r/u//\) 7 ^ ^ dit. 
J 'll// 


160. Second Graphic Method. — A second method of l epr/jsenting 
the resultant ainplitudc of a system of superposed vihintions h;is been 
given in Aid. 45. This method is lutsed on Ji second grajdiic i*epresent;i- 
tion of the resultant of a system of forces, and it follows that if a 
system of lines OP^, Ol\„ etc. (Pig. 12), be drawn fiom any point () 
such that the lengths OPj, OP^„ etc., represent the amplitudes of the 
vibrations, and the angles they make with a fixed line OX their phases, 
the resultant will be represented by n times the line 00, joining 0 to 
the centre of mean position (O) of the points P^ P.„ etc. 

If in this manner wc plot down the curve for a complete wave, 
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beginning at the pole of the wave, we see at once that we have a 
spiral curve surriJnnding 0 Avith many convolutions of ever decreasing 
radius (Fig. 1 DJ). With this spiral the resultant ettect of any ])orti()n 
of the Avave is not represented by the chord 
joining O to a point on the curve, but by 
that j<dning it to tlu^ centre of gravity of 
the corresponding arc of the curve. This 
obviously passes through ihictiiations as in 
the case of the other spiral. 

This method may be a]>])lied Avith the 
greatest facility to th(‘ calculation of th(‘ 
intensity of the illumination at any j)oint Fiji. icj. 

of a diiiraction ])att(Mn Avhen the incident light is paralhT In this 
case the curve becomes a circle, and the jmjblem is reduced at once to 
the finding of the centr(' of gravity of an are of a circh*, leading to all 
the residts avc Iuia^c^ already arrived at. The deduction of tlu'se results 
by this method will foi rn a simple and useful exercise*,. 

The eepiation of the se^cond s])iral and the integrals giving tlu^ 
general expression for the intensity may be derived very simply. For 
if and // be the co-ordinates of the centre of mean ])ositi(.)n of the 
extremities of the radii vectores of th(5 spiral, we have* 



Hence 


//./• i-./' and //// -//. 

(// . 0(J)-- + - I (“//r. 


Now any radius vector p of the spiral i’epres(*,nts one of the, 
constituent vibrations in amplitude and phase. The length ol /> is conse- 
(piently (as in Art. 151)) giAen by the e<]uation 


JS 

Thit if .c and // be the eo-orelinateis of the extrennity oi /> we have,* 

,/' - f) <*()s 0, // p sill 0, 

Avhere </> is the phase of the eorrespoiuling vibration. lle‘nce the 
expression for the intensity of the illumination 

{n . 0(1)- -i (-//r ':!:/) «m)s 0;- ; ^/»siii0;- 

gives as before 


1 j/caa j I ' **'" ] 
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161. Fresnel’s Integrals. — In the foregoing articles it has been 
proved that the intensity of the illumination at any ^oint of a diflirac- 
tion pattern may be expressed in general as the sum of the squares of 
two integrals taken between limits defined by the nature of the problem. 
By making certain assumptions and approximations Fresnel deduced 
special forms of these integrals which we shall now consider. Let us 
take the case of a cylindrical wave and let it be divided into a system 
of narrow strips by lines drawn on the surface of the wavcj parallel to 
the axis of the cylinder as indicated in Art. 148, p. 2r)4. Further, let 
each of these strijis be replaced by its central effective portion, so that 
the whole wave is reduced to its equatorial band. By this process 
the calculation of the effect of the Avave is reduced to finding that of 

a circular band, and Ave 
know that of tin; whole 
band it is only a small 
portion in the neighliour- 
hood of the pole that 
is effective. The Avhole 
effect is therefore equiva- 
lent to tliat of a small arc 
of a circle. Let ft be 
tlie radius of this circle — that is, the radius of the cylindrical Avave — 
and let b bo the distance of the point 0 (Fig. 143) at Avhich the effect 
is sought, from the pole V of the Avave. Then if OiM = r and if DM -- s 
Ave have 

/•- - {(f h)'' -1- (A" - 2(/{tf f h) oos shf, 



c()nse(iueiitly Avhen .s' is small avc have approximately 


/’ /> 




That is, the relative path retardation of the vibration fi*oni M is 
proportional to the square of the arc PM. The phase difference is 
consequently 


(r -/O 


win 1 b) 
(fb\ ' 


Hence if Ave assunu^ that the amplitude of the vibration produced at 
0 by an element Js of the cii*clc is simply })roportional to the length 
of the element, the (piantitv fd^'r in the preceding integrals must be 
replaced by ds, and the expression for the intensity becomes 
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or, writing </> ii^ the form Ittv- where r = s \'2((t \- b) a bX, we liave Js 
proportional to (Jv, and therefore 1 may he expressed in the form 

1 = ^1 cos ^Trr'-VyJ + i7r?'-WrJ . 

This is the formula deduced by Fresnel, and the two integrals which 
appear in it are known as Fresnel’s integrals. 

It should not be lost sight of that in expressing I in this form 
certiiin assumptions and a})proximations have been made, and that it 
is on account of these assumptions and approximations that integrals 
of this form appear. Thus it is practically assumed that the eflective 
])ortion of the equatorial belt is so small that (/> is sensibly propor- 
tional to and that r is ap[)roximately constant and e([ual to b. 
Further, the amplitude of the vibration contributed by any element of 
area is taken proportional to tbe area, and this amounts to assuming 
either that f jr is constant, or that the function / is constant as well as r. 

^sb)W in examining the effect of a plane or a spherical wav(^ 
at ally point wo have seen (Arts. o2 and 53) that the only 
factor left by which the approximate rectilinear propagation may 
be explained is that the function /’ is not constant, l)ut is such 
tliat it decreases as tlie obli(pnty increases — tint is, as r increases. 
Conse(jUcntly it is not legitimate to assume either that / is constant 
or that fjr is constant, for it is on the variations of f and r 
(however small) that the whoh^ outstanding effect <lepends in the case 
of a complete wave. 

The final result obtained by Fresnel amounts to saying at once 
that the effective portion of the wave front is confimal to a small arc 
wliich is so short that throughout it t/> may be taken proportional to 
.s“, and this is what stamps Fresnel’s integrals with their pciculiar form. 
This assumption confines the effective portion of tbe wave to a small 
portion around the pole, and therefore virtually introduces a law of 
diminution of effect with obli(juity ; or, in other words, a form of tluj 
function /. 

To determine the law which Fresnel introduced inadvei tently by 
these assumptions let us suppose that tlui wave is divided into ring 
elements, as in Art. 53, so that ^/S is proportional to 7v/0. Then 
/dS/r = where I: is a constant, and / cos = // cos Now 

in order that this may take the form cos i~d‘: it is only n(‘cessary to 
suppose that 



Thus the law inadvertently introduced is that / varies inversely as the 


Forliiitous 
law of ol)- 
luiuily. 
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square root of the phase retardation, and consequently Hs rate of decrease 
as wc recede from the pole is very rapid, and the effect of a small area 
surrounding the polo must be approximately the same as that of the 
whole wave. We should therefore expect that the value of either of 
Fresnel’s integrals when taken between the limits 0 and v should bo 
sensibly the same whether we take v fairly large or infinitely great. 
In fact, as v increases from zero the value of each integral fluctuates 
and passes through a series of maxima and njinima, but these fluctua- 
tions soon become less and less pronounced, the maxima decreasing 
while the minima increase until they become sensibly e(iual, and the 
value of the integral remains sensibly constant as v increases in- 
definitely. 

This may be seen geometrically by [dotting the curve y = cos in 
which the value of the ordinate varies periodically between the limits 

+ 1 as x increases (Fig. 144). The 
area of this curve is fydx - /cos /-dx, 
and may therefore be taken to 
re[)resent the value of one of Fres- 
nel’s integi'als. Now while y varies 
between constant limits ^ 1, it 
is to be remarked that the distance 
between two consecutive })oints of 
intersection of the curve with the axis of ;/• continually diminishes 
as increases. In fact, if x and x + h be the abscissai of two consecutive 
points of intersection of the curve with the axis of x^ we have 

.r- — I and I ‘b7r/2, 

so that by subtraction we obtain 

A- -r = TT, 

and, therefore, as x increases h must diminish. The total area of the 
curve is thus the sum of a system of loops which are alternately 
positive and negative and which decrease indefinitely in absolute 
value. Hence the integral, after passing through a series of maxima 
and minima, ra])idly attains a stationary value, as shown in the 
following table after Gilbert : — 
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Tablk of Fuksnki/s Intfouafs ((}ill)ert) ^ 


r 


Jo 

r 

J CDS 

J .sill birr'd r 

0-0 

0-0000 

0-0000 

2-6 

0 - 33 S 9 

0 * 5,500 

0-1 

0-0099 

0-0005 

2-7 

0 - 39-26 

0-4529 

0-2 

0-1999 

0-0042 

2-8 

0-4675 

0*3915 

0-3 

0-2994 

0-0141 

•. i -9 

0-5624 

0-1102 

0-4 

0-3975 

0-0334 

3-0 

0 *6057 

0-4963 

0 T > 

0-4923 

0-0647 

3-1 

0-5616 

0-5818 

0*6 

0-5811 

0-1105 

3-2 

0-4663 

0-5933 

()-7 

0-6597 

0-1721 

3-3 

0-4057 

0-5193 

0-8 

0-7230 

0-2493 

3-1 

0-4385 

0*4297 

0 -u 

0-7648 

0-3398 

3-5 

0 - 5.-126 

0*4153 

1-0 

0-7799 

0-4383 

3-6 

0-5880 

0-4923 

ri 

0-7638 

0-.5365 

3*7 

0-5119 

0-5750 

1-2 

0 - 71.54 

0-6234 

3-8 

0*4181 

0 - 56.56 1 

1-3 

0-6386 

0-6863 

3-9 

0 - 1*223 

0-4752 i 

1*1 

0 -. 5.131 

0-7135 

4-0 

o - n > 8 i 

0 - 1-205 i 

l-f) 

0-1453 

0-6975 

1-1 

0-5737 

0*4758 

1*6 

0-3655 

0-6383 

4-2 

0-5417 

0-5632 1 

1-7 

0 -; r 238 

0-.5492 

4-3 

0-1191 

0-5540 1 

1-8 

0-3363 

0 - 1.509 

4-1 

0*1383 

0-1623 

1 -U 

0-3945 

0-3734 

4-5 

0*5258 

0-4342 

2-0 

0-4883 

0 - 34.34 

4-6 

0*5672 

0*5162 

2-1 

0-5814 

0-3743 

4-7 

0*191 1 

0-.5669 

2-2 

0-6362 

0-4556 

4-8 

0-1338 

0-4968 

2-3 

0-6268 

0 - 5.525 

4-9 

0-5002 

; o - 4 : i 5 i 1 

2-4 

0-5550 

0-6197 

5-0 

0-5636 

0-4992 

2 - 7 ) 

0-4574 

0-6192 

GO 

0-5000 

0-5000 


When the values of the integrals expressing the intensity are known, 
then if one of them he denoted by x, and the corres|)onding value of 
the other by //, it is clear that when a curve is constructed with x and 
y as co-ordinates, the radius vector r drawn from the origin to any 
point on the curve will represent the resultant vibration arising from 
the corresponding portion of the wave. For we have r- = x- + //-, and 
consequently /- represents the intensity of the illumination, or r 
represents the amplitude of the resultant vibration and the angle it 
makes with the axis of x represents its phase. The curve constructed 
in this manner is, in fact, the vibration spiral. Using the values of 
Fresnel’s integrals given in the foregoing table, M. Cornu constructed 
the spiral shown in Fig. 145. The branch refers to one 

half of the wave, and the branch OJ' to the other. The part OM^ 
represents the first half-period element, MjMj, the second, the 

third, and so on, the successive convolutions winding with ever 
increasing curvature round a central point J. This point is situated 


Gilbert, Mtm. couronm's de V Acad, de Bruxelles ^ torn. xxxi. p. 1, 1863. 
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on the line bisecting the angle between the axis, for its co-ordinates are 

p/3 ^ ycc • 

;/;= / vm and / sin = 

consequently at J and J' we have a: = // — that is, these points lie on the 
line bisecting the angle XOY. The phase of the resultant would thus 
appear to be only 45'' in advance of that which arrives from the 
central element. It must be remembered, however, that in evaluating 
I by this method the wave surface has been reduced by the strip 



liif, — (’(uiiu’s Spiiiil. 


method to an equatorial band, so that each element of this band is 
the resultant of a strip. The phase of eacli element of the band is 
thereby advanced by 45° relatively to that of the vibration from the 
pole of the strip. The whole phase of the resultant is consequently 
90' in advance of that arriving from the pole of the wave surface. 
This rotates the spiral through 45° and throws the points J and J' on 
the axis OY, as in Fig. 127. 

Methods of evaluating FresneTs integrals have been given by 
Fresnel, Gilbert, Cauchy, and Kuochenhaiier. These methods are 
noticed in the following examples and will be found at length in 
Verdet’s (Jumrs, tom. v. p. 328, etc.; O/Sjur Vhysiqw, tom. i. 

Examples 

1. At what distance from a slit of width 2c is it necessary to place a screen so 
that the central fringe may be of luinimum intensity ? and determine this intensity 
(Cornu). 
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Here we must determine the points of the two l)ranc]ies of the sj)iral which are 
nearest. Since in Ais case they are symmetrically situated, the line joining them 
passes through 0, and with a compass the minimum distance is found to corres])ond 
to c~ 1-1*875. Since s — r we liave 


nb\ 


= {\‘S7:>Y. 


Again the intensity is measured by the scpiare of the chord of the curve, and this 
is (1*08)“ = 1*17 where the intensity of the light due to the whole wave is J.r”-2. 
The relative intensity of the central hand is therefore 0*585. 

2. Prove that 


I cos hirnUv' ~ — .^sin f 2iif) sin 

j sin Attc-z/c - \j^ - cos J,7r(7--|-2///) !- cos .j7rr J 


wh(‘re ii is a small ([uantity and i given. 
[Replacing v by /+ ii we have 


(Fr(‘snel, (JCurrrs, tom. i. p. -MO), 


neglecting u-. Ilenc 


cos hir r- — cos \Tr{ I -1- 1 ( )“ — cos .Wf r -|- 2/ it) 

'14-u ^ .'It 

/ roH fj7rr\^r — j cos .j7r(ri 
--cos JiTrr / cos Triidfu - sin liri* I sin iriiKi if, 
which is integrable at once. 

lly'th is method Fresnel calculated tin* values of the integrals, taking #r-0. 1 and 
I successively equal to 0, 0. 1, 0. 2, 0. .‘1, ct<‘. ] 

'1. Using the e(|uatioiis of Ex. 2, sliow that 

I ^ cos i7rF-(/eJ + | .jTrF-z/rJ Wiit. 


4. 1 ’rove’ that 


OOS i,r«-,Z(’ = .^OS ,5T,-( j + f T(7- 7 -y ■■■ 

Jo ' 

. , .,/rrr” ttI" \ 

+ sin‘,7rr- ■ r- - , r (» i • • • j 

(Knochenhauer, Dir Dudulut ionsthroric dr^ Lirldrs, p. :]6). 
[Integrating by parts, wc liave 

f cos lTrrblr= v (.*os + x f v- si n hirr-d v, 

/ *' fl X (*' 

V- sin jsin j v* cos Jxr-</e, 

j V* COS \TrV“dv= J, cos Jxw'^ f j sin ^irv^dr, etc. ] 
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5. Writiiii; tlio result oi* Ex. 4 in the form 


show til at 


J cos J TT (j-flv = M cos .W r- 4- N'sin 

r 

/ sill hirr*dv~M sin .yirv^ - N cos 
I eos Wv-r/rJ =M‘-^ 1-N-, 


dM , dN .. 

, — 1 TTi/'ISi, , — TrrM. 
dr ’ dr 


t). Prov(* that 


I cos h TT r'd. r — cos ttv^ 


- sill ^TTV- 


/ 1 1^. :3. r» 1 . 8. r». 7. 9_ \ 

Vtt'V* Tr*v'^ * ‘ / 

/ 1 _ 1 . .‘1 1 . .‘J . .5 . 7 ^ \ 

\7ry TT'h' ’^ Tr‘*r'* ' • • • j 


(Cauchy, Comptrs Hrndus, tom. xv. ]►[>. 534, 573). 
[liitcLjratiii^ hy jiavts, wc have 

i'- r 1 r 1 


I cos .',7r/'-V/c_-| sill sin 

I ,, ■ irr - J TTi-- 

1 . 1 ^ 1 . 1 
/ ..sill i7rr“V/r=: - I .,cos />7ri?- - 3/ .cosAtti'Vi', (itc.l 
I 7rr- “ TT-r*' “ J „ Tr-r-* 


7. Writiii^^ tile enuatioii of Ex. (j in the form 


show tliat, 


and also 


/ cos ATTf-i/i’ — P cos iir'15- - sin hTrr^, 
./ /> 

^ sill ^7rr~d r — P sin i7rr- -f 0 cos hrr, 


dv dv 


S. Using the same notation, show that 


j cos \irvhlr~ -i - P cos \irv“ f Q sin 
I sin ^7rvyr= A - P sin cos A Try-. 


[Wc have 


r j’co i-oo 

I cos iirv'dr = I cos hiri'^dv - j cos iTrv^dv ~ A - P cos Att r- -f Q sin ATrr- 


by Ex. 7.] 

P. Provo that 


j cos l^wv^dv = 4 - G cos ^TTV^ + II sin A tt 
/ sin hwi^dv - 4 - G sin Attv^ - H cos Att?*-, 

n 
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U= - 


s'*2. » ^0*(1 +,r-) TT ^'2) „ \ ]-.»■- 


(Gilbert, Mthn. couronnt-a ih V AcmL (Jr HriLrr lie tom. x\xi. p. 
[If ?^=^7rr-, wo have 


therefore 


r- . ancL/e^ , 
r , 1 r ihi 

J o ^^27r.' .. 


Hence, by writing and re^oirdin^^ h as a eonstanl, \\v iind 

,^11 /-.-Jr 

Jo v'e \ " *V’^^ \V' s'-'' 


and W(‘ olitain 


/ I ■) , 1 i " (*os 

/ cos .Stt /-<//• - ./ / > 

" “ \ ' 27 r./ „ J „ ^',/* 

I /-^ J.fj /•" 

/ / COM //<<//. 


Tlie intc.i(ratioii with re.s|Ma!t to is easily eirocted by parts, thus 

. X cos ?/ - sin //.) 

I cos o- , o ’ 

jo H- .^r 1 !- 

and the rc(piin*d integral takes the fonn 


1 cos ),wrrflr— ^ r 

^l.vd.e. f'e 
/ ; cos V 1 

-—.VJ.c . / e ''Ui> 

, ^ f sin u - , 

■.1 

J „ - TT ^/2L 

Jo 1 4-a;“ J 0 

1 f ,/•’ j 0 \U 1 i 

J 


Tlic valiK'of tlie first inte^n'al in tlie bracket is easily found to l)C7r \^2, )>y sub- 
stituting^ for a*, and we have finally 


I cos 4 
J o 


STTC-tlr— h - (J cos f/ ! If sin u 


as re([ Hired.] 

Coni]>arin^ these expressions with those of Cauchy (Ex. 8) we havi; 

P-G, C>-H. 


C= ^ cos ^TT 
S = J sin.WrVr, 


10. If 
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provo that 

G = ^ u) - C cos u - S sill u, 

II — .i(cos a - sill ii) + C sin n ~ S cos ic 

where, as iieforc, ii~^7rc‘. 

[Solve from Kx. 9.] 
n. A|»j)ly Fx. 5 to pro VO that 

G — 4(cos ii 4- si 11 u) ~ M , 

II — ^(cos ft. - sill u) + N . 

12. If // 0, jirovc tliat 

G II -i. 


Di. If axes of referenccj ]»c taken in the wav<* iVont at V, or parallel to it througli 
O, we have 


fr- .c- ! //“, aiKl If, 


lloncf^ ify’- constant and r by that is, if the elfe(*tive portion is limited to a small 
area around the jwile P, wes have. h-irp-jlA (Ex. 4, p. 274), and th(‘, intensity of tlie 
illumination is proportional to 

[yi'os 47rr(.-f;‘-^ I //“)r7;fY///]-4- [^siii .l7rr(ai‘^‘| >r)(h'difY, 

where e is a constant (2//A) in the case of a jdane wa\T, and it rcpr(‘sents 2{a + }t)l((h\ 
for a spherical wavii of radius a. 

Denoting these integrals hy M and N respeclivedy, we have hy expansion 

M y cos lirc.iriLiJ ' cos hrcijhlij - ysin sin v»7rr/y‘(7//, 

N -ysiii .j 7 rr.o-//,y cos ^7rcv“V/// *iy cos ^7rcy'^/,ysin Wn/^thf. 

Replacing car or ryy- hy r-, the calculation of these, integrals is reduced to the calcula- 
tion of the integrals (Fresners) 

( ’ - y cos \Trv*d e, S sin i tt r-t/ r. 


J^iirfirular (^a.srs 


(a) Complete ICavc . — If the wave is unohstructed, we liave 

cos Iw e~<lr ~ 1 , S “ / si n i tt v-dv ~ 1 . 

. - CC • - A 

Hence 

31 = 0, aiidN=*^- 

Therefore 

C“ 

and 

tan0 = N/iM = x, 0 — Jtt. 
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(b) Straight Edge,—U the Avave passes over the edge of an oiNUjne ohstaele, wo 
integrate with respect to y between the limits + <x. and - oc . st> that 

Al eos \Trv\ir - J sin h^vrr^ih', 

N eos ATrrVr 4 - f ^\\i hirrVv, 

M- -f N- — 2 [ J eos ATrrVr]- + 2 [ J sin 


Outside the shadow the integration extends over one halt’ of tin* wave and i»ait 
of the other lialf, thus 

j eos hTrv*dr 4- j eos lirrhlc k i j eos 


He nee outside 


I - i 1 j eos J>7r'F-'VrJ 4 ' j . 


I»ut inside the sliadow the integration extends over part of half a wave, from r to 
X , and 

j cos i7r?’-dr - j VOS ^TTV-f/r - j vos .Wr-ftr — k - j eos A7rF“d'r. 
lienee inside the. shadow 

I ~^4 - j eos iTrrV/r J I - j sin A7r?-‘“Vr J . 

The cases of a narrow wire and narrow slit are treated in the sanu' manner. 


162. On the Scattering Action of very Small Particles, and 
the Colour of Skylight. — In applying the wave theory to deduce 
the ordinary laws of reflection of light (chap, iv.) the linear dinieiisioiis 
of the obstacle at which reflection occurs have been supposed enor- 
mously great compared wdth the length of the reflected waves. For 
this reason the ordinary laws of* reflection involve no refej’ence to the 
wave length, and the screening action of the obstacle is perfect except 
for a narrow band around the edge of the geometrical shadow. The 
width of this band, liowever, and the intensity at any point of it, 
depend on the wave length (being greater foj‘ the longer waves than 
for the shorter), and conscrpiently a small obstacle will not be .so 
elleetive as a screen to the longer Avaves as to the shorter. 

Thus w'e have seen (chap, iii.) that an obstacle will screen a [)oint 
from the influence of a wave when it is wide enough to cover a large 
number of half-period elements of the wave front, but the width of 
any half-period element increases Avith the wave length, and conse- 
cpiently a given obstacle Avill act most eirectiv(dy as a barrier to the 
waves of shortest length. We are conserpumtly prepared to admit 
that Avhen ordinary white, light passes through a medium (such as 
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the atmosphere) in which very small particles are suspended, the 
waves of greater length will be more freely transfiiitted than those 
of higher refrangibility. After passing through a certain thickness 
of such a medium the light from a white source should conse(|uently 
appear yellowish (like the snow on a distant mountain), and as the 
thickness increases the tint should become reddish. 

To say that the longer waves are most freely transmitted is 
e(juivalent to saying that the shorter are most copiously reflected, 
and we should therefore expect the light reflected (or scattered) in 
any direction by such ])articles of matter to be rich in the rays of 
higher refrangibility. Now the light which reaches us from the open 
sky is that part of th(^ light of the sun that has been reflected, or 
scattered, by the fine particles of matter suspended in the atmosphere, 
and if these particles are small compared with the wave length of 
light, the tint of sky should belong to the bine end of the spectrum 
Tather than to the red. 

In estimating the quality of this light, however, it must be re- 
mernliered that it has sufliu’ed from the modifying action of trans 
mission as well as scattering. For it is clear that the light which 
reaches the eye after scattering in a certain locality is merely the 
residuum of the solar light which has survived after transmission 
through a certain thickness of the air, as well as the scattering 
action of the particles. Thus the light first passes through a certain 
thickness of air and is modified by transmission. This modified 
light is then reflected or scattered by certain particles, and the 
scattered light is sulisequently transmitted through some thickness 
of air to the eye of the observci*. Now we have seen that transmis- 
sion is detrimental to the rays of higher refrangibility, while the 
scattering cuts off those of lower refrangibility, and the light which 
survives and reaches the eye will therefore be weak in both ends of 
the spectrum. In other words, it will be composed chiefly of the 
waves of intermediate length from the region of the blue or green. 
The exact colour of course will depend on the size and plenitude of 
the particles — for example, when the particles are relatively large 
they will affect all wave lengths of light in practically the same 
degree, and the scattered light will be white. 

This explanation of the blue colour of the sky was proposed by 
Lord Rayleigh^ in 1871, and the law according to which the scatter- 
ing takes place for waves of different lengths may be easily deduced 
from elementary considerations. Thus we have seen (Art. 159) that if 
the amplitude of the vibration contributed by an element of a wave 
^ Tlio lion. J. W. Strutt, Phil. May. vol. xli. pp. 107, 275. 
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surface to any point be taken to vary directly as the element of area, 
and inversely as the distance, then the complete expression for the 
amplitude must contain A."*, so that the intensity must Vcivy inversely 
as the square of the Avave length. Tn the same way if we consider 
the light scattered in any portion of space laden witli very small 
particles, and>#if we assume that the amplitude of the vibration con- 
tributed by any element of volume //V of this space is proportional 
to that element of volume, and inversely as the distance, then in the 
exj)ression of Art. 159, must be replaced by fIV, and the comj)lete 
expression for the amplitude must contain A"“, so that the intensity of 
the scattered light will vary inversely as the fourth power of A — that 
is, when scattering alone is considered. 


Now the light which reaches the eye is scattered, and also transmitted 
(both befo]‘e and after scattering) through some thickn(‘-ss ./■ of the 
medium. Hence its composition will be determined by finding the 
effect of transmission on the (piantity I,.. 'Fin's problem is ecpiivalent 
to that of finding the intensity of a pencil of light after transmission 
through an absorbing nieclium Avhen the absorption varitjs inversely as 
t|ie fourth power of the wave length. Hence, as in Art. we 
have 

I ’ 

where k is a constant, and dl the change of intensity in })assing through 
a layer of thickness d.r. The intensity of the light reaching the eye 
after suffering scattering as Avell as transmission through a total thick- 
ness .r of the medium is therefore 


and substituting for 1^ we have finally 


This expression exhibits the joint effects of scattering and transmission, 
and shows how I diminishes for the large values of A as well as for 
the small. The maximum value of I corresponds to some ii»termediate 
wave length A„t given by the equation 


X ^ 


- /.-a*, 



288 


DIFFRACTION 


CHAP. IX 


and the corresponding maximum value of I is 

I„i -- AX,rt 

while the intensity I, con*esponding to any wave length A, is related 
to I,,, by the e(piation 

1 A./ , 

I. • 

In 01‘der to test this theory J^ord Kayleigh compaixd the blue 
light of the sky taken from the neighl>ourhood of the zenith with 
sunlight (litbised through white paper. The results of this comparison 
are contained in the following table for the fixed lines G, 1 ), F of 
the spectrum, and, considering the difliculties and uncertainties of 
the comparison, the observed and calculated values appear to agree 
toleral)ly well. It must of course be obscuvcid* that the comparison is 
based on the assumption that the light diffused through white paper is 
similar to the scatt(‘red light which illuminates the sky. 


c. 

25 

1). 

•10 

oa 

80 

(calcnlattMl) 

25 

•11 

70 

00 

(ob.servcd) 


It appears therefore that the skylight, when compared with that 
diffused through white paper, was bluei’ than that recpiired by The 
theory ; and this, J^ord Rayleigh suggests, may arise from the possible 
yellowness of the paper, or from the yellowness of the sunlight when 
it reaches us compared with that, in the upper regions of the atmo- 
sphere where it is diffused. 

163. Diffraction in Optical Instruments — Circular Aperture. — 

In many optical instruments the aperture through which the light 
enters is limited by a circular stop, and for this reason the study of 
diffraction in tin* case of a circular aperture has attracted special 
attention. 

For example — when a point source of light, such as a distant star, 
is viewed through a telescope, the wave falling upon the object glass 
is limited by a circular aperture, and instead of having a point image 
of the source (as the geometrical theory would lead us to expect with 
an aplanatic lens) in the focal plane of the telescoj)e, there is a 
diffraction pattern ^ which consists of a bright central spot surrounded 
by a series of rings alternately bright and dark. \Adth white light the 
central spot is approximately white and the rings are coloured. The 


Noticod by XV. TIersoliel in 17^2, Phil. Trans. Roy, Svc. p. 52, 1805. 
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hrilliancy of the rings diminishes rapidly from the ceiitrt'. outwards. 
For the exhi])ition of several rings a strong soiiree of light is renuirod, 
and with a faint source only the central spot can be observ(?d. 'riie 
diameter of the central spot in all eases varies inveisely as the diainoter 
of the aperture. 

Let the incident light be parallel and fall noianally on tlu’, a])erture, 

and let the diffracted pencil make an 

angle 6 with the normal to its plane. 

Let C be the central point of the 
aperture, t'N a normal to its plane, 
and CL) the dii*ection of the diffracted 
beam, then and the plane of 

diffraction at C — that is, the plane of 
CO and CN — meets the plane of the 
aperture in a line AB. Let IM)e any 
point of the aperture, and let tin* * ^ ' 

]‘adius vector CF(==/)) make, an angle. </> with AC. Then the element 
of area at 1^ is 

^/S /w/0///), 

ainl the phase retardation S of the vibration from this ehumuit, relative 
to that from A, is the same as for that from D, where IM) is perf)cn- 
dicular to A I^, and therefore 


5 A I) sill 0 ^ sill 0 . (/• /ti t' /M'usr/> ', 

‘^TT 

wheri^ h = Hin 0^ and r is the radius of the apcirtuia*. Henc(i the 
vibration excited by the ehuucnt f/S at P is propoi tional to 

sin {(a)/ \ /t{r f) cos </»){ ftt/fjit/fK 

and the resultant vibration for the complete ajMU’ture will lx* 

I j /j sin (w/ -t-/o' - It f) ('.on (l>)i /</)(/ p 

sill /r/’) I j p {•{>:> (It fU'ns fp)t/(l>t/ft cos f to/ -1 ///') j p s\\\ i /tpi'n>< (f))>/(fjt/p. 

The linal double integral in this (*xj)re.ssion is zero, foi‘ the elemcTits of 
it which arise from any two points situated at eijual distances on 
0[>[)osite sides of C arc of ojiposite signs and destroy each other. 
1 fence the resultant vibration is 

sin oi/ ; A/') I I p cos (/</:» cf>.', 


(/f tlf/jt/p. 
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and the intensity in the direction CO is 


The inte^a-ation with respect to /> is obtained at once by parts, 


thus- 


I p cos (Ap cos ^ sill {lip <-<).s Ip) ] -- I sill (lip '•«« 

- - , ' jsiii (Ac cos I*) + ,„ „ , j cos (Accos 0) - 1 1 

/AC()S(^ A“COS“0l f 

.,sin (Ar cos 0) (lAr cos 0) 

- }, r^ 


(Arcos 0) 


(qAt cos 0)“ 


Hence, writiri^^ 2m = /i!r = “. sm 6^, we have 


r /-^n-sin (2/yM‘os0) , , /*- 


sill- ( //?, cos 0) 
(//< cos 0j“ 


/ 0 J 


The further integration, with resjiect to c/), may be obtained in 
series, for wo have 


sill ,c 

,tr 


1 

,v, 

l-t - 7 + ■ • • • 


siir.r 1 

cos-.'- Ar 2V 2V'I 

2 ,c- |4 |.i ' i« + • 


/*- 


Therefore 



4 : 

/ (2i// cos 0)- (2///. cos 0)* 

e'- p |r, •• 

. .j<?0 


2'‘( /// cos 0)- 2 '’( 1//, (!os 0 

1.. +—7,.-- 



Jjiit W(? have 


therefore iinally 



1) 

■ . . . “ r. -TT. 

2 .1.0... 2/1 


\ I 


.*! 1 



i' 


Or denoting the sciies within the bracket l)y S, we have 


I -(7r/--)-S-, 


which is the result obtained by Airy.^ 

The series S is convergent for all values of /// and passes alternately 


(J. 1>. Airy, (o?nh. PhiL Trims, p. 283, 1834. 
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through positive and negative values as m increases from zero. The 
intensity consequently presents maximum and zero values, correspond- 
ing to = and S = 0, respectively; and when the corresponding 
values of m have been found, the deviation 0 is given by the cipiation 

Trr sin 0 . ^ ;>j\ 

^ > or snH^- 

A TT/’ 

Hence the deviation corresponding to any bi’ight or <lark ring, 
being small, is proportional to A and inversely as the radius of the 
aperture. 

The subjoined table taken from Verdict’s Optiquf Pln/,<if/tu' contains 
the values of vi/tt corresponding to the first few maxima and minima. 
'File table shows the rapidity with ivhich the maxima decrease, and 
also that the difference between two consecutive values of ni tends to 
become constant and cipial to Itt. 



III in 

IliTrlisity S-. 


I 

IiiU'iisity 

S-. 

1st max. 

0 

1 

1st min. 

i 

0-010 

0 

2ii(l max. 

0-8 19 

0-0174.'. 

2n(i min. 

1-110 

0 

old max. 

1-333 

0-00 iir> 

3r(l min. 

1-019 

0 

1th max. 

1-817 

0-001 or. 

4th min. 

2-120 

0 

r)t]i max. 

2-3()l 

0-00078 

r.lli min. 

2-021 

0 

In the 

foregoing 

e(tuation 0 is obviously the 

angular 

widtii of 


ring as seen from the optical centre, and as this is very small avo may 
write 6 for sin 0. lienee the angular width of the first dark ring is 
given l)y the equation 

0 

/■ 

When tAvo A^ery close point-sources of light are viewed through a 
telescope their dillraction patterns Avill overlap, and tlujy cannot be 
<listinguished as distinct sources if the overlapping of tin* central spots 
of their images exceeds a certain limit. Now the intensity falls from 
unity at the centre of the spot to 0*37 at a distance from the centie 
equal to half the radius of the first dark ring. Conserjuently if the 
distance betAveen the ccnti’cs of the two central s])ots is e(|ual to the 
radius of the first dark riiig the intensity should be 0 74 half-Avay 
betAveen the tAvo centres and unity at each centre. This A ariation of 
intensity should be obserA'able, and a double star should therefoi*e 
be resolved by a telescope when the anguhir separation of the com 
ponents is 0 01 A/r. 
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E.ninipk.< 

1. Taking A 15 (Fig. M6) and a |)<TjK;ndi(nilar to it as axes of .r, and (j respectively, 
show tlial with an aperture of any form, the intensity at 0 in tin* direction CO 
inaking an angh; 0 with tln^ wave normal is 



• sin o]fU J + / //co.s^ 


27r 
\ ‘ 


c sin 0 



I Divide tin; aperture into jiarrow si ri]»s perpendicular lo the axis of The, area 
of om; of tlie.s(; strips is the length i)f tin* strij) being // ami its wifith iLv. Also 
if t he jdiasc; of tlie vibration frojn the origin of co-or(linates be wt-, the pliase retarda- 

lion of tin; vibration from the. edeme.nt //f/.e will he ""^./'sin if, and hence it wiW he‘ 

A 

jcprese.Jited by 

sin 0 W./'. 


// sin 


in( u)f f 


27r 


'file |■esultant of (in; whole aperture; Avill be 
j }f si n ^ w/ H .6* sin 0 

■ sin w/ 1 //cos^"'^./; sin 0^ tit- } cos w/ j // sUi^ .f sin 0j(/.r. 


ddn;r»;fore, (;tc.] 

2. Idle sine of the deviation (sin 0) correspomliug to a maximum or minimum 
intensity (Kx. 1) is proportional to the wave length Henci; the linear dimensions 
of the patterns ju’odnced by dilferently coloured homogeinious ligbts are proportional 
to the wave lengths. 

.‘k With simila,r apertures the sines of the d(*viations (sin 0) eorresjionding to a 
maximnm or minimum intensity of .a given ordiu* are inversely as tin* linear dinn'ii- 
sions of t he a pertures. 

[ Kf)r let m be the ratio of the corresponding lines of two aj»ertur(‘s, then let 
the exju’ession for the intensity given by one aperture be that of Ex. 1 , the expn'ssion 
for the otln*r will hi* derived by substituting //ee, and mii r«u- ./• and //, viz. 

/27r . 

ar//cosl ^ jiij' sin 0 

llenct' if 0^ niaki's the lirst a maximum m- minimum, the second vill he, nnnle a 
maxinium or miniinnm by 0.,. if /a sin 0., sin that is, if 


■ 11 / 



sin 01 m n 

sin d, 1 J 


1. The. intensities transmitt<‘d to eorresjjonding t^oints by two similar and 
similarly situated apertures are in a constant ratio. 

[This follows from the e.xpre.ssion of Ex. .'1, the constant ratio being ///.hj 
r>. If one aperture can be obtaiinM] from another by disjilacing jtarallel to them- 
s(dvcs its ordinates (//) without altering their lengths, lln‘ intensities in the j)lane ./ ; 
are the same for the same directions. 

(). The intensity at any jioint due to a system of ecpial, similar, and similarly 
situated apertures is equal lo the inten.sity produced by a single a]>erture. multi- 
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plied by that produced by a system of ])oiiits .similarly situated on Ihe apertures, 
one on each. • 

[Consider a })oint situated on one of the a]»ertures and take a point situated simi- 
larly on each of the other apertures. The vibration produced by this system of 
points will be of the form A sin (w/ -1- Sb As the chosen point moves over the lirst 
aperture, the corresponding points will move over the other a|»erture.s and ol)viously 
A will remain constant. 

Hence if the intensity pro<lueed by a single aperture, or by a syst<*m of similarly 
situated points on the system of apertures, be zero, the intensity produced by the 
whole system will be zero. In this ease then there will lu* in general two series 
of minima.] 

7. Show that the pattern produce<l by dilfraction through an elli}»tic apeiture 
may be determined by reduction to the case of a circular aperture. 

8. Determine the character of the dilfraction pattern produced by a s([Uare 
aperture. 

9. D(*t«‘rmine the character of the pattern produced by dilfraction through a 
triangular aperture. 



CHATTER X 

ON TIIK POLAIMSATION OF LKOIT HY KFKI.KCTION AND DOUBLF 

UFFR ACTION 

164. Transverse Vibration — Plane Polarisation. — In the study 
of the j)lienornena witli which we have been hitherto engaged, wo have 
deduced no eA'ideiice whatsoever as to the nature of the vibrations in 
the luminous waves. Throughout our investigations of the phenomena 
of interference we have- oidy supposed the vi])ratioiis of tl»e interfering 
rays to l.)e similar to each other, l)Ut as to how they arc directed in 
space, or as to the relation of this direction to the direction of pro))a- 
gation of the ray, we have made no assumption, nor yet dealt with 
any phenomena calculated to attract our atUuition to it. From time 
to time our lvnowledg(^ of the theory of sound has proved of consider- 
able assistances in the study of analogous phenomena in tlu^ theory of 
light, but we now approa(‘h a class of o[)tical phenomena which liave 
no analogue, in the theory of sound. These have consecpiently ])een 
supposed to arise from the difference in the nature of the vibrations of 
the ether which conslituU*- light and those of the atmosjjhere which 
produce sound. 

In the case of sound we know that the vibrations of the atmosphere 
are longitudinal — that is, in the direction in whicli the sound is being 
propagated ; the same is the case wlien rods and stritigs vibrate longi- 
tudinally, or in tlie direction of their length. However, in tlie case of 
a sounding fiddle-string (or the cord of Art. 31) the vibrations of the 
string are perpendicular to its length, or transverse. A cord or rod 
is thus capable of two distinct kinds of vibrations, longitudinal and 
transverse, and these are propagated along the cord with different 
velocities. So, in general, if a disturbance is being propagated by the 
vibration of an elastic medium in any direction, we may resolve the 
vibration into two others, one longitudinal, and the other transverse to 
that direction, and if this a])plies to the ether, we should have the two 
species of waves in it. 



ART. 164 


DETECTION OF TRANSVERSE VIBRATION 


‘29 f) 

The question now at issue is whether the liuniniferoiis vibrations 
(supposing them^to be periodic displaeements) are longitudinal or 
transverse, or if both s])ecies exist in the ether and aReet our sense of 
sight. Til is question can only be answered by exjieriment, but before 
adducing any evidence on the point, it will be well to return to the 
consideration of a vibrating cord (Art. dl). 

Let AB (Fig. (>) represent a stretcli(*d cord, such as a fiddle-string. 
If this cord be rubbed in the direction of its length, it will start to 
vibrate in that direction, i.r. longitudinally, and emit a piercing note. 
But if a bow be drawn acro.ss it at right angh‘s to its length, it will 
oscillate transversely and emit (piite a ditVerent note. In the formei* 
case the a})pearance of the string is the same on all sides, or in all 
planes drawn through its length, but in the latter case tluj string 
vibrates in a definite plane, and its a[)j)earance is not the same in all 
planes drawn through its length. It has definite sides on it with 
regard to the space around it. It looks flat, like a ribl)on ; when 
vibrating it has acquired s/Wes and may be said to be yW^f/7‘>vv/. 

Now su])j)oso the string AB to pass fnady through a narrow rect- 
angular slit a little wider than the diamet(*r of tlie (*ord. It is clear 
that the longitudinal vil)rations will not be inb'rhued with, but will 
continue unmodified, no matter how the slit is turned round the 
vibrating string. The case is (piite different wdien AB is vi])rating 
transvers(dy, for when the length of the slit is in the direction of tin*, 
vibration of the string — that is, parallel to the plane of vibration -the 
string is free to oscillate, and its vilwations will not be disturlxMl. 
However, as the slit is turned round the cord so as to be at right 
angles to the plane of vibration, the (a>rd is no longer fret^ to oscillate, 
and its motion is interrupted by the sides of the slit. Thus, by 
turning the slit round the cord, we det(*ct the transveise vibrations 
which give a f ico-sith'Jnrss or to tln^ vibrating string, and (iven 

though it w^en* invisible wo should learn that it does not ]>i-(‘sent tlui 
same aspect on all sidcs.^ 

It occurs to us now to endeavour to (h‘termine by some analogous 
method the nature of the luminiferous vibrations, and for this ])urpose 
we may, with profit, first opei’ate with a ])late of tourmaline cut 
parallel to the axis of the crystal. Wh(m a beam of light is allowed 
to fall perpendicularly upon such a plate })art of it is transmitted, and 
we shall see now that this transmitted portion ha.s tin* peculiar two- 
sided property of the transvei-sely vibrating string. To the eye the 
transmitted light appears to have suff'ered only a slight colouring due 

‘ Tills iniglit also bo detoctod by jdaoiiig a .sinootli piano .siirfaco against tbe 
.string. 
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to the niilunil tint of the crystal. But if we allow the light which 
passes through the plate to fall Aipon another siinftar plate, we find 
that the light from the first passes freely through the second when 
the two are parallel — th<tt is, similarly placed with respect to the ray 
as A and B (Fig. 147). ^ the second ])late is rotated (A'B') round 

the beam as axis, its ])lane being always perpendicular to the ray, the 

light transmitted by it is 
observed to fade gi^adiiall}^, 
and when it has been turned 
through a right angle (A"B") 
the light is completely ex- 
tinguished. It is immaterial 
which plate is turned, but 
the bodily turning of both at the same time is without effect. If the 
rotation be continued b(‘yond a right angle, the light reappears and 
increases in intensity till a second right angle has been completed, 
Avhen it is as bright as at the outset. When the plates are at right 
angles to each other, i.e. crossed, the light from the first is refused 
transmission through the second, just as the transverse vibrations of 
the string were stopped by turning the slit. 

Now the ])eam traTismitted through a single ])late of tourmaline 
remains unaltered in intensity as the plate is rotated, we therefore 
detect no liahsidnhu'x^ in ordinary or natural light ; but it is (piite 
oth(‘rwise with the transmitted beam, for we see that the amount of 
it which tlitj second i)late allows to ])ass depends on the orientation of 
that plate Avith respect to the first, and in one position it entirely 
refus(^s a passage to the light. This beam, then, Avhich has passed 
through the plate of to\irmaliim has actpiired a firo-ddrduess. It is for 
this reason said to be idunr-polansfd, and for this reason it has been 
supposed that its vibrations are transverse, and all in one plane, like 
the vibrations of a sti ing plucked aside. 

It is very important to remark that there is one position of the 
second ])late Avhich entirely cuts off the beam transmitted through the 
first, and this has Ix'cn taken to shoAv that the light vibrations cannot 
be longitudinal, for if they Avere, the orientation of the second plate 
Avould not be expected to alfect them, just as the turning round of the 
slit did not affect the string vibrating longitudinally. The fact that 
no light gets through the second plate in one position appears to 
shoAv that the longitudinal vibrations, if they oxist in . the ether, are 
not propagated as light b}’^ themselves, but it does not prove that a 
longitudinal component does not exist in the vibration as a necessary 
part, for the extinction of the transAerse constituent might entail 
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thiit of the longitudinal as well. In fact, it is not easy to see how 
waves of transverse vibration dan be propagated in a iiiedinni such 
as an clastic solid without being attended by more or less of the 
longitudinal element. Further evidence on this point will appear in 
what follow vS. 

165. Polarisation by Reflection — Biot's Polariscope. — ^The polari- 
sation of light was first noticed by Huygens when studying the refraction 
of light through a crystal of Iceland spar, but it remained an isolated 
fact in science for more than a century afterwards. About 1808 xMalus 
discovered, accidentally, that light when reflected from the surface of 
glass accpiircs properties similar to tho.>,e possessed by the light trans- 
mitted through a plate of tourmaline — that, in fact, light may bci 
polarised by reflection, — and pursuing the im{uiry further, ho found 
that the same occurs when light is reflectcMl from water and other 
transparent substances. Hence the two-sidedness of the light which 
lias passed through a tourmaline plate may be detected by allowing it 
to fall upon a plane glass plate, lly turning the plate round the 
beam the reflected light is seen to vary in intensity, and in one* 
position of the plate the reflected light vanislu's altogether. By 
keeping the glass plate stationai*y and rotating the toniinaline. w(^ 
may obtain the saiiKi results. 

Similarly the l)eam may fall first upon the. ghiss and aftei wards 
be transmitted through the tourmaline with thi‘. same (‘fleet. In om‘. 
case wo p>htrUr the light by transmission through the tourmaline and 
(nuiJfixr it (that is, detect its polarisation) by refle^etion from tlie miri'cn*, 
and in the other ease it is polarisi^d by reflection 
fnmi tin; mirror and analysed by transmission 
through the tourmaline. It, is ch*ar, ther(‘fore, 
that the tourinalim* may be dispensed with 
altogether and replac(‘d by a plane glass mirror, 
sinc<i the mirror can act the ]>art (‘ither of a 
pola, riser or an analyser. On this principh‘, 
instruments termed pohtrisrfiprs have Ixam con- 
strnct(id. One of the first of th(*se was designed 
by Biot,^ but it has long sinc(*. been siiperscdecl 
by more*, commodious forms. It is repr(*sented 
in Fig. 1 t8. At each (uid of a tube T plane 
mirrors of polished ])lack glass are placed. Fach 
mirror is capable of two motions — one round a 
diameti^r of the tube — that is, round an axis 
perpendicular to the axis of th(3 tube. The amount of this rotation is 

’ l>iot, Traitc ch l^hysiqaf, tom. iv. liviv f-liap. p. 




298 


POLARISATION OF LIOHT 


CHAP. X 


nieusufcd hy lli (3 i^iaduated circl<3s M and N. Tlie second motion is 
lonnd the axis of tlie tu]>e. This is obtained by tSie mirrors being 
attached to rings (i, II, which are graduated and movable on the tube. 

The mirrois can thus 1)e inclined at any angle to the incident light 
and to each otlnu*. 

166. Angle of Polarisation. -When tin; ])lanes of the two mirrors 
are ])lac(;d ])arallel, tlie light Avhich is reliected from the first and falls 
upon Uk; second is, foi* a certain incid(;nce, entin*ly reflected there. By 
rotating (;ith(;r mirror round the axis of the tube, the amount of reflected 
light will diminish and bc(;omc a minimum when the miiTor has been 
rotated through DO , so that the miirors are cross(;d. The amount of 
light r(;ll(;cted in this position will de])end upon the angle of incidence, 
arul for one particular value of thisangh; the ri'Hected light will vanish 
(;ntirely. 

We consiMpKuitly infer that there is one particular aiigh; of incid- 
(uice at Avliich light is completely polarised by rcdlection fiom glass, and 
this is termed the iuujlr of pnlar'h'^dtion^ or the polur'h^iiKj tfiif/h'. 

\Vh(;n light is r(;flected from glass, the ]'(;tlected beam in general is 
I’lirii.il. <^»ily partially polarisial. It cannot bo completely extinguished by a 
tourmaliiu; plati; or by reflection from another mirror at any incidence. 
The amount of ])ola,risation depends u])oii the angle of imudcnce, and 
at one ])a,i'ti(;ular angle the polarisatioii becoim^s com])lete. 

We must not, hastily infer that for (;v(*ry substaaict‘ there is an angh; 
ol‘ (•()m|)h‘te polarisation. In fact, it is })roved by experiment that as 
the angh; of incidcuua; inen'ases, the polarisation in geneial also 
Miixiiimni. increases to a maximum, and then decreases after ])assing through the 
angh; of maximum j)olarisa.tion. For each substance there is an angle 
of inci(b‘nee which giva's a maximum of ])olarisation, aiid this angle is 
t(‘rmi‘d the jtohfrisiiuf auijlr of the substance. 

J\l. flamiii, who investigated this subject, found that oidy a few 
substances, of refractive index about 1 ‘4(), polarise light com[)letely 
by relleetioii. Foi*all other sul)stances tin; polarising angle is merely 
the angle- of maxinuiin polarisation. For glass tin; polarising angle is 
about 57 , and for pun; water 53^ 1 V. 

167, Plane of Polarisation. W hen plaue-polarised light falls at 
the polarising angle upon a glass mirror, the intensity of the refleeted 
light de})ends u])o]i the position of the pin nr of incidence with regard 
to the ray. Thus as the mirror is rotated round the ray, keeping 
the angle of incidence constant the intensity of the reflected pencil 
varies, and that })articular plane of incidence in which tin; light is 
most copiously reflected is called thr planr of polari^^at'nm. When the 
polarised light has been obtained by refraction, it is obvious that the 
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plane of polarisation, as dolined above, is the plane of ivtieelion of the 
lij^ht, for this beam would be most eojnously retleeted by a second 
surface when it is parallel to the polarising .surface. 

According to the theory of Fresnel, the vibrations of plane 
polarised light are perpendicular to the plane of polarisation. Thus 
the direction of vibration in light, polarised by retlection, is perpen- Diivoiiou 
dicular to the idane of retlection — that is, ])arallel to the l etlectiim 

rpi 1 . . . ^ 

snitace. dhe relation of the direction of vibration to the plane of 
polarisation has betui a subject of much di.spnte, and we post pom* its 
consideration for the present. It will bc^ well to l)ear iti mind, how- 
<*ver, that something iiuiji he going on both in and ])ei‘pc'ndicnlai’ to the 
plane of polaiisation, and that the vibi‘ation may not b(‘ a simple 
displaeenuMit in the wave front (chaj). xxi.). 

168. Double Refraction. IIith(‘rto we have assumtid that when 
light is incident on the surface^ of a tiansparcmt meclium, th(‘, redacted 
portion piirsu(\s in all cas(‘s a single definile dir(‘ction. That this is 
not always the case was discov(M*i‘d by Krasmus Jlartholinns, a Itinish 
])hiIosophcr, about the ycNir ItlGl). Fxp(‘rimenting witJi a- crystal of 
Iceland spar (carbonate of calcium), In* found that a beam of light on 
refraction at its surface travels through th(5 crystal in two (hderminaU'. 

])encils, one of which traverses it accor<liiig to the known laws of 
rcdraction, whih; the otluu’ is bent according to a luuv and (Extraordinary 
law not hitherto noticaal.^ 

A few ycairs after the discov(‘iy of doubh* i*(‘fracl ion, Huygens “ 
ga\(‘ a satisfactory exj)lanation of it in uniaxaJ ciystals on tluE pi‘inci{)l(‘s 
of tlu‘ wave theory, and whilst r(ip(‘ating the observations of llailho- 
linus, he was led to tin* discovery of the “ wondci-ful plKuionuMion ’’ of 
the polarisation of light. 

'riuE property of pro(lucing two i'efract(.‘d beams is called ilonh/e 
and is ])ossessed by all crystallised minerals (Except thos(E 
whose fundamental form is the (aibe. It luElongs also to animal and 
vegetable substances possessing a regulai* arrang(Em{‘nt of parts, and to 
all bodies \vh(3se [)arts are in a state of umMjual eompiu'ssion or dilata- 
tion. 

The angular S{*paration of the two i-efi‘act(Ml pcmcils vari(‘s with the 
direction of the incident ray with nEference to the natural figure of the 
crystal. In every doubly refracting crystal then; is at least om; direc- Optic axis, 
tion, and in many two, in which no such S(‘paration (occurs. These 

^ .\ii accEoinit of llic.se cxpcnnicnts was puhlisliod al (lopciiliagi'ii in Oir)!! under 
the title Islti iitliri dis-ifinr/ttsl in\ ijnihns mint rt hisolHa n'Jrdclii) 

drlttfifur. A full aceomit of tliem is given in the Philosnphirul jDtirtud, 

vol. i. j>. 271. 

- Hnvgcns, TeaiUde Id. L}tdiitr(\ “De I’estrange rt* fraction dii Cristal (I’Islandc. ” 
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(lii’(!Ctions ;ir(3 called npUr n.rrs of iho crystal. TIk', refracted rays 
ai’(j most wid(*ly s(.‘|)arat(!d wlieii the incident Ijeam i? ])er[)(‘ndic\ilar to 
tlH3 o])tic axis. 

In Iceland s])ar, tlie substance? in wliicli it was first obsen'ved, tli(‘ 
])lienomeaion of doiddej ]-(3lVaction is very slrikin^ydy exliibiled. This 
niin(3ra.l crystallises in many forms, all of which may he reduced hy 
cl(;avai;(? to the rhomhohe<li‘on, which is accoi'dinydy thefundanumtal form. 
It is also tound in c.onsid(‘ral)l<‘ masses of ^‘naat j)urity and transparency, 
d'lie rlimnhohcdrofi is hounded hy six paralleilo^ijnns, tlie an^^ies of 
which art? 101 no' ;md o' rcsp(‘c,tivcly. 'fwo of the solid /ingles, 

and b (Kii;'. 1 10), diametrically ()p])Osite, are 
conta,in(!d hy thi’et* ohtuse angles, while 
(?ach of (lit? rema.ifiini;’ four is houndtal In' 
011(3 ohlus(‘ and two acute aiyL;l(‘s. The 
dir(‘ction makinu; (‘(juai ani^h^s witli the 

faces at the summits of tin? ohtuse solid 
angles is calhal t l)(‘ c./Zs* of ihr rrij.^tal. ddius 
if the (‘de(‘s of the rhomh he etpial to each 
othe.r, the line <(b adjoinini; (ho ohtuse? solid a,n^i 3 ;les, or any ptiralhO 
line, is the crystalloyu’aphie axis. 'hhe‘ a,n<;lesat which the faces thmii 
s(‘l\(‘s are inclined are? lOo nnd 7 t oo'. 

W hen a t ransparemt crystal of Iceland spar is plac'ed ovea* a >niall 
hlaek dot on a sluaO of white? paper, two imaL;<'s of t h(‘ dot ai’e? seam on 
looking; tlu’oui;h the* crystal, and if tlu‘ ('y<‘ he luTl pen’pendie'ularlv' 
over (he lace? ot the? crystal while* it is rotated o\'e*r tin* dot, one* e)f the* 
imaye's remains stationary, while* tin* othe'C rotates round it. Tin* 

li\e‘el iniaee apjx'ars a little ne*are‘r than the* movahh* one*, and the* line* 
joining tlie'iii is jeaialle*! to the shorte'r diaeonal of the* rhonihie face* 
through which th(‘y are? ohse?r\e*d. 

169. Polarisation by Double Retraction, -d in* projiei ties of liylit, 
which has siilleie'd donhlt* I’e'fi’act ion, may he he'st <*xamined hy allow- 
ing a pe*ne‘il from a small ape'rture* te) pass thi'ouyh a lar^e* eiystal so 

as to re*ce'ive* (he* two e‘mer;j,ine; ln*ams on a sere*e‘ii. 

Of tin* twe) portions inte) whie-h the i'e*frae‘te*d liyht is di\id(*tl ley a 

uniaxal ci’ystal, that whie-h oh(*\s the* eerelinary laws of re'fraction is 

calle'el the* ordiioir/f fiii/, ami (his i;i\a*s an imam* on tin* sere*e'n e*alle'<l 

tin* oreliuary imamx The* e)tln*r refract e'el ray deu's not eehey the 

ordinary laws of re*fractiou. It is calle'd tin* ' < fruoiJiiuiri/ I'm/ and 

i;i\e'> an <*xt laoi’elinary innym*- ddn*se* rays and imaL 3 (*s may he (huiote*<l 

Until hy the le*tte*rs O and \\. Wy jelae-ini;’ a jelate of tourmaline* in the* 

liraius path of e'ither of the ravs ])roduee*el hv elouhle* refraction, it is found 

}a:nu‘- ‘ ^ 

|n)lariMMl. on re>latini;- tin* tourmaline tliat in one position it re*fuse‘s to transmit 




Aur. MU POLAinSATIOX liV DOnU.K liKKlJACTlON ;;oi 

tlu‘ ray, while iii^otlier position^ the ray is l raiisinittin] with more or 
h‘ss freedom. r)oth liie rays tlieii arc' iwo-sidc'd or plane polarisc'd. 

This may also hc^ shown hy allowing- the' pt'iieils to pa>s throni;h a 
sc'eond erystal of ealespar. Whc'ii the' seeond crystal is paralK'l to tlu' 
Hrst, tin* two hi‘ha\(' just like* e)ne‘ of the*ir joint lhiekn('s>. In this 
j)osition the ordinary and e*xtrae)rdinary rays (»f tin* first e*rvstal 
tra\(*rse* the* se'e'ond as orelinary and e*\traorelinary rays, hnt an’Iic*!) the 
s(‘cond is rotated thronuh an anyle, e'ach of tin* raes () and K is 
doiihly re'fracted in it, so that four lays e*nie*rye‘ fnnn the'see-oiiil e*iAstal 
and foni" imai^es are* de'piete'd eni the* ser<*e'n. The* oi-dinar\- rav e)f the* 
Hrst erystal y;ive‘s rise* to an oiclinary ( and an e'xt raordinaia’ t , 
while tin.*, e'X traordinai-y y;ivc‘s rise* to an ordinary and an e*xlia 
ordinary 1\. As tin* ihonih is tnrm*d, the* j>aii- ( ),. and M,,, whieh aia* 
faint at first, i;-radnally inere'ase* in liriyhtm*ss, while* tin* cHlier pair ( 
and ly, eliminish in int(*nsity and finally \anisli wln'ii lln* er\'stal has 
heen rotatc'd thi'oii^i;ii ‘.M) . \\\' ha\(* now ayain onl\’ two imaye's, \ iz. 

(),, and ly,. ( )n rotating the* I'liondi farthe'r, the'sc* imai;’(*s yrow' fa.inte'r, 
while' the* otln*r pair f )„ and ly, res‘ipp(*ar and inerc-ase* in inte'iisity till 
tin* rhomh is rotJited throtiyh ISO from its fii-st ]>osition. llc're'we- 
have* only twa) imaye's ( ),, and ly, as at stall iny. Thus in one* position 
tin*, se'cond rhomh allows the* pe'iie-ils to pass free'ly lliremyh the* 
ordinary as ordinary, and the* (*xt raordinary as ex t raordina iw, while* 
in a position at riyht anyh's tec t his it lefraets the* ordinary ray e‘nt.ire*ly 
as an e‘xt raordinary, and the e'xtraordinary e'litire'ly as an oi’dinary 
and in an\' int einiediat e* position it I'e^fraets both dotihly. 

ley ntilisiny tin* p(*i-siste*aiee‘ of \isnal im pre'ssioiis, llii.s form of the* 
e‘\ jcei’iment is siiseejct ihle of a \ ery e'h'yaiit mod i flea ! ioi i. Le*! one* «)f 
the* p(*neils (*im*ryiny from the first ery>tal fall upon tin* ,*'(*eond. I'lii'" 
heam will in ye*ner‘al he* divide'el into two e>t.he‘is by the* secemd, and the- 
r«‘frae‘te‘d pencils will dejiiet t.we* Spots on a se-r<‘e*n plae*ed to i(‘e(‘i\<* them, 
fly piaeiny tin* screen at a pro])e*r distance the* spots ma\ he made le> 
partly o\erlaj). Now l(*t the second crystal he* rotale'cl rapidly ai'oimd 
the* dire'ctiem of tin* iiie-ielemt )>e*ncil ot liyht. 'i he* sjiots on the screen 
will di‘seril)e eifciilar Inmiiions hamis on the* .-creen which jcartly o\cr 
lap. ddiree eom'cnti’ie- riny> arej ce»n-e*(jm‘nt ly pre’.-'ent e'd. d'he middle 
riny i^ dm* to the ovei'lappiny e)f the* two imaye-^, and i^^ uniformly 
hriyht all r<aind, for tin* ove'rla])j)iny imaye's an* ci cm pleim-nt a i‘\ in all 
position.''. This central riim is ]»oi-dere*d e»n either sich* hy other riny’', 
ean^ dm* to the* ordinarv imaye ami the* either to the e*\ traordina iw’. 
The-e do not apj)(?ar tiniformly hriyht. d’he* lornier will he* hriyhte'.-t 
in the* plane* of polarisation, ami ejark(*st in the* pe*rpe‘ndie*nlar plane*, 
d'he* i-e*\fr-e* is the* ea.-'** ifi the* ex t raofe I ilia iv tiny. 
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'rii(i ordinary and (.‘xtra«)rdinary rays (•ni(.‘]'<;ing from a rhoinl) <>t 
Iceland spar or any oilier d<)u])ly i*(;fractini»; crystal ar(‘ conseipumtly 
in a condition siiii^iilarly dillerent fi-oni tliat nf common li!j;lit, foi* while 
a i)cani of natural li.i^lit is always diviih^d into two of tMjual intmisity 
on cnt(‘rin,^ tlni crystal {except when it passes in one jiarticular dirc'c- 
tion called the opt-ie axis), tlni suhdivision of th(‘ ordinary or extra 
ordinary i‘ay hy a scicond rhoml» depmids on lln^ (jrientalion of the 
second crystal with I’cspect to th(i first. 

It was in t-his form that the polarisation of li^lit was first noticed 
hy llny^ims. On aiialysiiie; his oliservations, he d(;termined that a 
heam of solar lieht is always divid(‘d into two ((‘xc(*pt when it traverses 
th(^ crystal in a. direction called the optic axis), and that (‘ach of tln‘ 
n'siilt.in^' heams will he singly or doiihly ndracted hy a s(*cond crystal 
of spar accordirii^^ to tln^ r(‘lativ(i jiosition of the iirinr/piil .• tln*si) 

are jilanes drawn throiii^di tin; optic axes of the crystals and per- 
ixmdicular to tin* eefrac'tine fac<‘s. If tin; principal planes of two 
crystals la; either parallel or at rii^ht a.n<^d(‘s to ea(;h other, then the 
rays which emerge from the first ari; not doiihly refracted hy trans- 
mission throiii;ii the. second. If the principal plam^s are parallel, 
tin; ordinary ray from the first traverses the second as an ordinaiy 
I’ay, and the (‘xtiaordinary as extraordinaiy ; hut if th(‘sc sections 
a,r(; at riydil a,ni;ies, tin; ordinary ray from tin* first is rcdracttnl as an 
(‘xt raordinary ray in the second, and tin; (‘xtraordinary ray as an 
oi'dinary. 

'flu* ordinaiy wav(* is found to h(‘ polarised in tin* [)rincipal [ilane. 
and tin* extraordinary wave* is polarised p(*rpe*ndicnlarly to t he principal 
])lane, tin* plane of polarisation heiiyi^ d(;lined as in Art. 1()7. 

A ht'a,m of plain* polarised lie;ht possi'ssi's the following chai act(*r- 
istics : - 

I. It is not. divid(*d into two (Mhers hy a doiihly refract iiii;- mystal 
in two [lositions of tin* ])rincipal section with respi*ct to tin* ray, while 
in ollii'r positions it is di\ided into two pencils which vary in intensity, 
and are compleiiu*ntarv as tin* crystal is rotated. 

II. It is not retlect(‘d at the surface of a t ransjiarent suhstance 
when tin* jilaiie of iiicidi'ina* is p(*rj)endiciilar to the plane of tiolarisa- 
tion, and \\ln*ii tin* aii^le of incidi'iiee has a c<*rtain vahn* depending on 
the nature of the suhstance. 

170. Property of Tourmaline.— In our preliminary exjierimeiit \\c 
obtained polai‘is(*d li‘i;ht hy iraiismittini;' a pi'iieil of ordinary lii;iit 
throULth a plate of toiirmaliin*. Xow tourmaline is really a doiihly 
refractiiii;- crystal and diviiles the intromitti'd heam into two parts, an 
ordinary and an extiaordinar}', yet it is only the extraoixlinary heam 
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tliiU oineruvs froni tlu‘ plate, tor the ordinary ])('nril is rapidly a]>^()rl>(‘d 
])y tlie crystal, so that a plate of small thickness (1 or '2 inni.)i>^ alnawt 
inip(‘rvious to it. It is this proptn’ty that renders tourmaline plateN so 
readily adaj)t(al to th(‘ operations of either producing- j)olai‘is(‘(l liyht or 
of analysini;’ it whtm already obtained. 

'The wavt* V(docity is tlnm not th(‘ only ))roj)(‘rty atlectcMl by crystal- 
lin(‘ structure. In many (aystals tlu‘ two |)olai‘iscd rays slide r didtu’iMit DonMr 
I’ates of ab.soi-ption, and it is this pi'optuay that (pialilic's a sinyl(‘ j)lat(‘ 
of tourmaline, to act tlu‘ part (Uther of a polariser or an anal\'S(‘r. The 
pi‘0[)i‘rty of double absorption is without doubt intimately ridated to 
that of (loulde refi’action. 

d'onianaline, lioweNUM', is not a vcmt ti’ansparent mint‘ra,l, and stiony 
b(‘ams of polarised lii;ht i*annot well be obtaimMl with it. Iltmce it is 
puite unlit ted for work wlien tlie illumination is faint, (‘onsi‘(|nent ly 
other forms of polaris(‘i‘s and analysers that is, a[)])aratns foi* pi-o- 
duciny^ and studying polai‘is(‘d liydit— hav(‘ biani invimtial. Tin' 
most inij)ort:int of tlu'si' ai‘(‘ NicoFs and Foucault's pi*isms (sei^ Ai’ts. 

1 SL>, ISd). 

171. Brewster’s Law. .\bout the yi'ar Isll Sir David lirc'wster 
commenced an exU'nsive s(‘ii(‘s of (‘xpciinnmts with the object of (batin' 
miniiii;- the jjolarisiny anyh's of dillerent mc<lia, ainl of coninM-tiny 
them by a law. Tlu‘ outconn'. of his invi'stiyations was tin* sim])li‘. and 
remai’kable lawy Th<‘ indrx af rrfnn'tloii of fht .snhsttaor is l/ir iinufruf of 
flh jfolii risfHfj This law, wliicli is (*xpn‘ssed by tiu^ foiamda 

tail i /./, 

informs us that the polai'isiny anyle lanycs in didei-imt substances 
from lb upw'ards, and, wlu'n the ri'fractivi' index is known, tin* a,nyh‘ 
of polarisation is inferred. 

Since* the refractive index is dillerent foi- dilferi'nt ly colouieal liyiits, 
it follows that the anyh* of maximum polarisation is dillerent. for tin; 
dilleremt rays of tin; sped rum, ami con.'^eejuent 1 y if a. be-am of snlor 
liylit b(* r(‘th‘ct(‘d successively frann two ylass plate's whose* plane's ed (.'ulnir ai 
re'lh'ction aia* at 1‘i'ilit aiiyh's, the I’e'lle'cte'e! be'am will ne'veu’ be' wholly 
ext inyui>heel, but will be' redin-e'el to a re;si<lunm e-edoure'd with a la'd 
en* blue' tiiiye*, acce)reliny as the* anyle* e)f ine*ie|e*.ne*(' is the* polarising 
anyh* e>f the* me)i-e e)r le'ss re'fraiiyible; rays. \\die*n the; anyh; of incieleme-i*. 
is that of pe)larisation e)f the nieist lumimms pai1 e)f tin* spe'e-triim, the* 
relle.'cteal liyht is e)f a purplish tint, torme.'d by the' mixture* ejf the* 
remiaininy rays in different pre»pe>rtieuis. The'.^eM'llee'ts arc be'st marke*el 
in liiyhly elispersive* substam-ejs. 

The geometrical inte.*rpi'e!tatie)n of Dre'wste'rs law is that wdiem a 
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pencil of light falls upon a transiwirent siihstanco at the polarising 
angle, Hu' reflrcM aiul refvuctrtl rays an' at right angles. For if 


Ulll l - yU, 




sin i 
cos i 


sin / 
-> 

sin r 


or 


(•«)s i sin /• an<l i f /’ -jh) , 


thcrefoi*e / and r are coin piemen taiy, or the rellected and refi'acted 
rays are at right angles. 

172. Pile of Plates. — I'he law of Brewster applies to light reficcted 
from the surface of the rarer as wcdl as from the surface of the denser 
medium, Jind since the reiractive index in the former case is the 
rcci])rocal of that in the latter, it follows that the angles of polarisation 
in the two case's aie complementary. Fnmi this it follows that when 
a heam of ordinary light falls upon a jiarallel jdate of any transparent 
substance at the polarising angle, the refracted portion will meet the 
second surface at the polarising angle, and if it still contains an un- 
polarised part this will be wholly or partially polarised by reflection 
tlu'.re. Hence if several plates of glass be arranged parallel to one 
another, a ])encil of light incident on the first at the polarising angle 
will, after ndraction, nu'ct all the succeeding surfaces at th«*ir j)olarising 
angles also. So that all the light reflected from these surfaces will ))e 
plane-polarised. Such an arrangement is termed a pilr af plafrs, and 
is very useful as a polariser wh(*n the light is not incident in a 
paralh'l beam as in the case of skylight, for the reflected lu'am is much 
more intens({ than that obtained from a single plate. 

173. Polarisation of the Refracted Light. — So far wo have only 
considered the modification which the reflected })encil has suffered. 
However, wlnm the refracted pencil is examined, it is found to contain 
a (piantity of polarised light. The relation between this polarised 
light and that of the reflected beam is very intimate. It was discovered 
by Arago and stated thus : “ Ultra an nnjnilarisnJ ray is partly njlrrfed 
u/, and partly tnmsniitted throngh, a transpan nt surfarr, thr rrjlectrd and 
franstnitfrd portions contain rgual gitttnfitirn of polarisrd lights and their 
phtnr.s of p<larin(ti(ta arc at right angles t<t each othrrf' 

The operation of the plate is purely seh'ctive, for the ]K>larised 
component, which is missing in the reflected light, is rejnesented in 
ihe transmitted light. 

If the ti'ausmitted light be received upon a second i)arallel plate, 
the portion of common light which it contains undergoes a further 
subdivision, and so on for any number of plates. Hence, when the 
number of plates is suflicientl}^ gi’cat, the transmitted light will be com- 
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pletely polarised, and consequently if a beam of light be incident on a 
pile of plates the^ transmitted light, after traversing a certain number 
of the plates, will sufter no further diminution in intensity except 
by actual absorption in the plates. For the refracted light will become 
wholly polarised in a plane perpendicular to the plane of incidence, 
and no portion of it will be reflected by the succeeding plates. 

174. Law of Malus. — Tliese results were established by Malus, 
who also conjecturally assumed that when a pencil, polarisetl by reflec- 
tion at one plane surface, is allowed to fall upon a second at the })olar- 
ising angle, thr in/nisiftf of fh(> tiria'-rrjlrc.tcd hrani rorirs os tlir s(iNorr of 
tJtr cosine (f the angle hetieeen the two planes of refection. The truth of 
this law was afterwards established by the experiments of Arago. 

Thus if we assume with Fresnel that the direction of vibration is 
perpendicular to the plane of polarisation, then if the incident light be 
polarised in a ])lane making an angle 6 with the plane of incidence, 
the incident vibration, of amplitude </, may bo resolved into two com- 
ponents, one a cos 0 perpendicular to the plane of incidence and the 
other a sin 0 parallel to it. The former is polarised in the jdano of 
incidence, and is reflected ; the latter is polarised at right angles to 
the plane of incidence, and is transmitted. The reflected liglit is thus 
in all cases polarised in the plane of reflection, and its intensity is 
proj)ortional to cos- 6. The law of Malus is thus simply accounted for 
by the principle of resolution of vibrations. 

Ordinary lights we know, is brokcui up by a crystal into two parts 
polarised at right angles to each other, and convei'sely, the preceding 
law of trains enables us to regard ordinary light as consisting of two 
e(|ual [)lane-polariscd rays polarised in planes at light angles. For 
consider two sucli rays, and let a and DO ’ - a denote the angles which 
their planes of polarisation make with the plaiui of reflection ; then if 
I denotes the intensity of each of the rays, the intensities of the 
reflected rays are I cos-a and I sin'^a respectively, and th(5 sum of these, 

I cos-a I I siira - 1, 

is the resultant intensity of the reflected, ft is therefore constant and 
independent of the position of the plane of reflection with respect to 
the ray ; but this is the distinctive characteristic of ordinary unpolar- 
ised light. 

Hence in ordinary light the direction of vibration is supposed to 
be cpiite irregular, but when it falls upon a doubly refracting medium 
the vibrations seem to be resolved in two definite directions, constitut- 
ing two equally intense rays polarised in perpendicular {danes and 
diflerently refracted by tlie medium. 

X 
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The foregoing law of Malus is equivalent to stating that if a plane- 
polarised ray be reflected at a surface, it is only the component of the 
vibration parallel to the surface that is reflected. The component 
parallel to the plane of incidence cuts down into the surface, as it 
were, and is refracted. 

If a pencil of liglit of intensity I falls upon a crystal of calcspar, 
it is divided into ordinary and extraordinary rays, each of intensity JI, 
and if these fall upon a second crystal, they will be again subdivided 


Iiicicifiiit ; III lirst crystJil. 


[o^p 


III s(M‘oih 1 crystal. 


/()„ -- iIros‘-^a 
I a -il sin-' a 
f Ct, 

( Iv -- i I a 


the following 

table : — 

Plum* of 
polarisation. ' 

Sum. 

o\ 

<10 f 

1 ' 

pI 

01 
. 90 / 


175. Partially Polarised Light. — When light is incident on a 
reflecting suiface at an angle either greater or less than the polarising 
angle, it was observed liy Malus that the reflected light possesses only 
in part the properties of polarised light. Neither of the two pencils 
into which it is divided by a rhomb of Iceland spar ever completely 
vanishes, but each varies in intensity as the rhomb is rotated. He 
consequently concluded that the reflected light consisted of two parts, 
one ])orfectly polarised, while the residue i*emains in the state of 
ordinary light. Partially polarised light is then, according to Malus, 
a mixture of ordinary light with a part wholly polarised, and in this 
hypothesis he has been followed by most subsequent philosophers, 
for the light possesses all the properties of such a mixture. 

If this partially polarised light be reflected from a second surface 
at the same angle, the reflected pencil is found to contain an increased 
<iuautity of polarised light, and by augmenting the number of reflec- 
tions the light may be almost wholly polarised. This was first 
noticed by Sir David llrewster, and ho found that light may be 
polarised at any incidence by a sutlicient number of reflections, the 
number of reflections required increasing as the angle of incidence is 
more removed from the polarising angle. Hence the utility of a pile 
of plates. 

176. Interference of Polarised Light. — We have seen that light 
suffers an important modification by transmission through doubly 
refracting crystals and also by reflection, and it has also been found 
that this modified or polarised light, as it has been called, obeys the 
ordinary laws of reflection, refraction and dispersion. It is important 
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therefore to determine if the phenomena of interference are produoeil 
by it under the same circumstances as by ordinary light. For this 
purpose the refractometer of M. Billet, already described (Art. lO.’l), 
will be found convenient. A ]>eam of plane-polarised light inoduced 
by a tourmaline T, or otherwise, falls upon a narrow slit S (Fig. 1 oO). 
The light diverging from the slit falls upon the segments 1^ and 1/ of 
a divided lens, which bring the rays to foci A and B. At these 
points thin plates of Iceland s}>ar, or tourmaline, or other doubly 
refracting crystals may be placed. If tourmalines be at A and B there 
is a single polarised beam from each, and it is found that when their 
principal planes are parallel we have interference fringes on the screen, 
as in the case of ordinary light, but when one of them is rotated so 
that they are crossed the fringes disappear entirely. This is what we 
should have expected, for we have already learned (Art. 47) that two 
rectangular vibrations ditlering in j)hasc in general compound into an 
elliptic vibration. 



Ki- 


If thin plates of Iceland spar be placed at A and B with their 
l>rincipal sections parallel, and if the incident light lie iiolarised in Or 
perpendicular to their principal sections, it will traverse the crystals 
without double refraction, either as ordinary or as ex tiaord inary rays. 
The planes of polarisation of the emerging beams will be [)arallcl and 
interference fringes will be formed on the screen. If however the 
incident light is polarised in any other plane, double refraction will 
occur in the plates at A and B, each giving rise to an ordinary and 
to an extraordinary pencil. The two ordinary beams interfere and 
produce a system of fringes. Super])ose<l on these fringes we have 
another system produced by the extraordinary beams, but no de- 
structive interference occurs between the ordinaiy and extraoi’dinary 
parts. 

If now one of the plates A and B be turned through 90 ’, so that 
they are crossed, the ordinary ray from A will be polarised parallel to 
the extraordinary ray from B, and these will interfere and produce 
a system of fringes. The centre of the system will however be dis- 
placed towards A, for the ordinary ray travels more slowly in the 
crystal than the extraordinary, as we shall see immediately. Similarly 
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the extraordinary ray from A will interfere with the ordinary from B 
and produce a system displaced towards B. 

Fresnel and Arago, who investigated directly the interference of 
polarised light, summarised their conclusions as follows.^ 

(1) Two rays of light polarised at right angles do not interfere 
destructively under the same circumstances as two rays of ordinary 
light. 

(2) Two rays of light polarised in the same plane interfere like two 
rays of ordinary light. 

(.‘1) Two rays polarised at right angles maybe brought to the same 
plane of polarisation without thereby acquiring the <[uality of being 
a])le to interfere with each other. 

( I) Two rays [)olarised at right angles, and afLirwards brought to 
the same plane of ])olarisation, interfere like orditiary light if they 
originally belonged to the same beam of [mlarised light. 

The fact that rays polarised in perpendicular planes cannot inter- 
fere destructively is in itself an indication that the direction of vibration 
is transverse to the direction of propagation. 

' (KurreSy t<»in. i. ]>. r»21. 
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DOUBLE KEEKA<TtON IN I'NIAXAL CRYSTALS 

177. Wave Surface in Uniaxal Crystals. — Jieforc proceeding to 
the genenil theory of doulde refraction and tlie more complicated 
phenomena arising from refraction in biaxal ciystals, it Avill be well to 
first give a general statement of the phenomena and laws of refraction 
in uniaxal crystals, and it will be interesting afterwards to see how 
these may be deduced as })articnlar cases of the general theory when 
wo suppose the two optic axes of a Inaxal crystal to coincide. 

It has been already stated that double refraction was discovered 
in Iceland spar by Erasmus Barth olinus. Soon after its discovery 
Huygens,^ who had already unfolded the wave theory of light and 
accounted for ordinary refraction and reflection, was naturally anxious 
to j’econeile the new properties of light discovered by Bartholinus with 
the same theory, and in his desire to assimilate the two classes of 
refraction he was happily led to assign the true law of r.rtraonlimrr// 
t'rfraction in uniaxal crystals. He had already shown that the form of 
the wave of light propagated in glass and isotiopic substances was a 
sjfluM’e, and as one of the rays in Iceland s[)ar was found to obey the 
ordinary laws of refraction he assume(l that the corresponding wav(*. 
was also a sjdiere. Tin; law Avhich governeil the othei* ray, though not 
so simple, he imagined to be next in order of sim{)licity, and he 
assumed the extraordinary wave to be a spheroiil - that is, an ellipsoid 
of revolution. 

The velocity of the extraordinary ray in any direction is conse- 
quently given by the following construction : — “ Let an ellipsoid of 
revolution be described round the optic axis having its centre at the 
point of incidence ; and let the greater axis of the generating ellipse 
be to the lesser in the ratio of the greatest to the least index of refrac- 
tion : then the velocity of any ray will be represeiited by the radius 
vector of the ellipsoid which coincides with it i?i diiection.” 

^ Huygens, Truitt de hi Luniitrr, clja]). v. 
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This law was found to apply to many crystals besides Iceland spar, 
but in all of these there was only one optic axis, or one direction along 
which a ray of light passed without division. The researches of 
Brewster, however, made known a class of crystals having two optic 
axes or two directions of no separation of the ray. . Huygens’s law was 
then found not to be general, and in this state the problem was taken 
up l>y Fresnel, who proposed a theory which met not only all the 
requirements of the ascertained facts of the refraction in biaxal 
crystals but which even outran the existing knowledge and predicted 
results of the highest consequence, afterwards verified by direct obser- 
vation. 

According to the construction of Huygens the wave surface or the 
Two sheets, secondary wave in a uniaxal crystal consists of two portions or sheets, 
one a sphere which gives rise to the ordinary ray, and the other a 
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spheroid giving rise to the extraordinary ray. These two surfaces, 
the sphere and s})heroid, touch at two points and the line joining 
these points is the optic axis. 

In the case of Iceland sj)ar and all iiegatiiy crystals the sphere is 
entirely within the spheroid, and in the case of quartz and j^ositive 
crystals the spheroid is within the sphere. Thus if the spheroid is 
generated by the i-evolution of the ellipse 



round its minor axis />, and the sphere by the revolution of the circle 

round the same axis, any^ section of the wave surface through the 
optic axis (/>) is an ellipse (axes a and h) and a concentric circle of 
radius h touching it at the extremities of the axis minor (Fig. 151). 

In positive crystals the wave surface is generated by the revolution 
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of the ellipse roiyid its axis major and a concentric circle of radius a 
touching it at the extremities of that axis (Fig. 152). 

A section of the complete wave surface by a plane perpendicular 
to the optic axis consists of two circles, one of radius a and the other 
of radius i. 

Huygens verified his theory by well-contrived experiments, but 
much more accurate measurements were necessary to prove the extra- 
ordinary wave to be truly an ellipsoid of revolution. These measure- 
ments were made in 1802 by Wollaston, and afterwards by Stokes, 
Mascart, and Glazebrook with the most perfect optical instruments, 
resulting in the complete verification of Huygens’s hypothesis. 

178. Huygens’s Construction. — Let us now seek the directions of 
the two refracted rays in a crystal of 
calcspar when a plane wave falls 
upon it from air. Let I A (Fig. 153) 
be the direction of the light inci- 
dent on the face of the crystal, and 
let AB be the trace on the plane of 
the paper of the incident wave front^ 
and A A' the trace of the face of the 
crystal. The incident wave front is 
a plane through AB perpendicular to the paper, and the face of the 
crystal a plane through A A', also perpendicular to the plane of the 
I)aper. 

When the disturbance reaches A this point becomes the centre of 
a spherical wave reflected back into the air, and also the centre of a 
double wave propagated in the crystal. The plane of the paper will 
cut this wave in two curves, the sphere in a circle and the spheroid 
generally in an ellipse. The diagram represents the particular case 
in which the optic axis lies in the ])lane of the paper, and consequently 
the circle and ellipse touch each other. If the disturbance from B 
reaches A' at the instant the wave in the crystal is just developed to 
the extent represented in Fig. 153, then through a perpendicular 
drawn at A! to the plane of the paper — that is, through the line in 
which the incident wave meets the surface — draw a tangent plane to 
the sphere. This plane will be the ordinary wave front. It will 
touch the sphere at C in the plane of the paper, and AC will be the 
ordinary refracted ray. Through the same line draw a tangent plane 
to the spheroid. This plane will be the front of the extraordinary 
wave, for all the wave surfaces diverging 'from the various points of 
A A' at the same instant will touch it. If this plane touches the 
spheroid at a point C', then C' will not in general lie in the plane of 
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the paper, unless the optic axis lies in (or is perjY^ndicular to) that 
plane ; AC' will be the extraordinary ray, and in general it will not 
be in the plane of incidence or obey the ordinary laws of refraction. 
If the optic axis lies in the plane of the paper — that is, the plane of 
incidence, as in the diagram — the point C' will also lie in that plane, so 
that the extraorflinary ray AC' will lie in the plane of incidence and 
will thus ol)ey one of the laws of refraction. 

There is one case, however, in which the extraordinary ray should 
obey both laws of refraction, viz. when the optic axis is perpendicular 
to the plane of incidence. In this case the section of the spheroid by 
the plane of incidence is equatorial, and is therefore a circle, so that 
the extraordinaiy i‘ay AC' is not only in the plane of the paper, but 
the sine of the angle of incidence bears a constant ratio to the sine of 
the angle of refraction. This ratio is called the cjiram'dinanj index 
of refraction. If the velocity in air be denoted by unity, and the 
velocities of the ordinary and extraordinary rays by h and a, the radii 
of these circles, then 

n-it-- 1/// — ordinary 

fjLf — 1/a = extraordinary iinlex. 

The extraordinary index of refraction is thus the least value of the 
index of refraction of the extraordinary ray in negative crystals. 

179. Verification of Huygens’s Construction. — The simplest and 
most exact method of showing that one of the rays in Iceland spar 
obeys the ordinary laws of refraction, no matter in what direction it 
traverses the crystal, and consecpiently that its wave is spherical, is to 
cut several slices in difierent directions from a rhomb of spar and to 
cement them togcthei’ and then to cut the whole into a prism, having 
edges perpendicular to the planes of junction (Fig. 
154). Examining through this prism the light from 
the slit of a spectr()sco])e, the extraordinary spectra 
furnished by the difierent slices are observed to be 
difierently deviated, but there is oidy one ordinary 
spectrum, or the ordinary S])cctra furnished by the 
difierent slices all coincide — that is, the ref inactive 

1' IK- 1*4. index of the ordinary ray is independent of the 
direction in which it traverses the crystal. Its wave surface is there- 
fore spherical ; and its refractive index //„ is measured in the same 
manner as that of any uncrystallised substance. 

To verify the construction for the extraordinary wave, we examine 
the following cases. 

(1) BefractiiKj face parallel to the optie axi^, and the plane of incidence 
perpendicular to the axis, — Let the face of the crystal be a plane 
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through A A' (Fijj. 155) perpendicular to the i)lanc of the ])aper (which 
is supposed to be the plane of incidence). Then in this case the optic 
axis at A is a line tlirough A perpendicular to the plane of the 
diagram. The section of the sphere 
is a circle of radius and the 
section of the spheroid, being its 
equatorial section, is a circle of 
radius n. The tangent planes from 
a line through A' perpendicular to 
the i)lane of the paper, to the 
sphere and si)heroid, touch them at 
C and C' in the ])lane of incidence. 

Taking the velocity of light in air 
as unity, the velocity of the ordinary ray will be A, the velocity of the 
extraordinary in this case will be a, and the refractive index for the 
extraordinary ray is 

sin i 1 

- Me 
sin r a 

It therefore obeys both laws of refraction. 

Cutting a prism of Iceland spar with its refracting (jdge parallel 
to the optic axis, two spectra arc obtained ; tlic light of one is 
polarised in the principal piano and the other in the perpendicular 
plane. By interposing a platen of tourmaline in the path of either 
it can be cut ofi* and the other examined. The indices /-t,, and 
cfin thus he calculated for the several rays of the s[)cctruin. The 
results of experiment are in complete accoi-dance with the foregoing 
theory, and tlie st‘ction of the extraordinary wave perpendicular to the 
optic axis is therefore a circle of radius a — 1 /v 

This wave is then a surface of revolution round the ojitic axis. 

d'o d(*tcrmiiie the form of the, gener- 
ating curve, W(i shall study the refrac- 
tion in a plane. ])as>iMg tlirough the 
optic axis. 

(2) Ojffir fM/x jxinflh'l to tltf' foa' e/’ 
the rrf/.stol mo! to thr iiloiu of i tchtenre . — 
Wlu'ri the refiacting surface contains 
the axis of the crystal and the ])lane of 
incidence passes through that axis, the 
section of the spheroid by the plane of 
incidence will be an ellipse whose lesser axis (the optic axis) lies in 
the surface (Fig. 156). Tlie section of the sjihere will be a circle 
touching the ellipse at the extremities of the minor axis. The 
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tjingent plain's from A’, as before, will touch the sj)Jier(i and splieroid 
in (J and C' resf)(‘ctiv(*ly in the plane of incidence, and since A' 
is on the axis minoi- it follows that the* liiui ('(*' will meet AA' at 
right angles. For the polar of any point on the chord of contact of a 
circle and i^llijise having double contact is the same with regard to 
both curves. Hence (-V/ must Ixi the pohu’ of A' with rijgard to both 
the circle and ellipse, and is conse(|uently perpendiculai’ to AA'. We 
have therefore 

tan r DC' a fx,. 

tan /•' l>(’ /i ij, 

This remarkable relation has been verified by Malus * as follows: — Two 
scales AF and IlF (Fig. lo7) engraveal on a })late of polished steel 
an; inclined to each otlnu* at a, small angle and divided into small 
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ecpial ])arts. A thick plate of the crystal having its faces parallel to 
the oj)tic axis is laid on th<^ scale and viewed through a telescope 
liM mounted on a graduated vei’tical circle. The scale and crystal 
are supported on a horizontal circle, and the horizon tality of the 
upper fa<'e oi the crystal is ensurcil by turning Uu^ platform round and 
observing that the image, by rellection from it, of a distant point is 
not displaced. 

d\vo images of each scale are seen, ami if these be denoted by nr, 
a'r\ Ih\ //V', there; will in general be some [)oint of in: coinciding with 
some ])oint of eV'. Let this point lie //. Tln*n // is the image of some 
point I) of the scale AC, and also of some [)oint F of the scale BC. If 
the axis of tlie telescope is directed to \iew this point, it Avill cut the 
surface of the crystal at !I and the position of II can be determined 
with reference* to the scales. The divisions at 1] and D which appear 
to coincidt; can be read otf and the distance FI) determined by actual 
measurement. 

* ‘‘ Tlu'orif (1«‘ l;i (louMc ivlVacticn ” {M/innirrs f/ts Sara Kts tfrumjcrs, tom. ii. j». 303). 
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If (' be the tl^ekuess of the crystal 111’ we have 

KI) KP - I >1* *’ (i.ni /•' taii/ \ 

But tan r is known, for the angle of incidence is eijiial to the inclina 
tion of IIM to the vertical, and is conse<[uently e(|ual to the angle made 
with the vertical by the axis of the telescojie, and sin / = //,. sin /•. 
therefore /• is known and r may he determined by the above formula. 
If this value of r agrees with its value as determined by the formula, 

til 1 1 /•' 
tan r 

the experiment will have primal that the section of the extraordinary 
wave by a [dane through th<‘. optic axis is an ellipse', tiiid cons(‘<iuently, 
since the wave front is a surface of r('\ olution, it must bi' a spheroid 
of axes n and h. The expi'riim'ntal results ari' here' in I'xact accoi-d 
ance with the tlu'ory. 

(3) Opiic (f.ris pryfK'ndirtdar In Hu* rrf lavtiiuj sa rfan . When the optic 

jixis is per[){mdicu!ar to thi' face of the (*ryst:d it must, bi* paralh'l to 
the ])lane of incidence, and tlu*. 
siiction of the wave surface sluudd 
be a circle of radius /> and an ellipse' 
of axes (I and A, as in big. I oS. If 
a circle of radius a he (h'.scribed 
with centre A it will toiudi the 
ellipse at the extiemities of its 
axis. A tangent from A' to this 
cinde will touch it jit (V', and if the tangi'iit to tlu'. ellipse touch it at, 
C then C'C' will be perjiendicular to tin? axis Pt,) of the ellipse. ( 'ofi 
sequently if the angle OAC" (--AA'(’') be di'iioti'd by />, w(^ havii 

t;m /> 1 X '' l‘. 

t;Oi / ' I)( n /V . 



But sin f) — W A A ' = sin / lumce 

, ft u., 

tan /• — tan p , , . . • 

'• tf-'.wri - ''iir ' 

This relation, like the preceding, has b(;en verified by Malus, and 
it therefore affords additiotial e\idenci* that the surface of the extra, 
ordinary wave is an ellipsoid of revolution. 

180 . Negative and Positive Crystals. All nniaxal ciystals maj' 
be divided into two classes. In the first class, to which Iceland s[)ar 
belongs, the wave surface consists of a s])heroid with a s])boi*e interior 
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(.’ritical 

angle. 


to it touching it at the extremities of the axis miii^r. The radius of 
tile sphere is consequently always less than the corresponding radius 
of the spheroid, and the ordinary velocity is less than the extraor- 
<linary. The ordinary index is consequently greater than the extra- 
ordinary and the latter ray is less bent towards the normal than the 
former. For this reason such crystals arc called negativo or rejmhire 
cn/Htoh. 

In the second class, to which quartz belongs, the reverse is the 
case, the spheroid is inside the s[)here and tlie ordinary velocity is 
therefore greater than the extraordinary. The index of refraction 
of the extraordinary ray is consequently greater than that of the 
ordinary ray. The foimer ray is more bent towards the normal 
than the latter. These arc therefore called positive or aUradire 
rrystals. 

Since the sine of the angle of incidence at total reflection is the 
reciprocal of the refractive index, it follows that the critical angle is 
always less for the ordinary than for the extraordinary ray in negative 
crystals, while the reverse is the case in positive crystals. 

The following tables contain the values of the ordinary and 
extraordinary indices for a few crystals : — 


l\)s I ri V E C iiYs r m .s 


I 


M., 


Qujiiiz 

I Sul])luitc ot Potasli 
Di()|>tas(i 
' Ico . 

Zircon 


1 T) 1 \ 

1 'im 
1 

] ’3()() 

1 ’92 to 1 ’96 


1 nr):? 

1 '002 
1 -723 
1 *307 

1-97 to 2-1 


N K(; A ri V E IlYSTA LS 


Icchiinl SjKir 
Tournniliin* 

Beryl . 

A]»atite 

Nitrate of Soda . 


1 -OnS 

1 ’t>37 to ]'611 
l*r.vS4 to ]T»77 
V646 
1 1 


1*486 

1*619 to 1*622 
1*.'')78 U> 1*572 
1*642 
1 *3369 


181. Wave Velocity and Ray Velocity. — In the case of ordinary 
refraction, such as occurs in isotropic media, the wave diverging from 
any point is a sphere, and, as shown in Art. 65, the refracted ray is 
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perpendicular to the front of the refracted wave. For this reason the 
direction of the rlfy is the same as the direction of propagation of the 
wave, and the ray velocity is the same as the wave velocity. 

The direction of the ray in all cases is found by joining tiio centre 
of disturbance A (Fig. 40) to the point i\ in wliich the secondary T]»e ray. 
wave diverging from A tomdies the wave envelope AW When the 
st^condary wave is spherical the ray is p(‘rpendiciilar to the wave 
envelope, but when the secondary wave has any other shape the ray 
in general will not be normal to the wave envelope, and the directio?i 
of the ray will not be the same as the direction of })ropagation of the 
wave. Thus in Fig. 1511 A'C is the front of the ordinary wave, and 
AC is the ordinary ray emanating from A. So also is the front 
of the extraordinary wave — that is, the extraordinary wave envelope, 
and AC' is the extraordinary ray from A. The extraordiriar}' ray is 
therefore in general not at right angles to the front of the exti’aonlinary 
wave*. 

Now as the secondary wave (that is, the sphere and spheroid) 
diverges from A the point C and C' move along the lines AC and 
AC' with certain definite velocities, termed the ra// irfoeifirs : and it 
is clear that the r.'^y velociti(iS are proportional to the radii AC - and 
AC' respectively. At the same time the planes A'(' and A'C' (that 
is, the wave fronts) move forward with certain definite velocities, 
termed the intre veUmtif.'i. 4'he direction of wave proj)agation is noi’mal 
to the wave front, thus the ordinary wave front moves in the direction 
of the normal to A'C, while the extraordinary wave moves in a direction 
perpendicular to A'C'. It is clear, therefore, that the dire(*tion of 
propagation and velocity of the extraordinary wave are in general not 
the same as that of the extraordinary ray, for wliilc th(^ ray velocity is 
proportional to the radius vector AC' the Avave v^elocity is proportional 
to the perpendicular from A on A'C'. 'Flic relations conm;ctij)g the 
wave velocities and the ray velocities may lu*. very easily found as 
follows 

lidatlon hf'tween the nnliiKtrif (Uid r.rf ntunJund'if inter rrlurtfirs. Since 
the Avave is ju’opagated in the direction of the normal, it is cleai- 
that the ordinary Avave velocity is measured by A(.’, the perpendicular 
from A on A'C, Avhile the velocity of the extraordinary Avave is 
measured by the perpendicularly from A on A'C'. Now since A'(J' is 
a tangent to the ellipse .r-/n- + //“ //-= I, it folloAvs tiial the per[)cn- 
dicular^y from A on A'C' is given by the ecpuition 

sill- a } ^-cos-a, 

where a is the angle which ‘p makes Avitli the axis minor of the ellipse 
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— thill is, tli(; angle het\vcM*n the \v;ive normal and the optic axis. 
From this ccpuitiun \vc obtain at once the relation 

//- (ft- - h-) sill - a. 

Now /v is the v(;locity of the ordimiry wave, and this equation proves 
thiit th(i dilleience of the stpiiires of the two wa\’e velocities is [)ropor- 
tiomil to th(i s(|uai*e of the sine of the iingle hetween the optic axis 
iind the direction of wave propiigiition, or norimd to the front of the 
extraordiiijiry wave. 

Ilt'/dhtm h(do'c<‘n> Hw nnlinnrif inui cxtitmi'dindi'ii nn/ /‘c/er/Z/Vs. - - Since 
the ray velocitii^s ;irc measured hy the rjnlii AF and AC', then if we 
(hiiioUi A('' hy /■ Jind tluj angle whi<di it niaki'S with the optic axis 
)>y 0, we havr jit onc(^ from tho erpi.ation of tlic^ ellipse 

1 0 (f 

/•- It- //“ 

which gives at once tlu‘. relation 



Ihmce the dilleience h(;{w(‘on tlui sipiares of the reciprocals of the 
ordinary and extraordinary ray vcdocities hears a c-onstant ratio to the 
S(|ua.re of tlui siiui of tlui angle In'tween the (‘xtraordinary ray and tin; 
optic axis. 

'This proposition is dm‘. to Iliot, and similai’ relations of a more 
gcmeral natun*. will lie found to hold for hiaxal crystals (see Arts. 

182. Nicol’s Prism, 'fhe most elfectixe and conveniimt method 
of procuring a strong lieam of ]dan(‘ polarised light is hy douhle 
refractimi. When ordinary light is transmitted through a crystal of 
Iceland spar two refra.etiMl beams aris(‘, and tlu'se wo have seen arc 
both plane-polarised and their planes of polarisation are at right angles. 
Hence if one of the beams is inte.i-ce})ted by any means the other will 
furnish a jamcil of jdane polarised light. An attemjit might be 
made to stoj) one of the two refracted beams by placing an opaipie 
-diapliragm on the second face of the crystal, but it may be easily 
seen that this method wouhl present dilliculties, for unless the source 
of light is \ery small oi* the rhomb very long the refracted beams 
will overlap. 

'riit^ former condition entails a. gieat nnluction of the illumination, 
atul the latter re<piires large specimens of Iceland spar of suiUcient 
purity, which are costly. The ditlicidty might, however, be evaded 
by receiving the light on a lens place«l in contact with the first face of 
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the crystal. After transmission tliroui;h tlie lens and crystal the light 
will converge to '\\vo foci — the oiNlinary rays to oiu* and the extra- 
ordinary to the other. One of these foci may now he con ered by an 
opaque diaphragm, and the rays diveiging from the other received by 
a second lens and reduced to parallelism if necessary. The tirst lens 
may be ])lano-convex and may be cemented t(^ the face of the crystal 
Nvith Canada balsam. 

Th(‘ most convenient method, liowevtn*, is to stop one of the j)encils 
by total reflection inside th<‘ crystal. This is the method ado[)ted in 
Nicol’s prism. A long lozenge-shaped rhomb of calcspar is formed by 
cleavage from a crystal, so that its length At'' (Fig. lot)) is about 
three times its width .\1). This rhomb is cut in two ‘ ])y a plane 
passing through tlui obtuse angles A and A' ami pai’alhd to tln^ longer 
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diagonal BI) of the eiid -that is, j)ei*pendicnlar to tln^ piincipal plane. 
The cut faces aia? then polished ami c(‘nnmt,<*d togctliiu* in tlnn’i* oiiginal 
position by a thin tilm of ( 'anada balsam. Tin*. relVa,cti\ e index of tlu^ 
balsam is gi-cgiter than that of the extra(»nlinaiy ray in tin? spar and 
less than that of tin? ordinaiy. Now total i'(‘ll(?ct ion occms otdy in 
passing fiaun a more to a l(*ss refiacting nn?dium. It. follows, t ln?t‘i‘fore, 
that the extraordinary lay falling on the balsam will !><• always tians 
mitted, but if the incidence be sullicieiitly obllfpic tlni ordinary ray will 
be totally retlected at the surface of the balsam and I’ldused transmission 
through the crystal (Tig. 100). din? extraordinary ray alone is there 
fore transmitted, and the light (?merging from the |)rism is phine- 
jiolarised at right angl(*s to the prineijial jdane. 

The plane of ilivisioii of the cry^tiiJ must lx* drawn so that the 

' Iddlaml .s])ar iatln-r t'iialil<‘, .-mhI in |iractirc il is rmuKj «Msi('i- In grind away 
iialf of tin* rlunnlk instead of eu1 ting it .is generally fleseriUefl. The remaining ha.lves 
of two rliomhs tliiis ground ;iie, tlien emnented togefhei. 
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light incident nearly normally on the end of the rhomb may fall upon 
th(i Canada balsam at an angle not less than the critical angle for the 
ordinary ray. This angle is <‘asily calculated, for the ordinary index 
of the spar is about 1 T);"), while the index of the balsam is nearly 
1*55. Hence, the index of refraction of the ordinary ray from the 
crystal to the balsam is I *5 5/ 1 05 *039, and the sine of the angle of 
incidence for total reflection must have this num])er for its minor limit. 
Hence if tlui anghi of incidence of the ordinary ray on the balsam is 
ccpial to or greater than (Jl)' 30', total reflection will occur. 

183. Foucault’s Prism. - The Canada balsam in Nicol’s prism 
might be replaced by any substance of less refractive index than 
calcspar for either ray, or both. Tt is clear that the less the index of 
the substance Ix^tween the two segments of the prism the less the 
critical angle, and the less the critical angle the shorter the rhomb 
rcquii’od to construct a prism of given width. 

For this reason Foucault dispensed with the balsam, or cement, 
altogether, and in the prism which l)ears his name there is a film of 
air between the two segments. The critical angles for the ordinary 
and extraordinary rays are about 37 1 I' and 12 23'. Hence if the 

angle of incidenc(5 on the film of air is intermediate between the 
criti(;al angles of the ordinary and extraoi-dinaiy rays, the form(‘r will 
be totally reflected and the latt(‘r transmitted. Although the use of 
the air film permits of a considerable shortening and conseiiuent reduc- 
tion in ]»ri(*(; of the rhomb, y(‘t there is more loss of illumination by 
refh^ction from tln^ lilm. With Nicols [)rihm the index of the balsam 
is so near that of tin* extraordinary ray that the last-named is trans- 
mitted almost in its entirety. 

184. Rochon’s Prism. — If a small pencil of light ])e transmittetl 
through a parallel plate of a doubly refi’acting substance both the 
emergent pencils will be parallel to the incident beam ami therefore 
jiarallel to each other, Avhile their interval of se})aratioii will be pro 
portional to the thickness of the plate for a given angle of incidence, 
lint if the faces of the ]date be inclined at an angle, so as to form 
a prism, the emerg(*nt beams will be inclim'd to each othiT and their 
separation Avill increase* as they recede from the ])rism. 

Such a se])aration of the rays is useful in many investigations, and 
in onh*r to render tin* divergence as wide as possible the prism should 
be cut with its refracting edge paralh*! to the o})tic axis, so that the 
incident light may be perpendicular to that axis, for in this case the 
dillerence of the ordinary and extraordinary indices is greatest. Such 
a doubly refracting prism may be achromatised by means of a prism of 
glass w^ith its refracting (*dge turned in the opposite direction. 
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A better nrr;uigemeiit however is that eiiiployod by Kochoii. Two 
prisms of calcspat*, or ([uartz, of the same angle are cut so that the 
refracting edge in one is paralhd to 
the optic a.\is and in the other per- 
pendicular to it (Fig. IGl). They ar(‘ 
then cemented together with their edges in 
oppositii directions so as to form a parallelo- 
piped. Thus in a normal cross section of 
tlie united prisms tlie section ABD of one idi. i{o(huM s I’l isui. 

contains the axis, its direction being perpendicular to the face AD, 
while the section BCD of the other is perpendicular to the axis. 

A ray incident normally on the face AD of the first prism travels 
through it without division, as its direction is paiallel to the o[)tic 
axis; on arriving at the interface donble refraction occurs, Imt the 
o!‘dinary ray proceeds undeviated. The (ixtraordinary, however, is 
deviated towards the edg(i or towards the base of the prism ADB 
according as the crystal is positive or negative. In the first prism the 
two rays travel with a common velocity, namely, that of the ordinary 
ray, and in negative, crystals the ordinaiy velocity is least, wliile 
in positive crystals it is the greatest. If A denotes the angle of the 
prism and (S the deviation, then since the angh‘ of incidence on the 
interface is A, th<^ angle of r<*fra<‘tion is A i <S, and 

sill (A -1 5) t\. (f 

sill A i\, h' 



or, as 8 is small, we have approximatiily 


from which we find 


1 ! 5 cot A a/A, 


0 


K h 

~ 1 , 


tan A. 


Again, if r be the angle of mnergerice from ihii other face; of the 
prism, then, since the angle of incidence thi'ie is o, we hav(‘, 

sill 5 

(',■ a, 

''in r 

if we take the velocity in air as tinity. Conse(|uently e = sin /*, and 
we have, by the previous equation, 

sin r - ^ 

which gives the angular separation (/•) of the ordinary and extraordinary 
rays, since the ordinary ray traverses the system normally without 
deviation. 


V 
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Kochoirs prism is ordinarily constructed of ([uartz, so that the 
deviation is in the; (Opposite direction — that is, towards the base of the', 
second prism, since in (piartz /a„ is less than 

185. Rochon’s Double Image Micrometer. If a Kochon’s prism 
he plac(;d in an ordinary telescope (Fig. 102) between tlie object glass 
and its principjd focus, two images, an oidinary and an extraordinary, 
will be foi nied there;. T'he distance lietwecn the images will depend 
on the distance of the jirism from the focus; accordifigly, by moving 
the prism suitably, the images may lx; brought into contact. For this 
purpose the jnisni is movable; within the telesceipe, anel Avhen the 
images appear in ce)ntact the elistanea) of the [)rism from the focus earn 
be reael olf e)n a gra,<liiatcd se*alc. Dy this means Arage) eletermineel 
the appare;nt eliame;ters of the; plane;ts with gre‘at ae'curacy. 

Let f lx; the fex*a,l length OF eif the object glass anel ./* the distance 



I'i;'. l>onltIc MiiMoincti r. 


between the prism anel the feicus F. Tdien, if n l)e the a])pare;nt 
angular diameter of the planet, 

E() / Inn a Inn d, 

in which, if we kneiw /, ,/•, anel (S the eleviation, we can eletermine a. 
For a given instrunmnt the ejnantities / anel 0 will ])0 constant, anel 
coulel be elet(;rmine*d l)y diree-t e)bscrvatie)n on an obje;ct of known 
diameter jihieeel at a known elistanex*. The (plant ity tan d f being 
determine'd may be regarded as the constant e)f the instrument. 

Again, if an object of height Jt be at a elistance e/, we have 

h Ian a, 

freun which we Hnel ei tiler h or d if the othe*r 1x3 known. 

186. Wollaston’s Prism. -This ])risni elitlei’s from that of Ivexdion 
only in that the optic axis of the lirst piism AMD (Fig. 1()3) is paiallel 
to the face AD, so that it is niendy Deichoirs prism turnexl through a 
right angle. A ray incident normally em the face AD travels along 
the normal in the crystal as an ordinary ray with velocity and also 
as an extraordinary ray with velocity r,.. On reaching the interface 
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the oi*(lin;u*v lay is refrictcd extniordiiuirily, for tin- jivineinul })lam‘s of 
the two prisms ;ire at right angles, lienee the angle of emergmiee of 
the ordinaiy ray is, as hi Koehon’s prism, given by the ecpiatioi;, 

sinr — (/u., ju.) tan A. 

The extraordinary ray in the first prism Al>l) travi‘rses it witli a, 
^'eloeity r,., but it traverses the second prism 
as an ordinary ray with a velocity i\,. 

Hence, exactly as liefore, tln^ angle of 
emer!';ence from llu^ s(‘cond fa,c(‘ (d) is also 
given by the above (apiation. Tb.e two 
em(‘rging rays ai'C thend'ore e<{ually deviated 
on ojiposite sides of the normal and llnnr ir)a. Wniiaston s iMism. 

angular s(?paration is doubled. By this duplicaticm tin; feeble double 
jefraction of ([uai tz is lemleied vt*rv sensible. 

It should be Kmiarked, however, that the deviation is dilleicrit foi* 
the diHercnt colours, and the imagi‘S are coloured. In Bo(dn)n’s 
prism the ordinary image h;ts suHered no d(*viation and is Ihere.- 
fore iincoloureal. 




(MIAPTKi; XII 

DOL'Ur.K KKFKACTION ( !• KKSNKl/s TIIKOIIV) 

187. The Wave Surface in Crystalline Media. — In homo 
.^(‘ncoiis isotropic suhstaiiccs, such as glass, tlui physical (pialitics arc 
the sam(^ in all directions arcniml any point, and if any element be 
disj)la.ced tln^ forces of r<‘stitntion calh?d into [)Iay will he opposite and 
pai’allel to th(^ disj)lac(mi(ml. 'Fhe disturham^e will travel with the 
sann; V(‘Io(Mty in all diieetions, and th(‘ wave surface will be sph(‘rical. 
'file optical prop('rti(‘s of such suhstanc(‘s are also alike in all directions, 
and the (elementary ether waves are splnerical. 

It. is oth(‘rwise in th(‘ case of crystalli!i(‘ substances. Here the 
physical pro))erties, such as hardness, elasticity, com])r('ssibility, and 
conductivity for h(3at a.ml electricity arc dillerent in different directions 
around a,ny point. If any (‘hunent of such a nu'dium be displaced the 
forcies of r(?stitution will n(»t in general be parallel to the displacement, 
but may be inclined to it, and will not in general tend to ])ull the 
(jlement directly back into its original j)ositi()n. A distui’banee will 
not travel with th(3 same velocity in all directions, and the wave sur- 
face will not be spherical. 

It is conseipiently to be expected that the optical character of a 
crystalline substance will also depend upon its structure, and that the 
velocity of pro[)agatiou of the ether waves will be dill'ere^it in different 
directions, so that the wave diverging from any point will not be a 
s])here, but a surface of some shape determined by the state of the 
(‘ther withifi the crystal and its relation to the mohMjules of the crystal. 
In the case of a unia.xal crystal we have already seen that the wave* 
surface consists of two sheets, one a sphere and the other a spheroid. 

Thus if we assume that the ether within a crystal possesses the 
properties of a homogeneous elastic solid, the solution of the problem 
of double refraction is afforded by the theory of elasticity, and as such 
it has been developed by (hTcn, AlacCullagh, Neumann, and Cauchy. 
This is known as the elastic solid themy, and is based on the supposi- 
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tion that the etlier consists of distinct particles, regarded as material 
j)oints (at least at far as Fresnel is concerned), which exert forces on 
each other in the (lirections of the lines joining them and varying as 
.some function of the tlistance. In crystalline media the arrangtunent 
of the etlu‘r particles is hupposed to he ditferent in ditl'eriuit directions, 
hut symm(‘trical with respect to three rectangular planes, ddie ether 
is thus niodilied in its arrangement or propertit‘s hy the ])resenct‘ of 
(In* crystalline matter. According to Fresnel the density is modili(‘d, 
while according to Neumann and MacC-ullagh it is the elasticity which 
undergoes modilication. In all cases the ether is supposed homo- 
geneous, and its axes of symmetry are j)arallel to those of the 
crystal. 

We might, however (vei*y reasonahly ), assume tin* etlnu’ to ))e 
isotro])ic everywhere, and the same in all bodies as in frea; space, 
and tlien proceed to (‘xplain r(*tlection, refraction, dispersion, etc., as 
the etfeets of the monn'iitiim eommunicated to tin* matter p:irticli*s hy Kotropic 
the motion of the ether. When light travers(‘s a tiansparent^ snhstaina* ' 
tin* matter particles may he set in vi]>ration, thus ahsorhing some, of 
tlni energy of ether wava^s and imj)e(ling their prog less ; and fiutlier, 
the amount of this may depend upon tin* dii(‘etion of }>ropagaliotj i/i 
crystalline media, hut it will he the same iu all direiitions in isotropic 
substances. Within a crystal the velocity of pr()[)agation and the 
ahsor[)tion (jf t*n(*.rgy iu any dir(*ction may also dc])cn(l n[K)n the riilation 
of that direction to the direction of vibration. It is on this basis of 
the interaction of the ether and the mattei* |)a,rticlcs that I>onssines(j, 

Voigt, Scllnieyer, Helmholtz, Lommel, and Thomson have; built tln*h‘ 
theori(*s.‘ 

188. The Wave Surface as an Envelope. Whatever la*, tlie nalm e 
of the assumed dynamical conditions, cvcrytliing is tinallv j‘(*din-e<l to 
th<^ determination of the velocity of projiagation of a plane wava*, and 
the mod(} of vibration wliifh mu.^t exist in sinh a wave in oid*!!' (hat 
it may he projagateil with a di*termin;ite V(*]ocity. The prohh*m 
before ns is therefoie to determine tin* law according to which a. plane 
wave travels in any assigned direction ihrougli a. crystal. Wlnm this 
is known the deduction of the form and })ro[)crties of tlie wave surface 
becomes merely a matter of geonietiy. 

Fresm*! arrived at the form of thc^ wave .surfacjc hy consideiing it as 
the envelope of a .system of [jlam* waves. Thus if a system (jf i)laiie 
waves starts from any point in vai'ioiis directions at the same instant, 
each wave travelling in the <lircction of its normal with a velocity 
de[)ending on its direction of propagation, t}n*n after any given interval 

^ SfM‘, ( lliizelirook’.s ‘‘ Rc^jioft on (>ptic;i,l TluMiric.s," JlrU. .hsar, ISS,^). 
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all these plane waves will touch the wave surface, for the surface 
touching all tliese planes will be the limit to whfch a disturbance 
travelling out in all directions from tin’s centre will have reached in 
the given time. Th(? construction for the wave surface considered as 
an envelope is therefore as follows : — On the radii drawn out from a 
point measure lengths piojiortional to the velocities of normal propaga- 
tion in their directions, and at (!ach point thus determined draw a 
plane perpendicular to the corresponding radius. The envelope of 
these ])lanes will be the wave surface. 

The principle involved in the preceding, viz. that the plane wave 
moves parallel to itself, is very fundamental. For this wave presei'ves 
not oidy its direction of motion but also the identity of its vibration, 
and, for those fit ho pronorvod, it is n/oossnru thol tho otostio. forces called into 
play hff tho displaconioid. should bo pnraltel to the direction of tho displacement. 

189. Fresnel’s Hypotheses. — The hypotheses on which Fresnel 
founded his th(‘ory may be summarised as follows : — 

(1) The vil)rations of polarised light are at right angles to the 
|)lane of polarisation. 

(2) In all cases the clastic forces called into [day by the; [)iO[)agation 
of a train of plane waves (the vibrations being rectilinear and trans- 
verse*) bear a constant ratio to the elastic forces dcvelo 2 )ed by the dis- 
placement of a single molccide, the others remaining at rest. 

(3) When a plane wave is pro[)agatcd in any homogeneous medium, 
it is only the component of the elastic force [)arallel to tho wave front 
whi(di is (dfeetive in the propagation of the wave. 

(1) The velocity of pro[>agation. of a plane wave, of permanent type, 
in any homogciK^ous medium, is pro])ortional to the scpiaro root of the 
elle(;tive com|)onent of the <da.stic force (levclo])e(l by the vibrations. 

Little can be said in sn[»port of the second hypothesis, and Fresnel 
himself was conscious of its weakm‘ss. Nevertheless the close agree- 
ment of exj)(‘riment with tin* results of Fresiuil’s th(‘ory must always 
I'lititle it to favourable consideration. The fourth hypothesis is intro- 
duced on account of a vague analogy ])etwcen the transverse vibrations 
of the (‘ther and those of a stretched string, while the ditliculty of the 
third is removed by the snp])Osition that the ether is incompi*essible, 
so that the velocity of pi'opagation of the longitudinal vibrations is 
iutinite. Although dynamically unsound Fresners theory of double 
refraction will ever possess a high historic interest, and we shall accord- ^ 
ingly detail its leading features and discuss the geometry of the wave 
surface deduced from it. 

190. The Ellipsoid of Elasticity. — Fresnel assumed the ether to 
consist of [)articles mutually attracting each other, and which, when 
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disturbed from their positions of rest, vibrate under the influence of 
their mutual attraction. 

Assuming the ether to be molecular, and that each molecule is in 
stable e<piilibrium under the influence of the others, we can show that 
the potential energy of displacement of a single molecule is a quadratic 
function of tlie three components of the displacement parallel to any 
set of mutually rectangular axes. 

Let y be the potential of the molecule at any point u’, //, :, due to 
the whole system of particles. The components parallel to the axes 
of reference, of the force on the particle at this point, will be each zero, 
since it is in e(iuilibrium initially, and therefore we have 




- 0 , 




- 0 . 


dV 

di 


( 1 ). 


Now let the particle at //, r be displaced to a near point ./• + // + j/, 

: 4 while the others remain at rest. Tlie potential at this point will 
be V 4 </y, or, since 4-, >/, ^ are supposed very small, 
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The components of the force on the molecule are found by dillcrentiating 
('!) with res[»cct to 4', ( respectively. Hence, remiunbering the, 

ecpiations (1), we have 
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or, writing 
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we have, for the forces parallel to the axes of reference, 


X A^n\rj r,r\ 

V lU ^ lir; ' n\ 

/ t F >7 ) 


(1). 


Hence if we construct the (piadric 

At- - 1517- + i i-'Zdj'i: ! ‘ 2 llt>? 1 

we liavc, denoting the left-hand member of this equation by ‘iS, 
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Now lire proportional to the direction cosi^ies a, /i, y, of the 

displacement, and if the displacement he taken as unity, ( will be 
numerically eipial to «, /i, y respectively; but the resultant force on 
the molecule will not be in general in the same direction as the dis- 
placement, for the direction cosines of the I'esultant force are propor- 
tional to X, Y, Z, and these by ((>) ar(^ proj)ortional to the direction 
cosines of the normal to the quadric (5) at the ])oint //, The 
resultant forcci on tlie inolecuhi is conse(|uently not jiarallcl to the 
direction of displacement, viz. along the radius vcictor to /;, (, but is 
along the noiinal to tli(5 (piadric. 

'’Jlien*. an;, howeviM’, thn;c directions at any point along which if a 
molecule lie displac(;d tin; r(*snltant forci; will be |)ai*allel to the dis- 
placem(;nt, and t(;nd to r(;store the partich; to its original position. 
These dii’ecttions ai(; tin; axes of the (juadric (b), and if Ave take them 
foi* axes of eo or(linat(;s the (;(juation of th(‘ ((uadric may be written in 
tin; form 

./V- - 1 (7). 

In tliis (*aso the exjiression (4) for the components of the force on a 
molecule displaced thi'ough a distance p— will become 


or 


X \ Iryj. X ) 

X fHf-a, y - pfrli, 7t pr-y f 


while the restoring force along the line (t, /:^, y <>/ the dhplneeinent will be 


or 


V \a t \ (.i i Z-) P ((‘d- • ' r-y-). 


V 


/> 


( 0 \ 


where r is the ladins vector of the (piadric (7) draAvn in the direc- 
tion a, y. 

Hence if we consider only the component F as etlective, the 
etpiation of motion of the ])article will be 


,r~p p 

, 11 - /- 


(10), 


and the time of vibration Avill conseijuently be given by the ecpiation 

T 27rr (11). 

But the velocity of projiagation is connected with the wave length, and 
periodic time, by the e(piation A — /T, therefore 
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or the velocity of j^ropagatioii of a plane wave, in which the disphiceinent 
of the molecules is parallel to a given direction, is inversely ])r()por- 
tional to the I'adius vector r of the ellipsoid of elasticity drawn in that 
direction. 

In arriving at this n;sidt it will be seen that the assumptions used A^sinup. 
are, that the force on any particle depends on the disi)lacemcnt 

from the original j)osition, and is the same as if the other particles 
remained at rest, whereas in any kind of Avav(‘ motion the true force 
on a particle should dc'pend on its dis])lacement irlitfiirlif to the others. 

So also it is only the romiKtiirnf force along the line of displacement 
that has ])een considered etiective in the ccpiation of motion (10) of the 
particle. 

Cor . — If r l)(i the v(docity of proj)agation of a plane wave whose 
vibrations are in the direction a, y, then by (12), since /•<*/: I V, we 
may write (‘(piation (7) in the form, 

r- -- /-(V-’ i ''.-rV" U’O, 

or 

( c- - f ( c- r.r)ii- \-{r- iy}y- 0 (II), 

where /•,, r.^, r.^ are now the vcdocitit^s of iwopagation of waves vibrating 
parallel to the axes of (elastic! t 3 ^ If /z,, /x.„ 1 k‘ the princi[)al refractive 

indices we may write, if we take the velocity outside the crystal to be 
unity, 

I 1 1 

■ , A<;t (la), 

'•| '-i 

and (L‘i) takes the form 

■ -! I 1 (i«)- 

M|“ MV M:;- 

191. Singular Directions. — The essential condition, for the j)r()- 
pagation of a plane wave without alteration, is that the (dleotive 
eom])()nent of the elastic force developc<l by the displaccunent should 1)0 
parallel to the displacement. This condition is only satisli(*d for two 
dii’ections in any plain*, viz. the axes of the conic in which that [)lane 
cuts the preceding ipiadric. 

When the elements in the fiont of a plane wave arc; displaced 
})arallel to a given direction in the wave front, we have seen that the 
force of restitution on each element will not in gernnal be in the 
direction of the displacement, nor even in the })lane, ])ut will be normal 
to the ellipsoid of elasticity — that is, perpendicular to the central 
section of the ellipsoid which is conjugate to the direction of dis]>lace- 
ment. Thus if AB (Fig. IGl) be the section of the elli[)soid of 
elasticity by the plane of the wave front, and OA the direction of 
displacement of the elements in the front of the wave, OB the radius 



FRESXEL’S TFIEORY OF DOUBLE REFRACTION 


ciiAr. xii 


( 'ircular 
Noctioiis. 


I’olarisa- 

tior,. 


Optir axi‘>. 


im 



Ki-. l»il. 


of the section conjiigute to OA, and OC the radius of the ellipsoid 
conjugate to tlie section AH, then the force of restitution will be 
parallel to f)N the normal to the plane HOC. Now if the projection 

of ON on the plane AOB coincides 
with OA, the plane of ON and OA 
must be perpendicular to the plane 
AOB. Hut ON is perpendicular to 
OH, therefore OH will be perpendicular 
to OA — that is, OA and OH are the 
axes of the section AOH. Thus the 
resultant force on any particle may 
be resolved into two components, one 
in the wave* front and the other per- 
pendicular to it. If the displacement is along either of the axes of 
the elli[)tic section AOH, the force component in the wave front will 
also he along that axis, and these axes arc the only directions in the 
wave front possessing this property. These two directions are termed 
the sinijnlur in the plane of the wave. 

If the plane Ix^ parallel to either of the circular sections of the 
(jua(lri(^, every direction is a singular direction, and a vibration in any 
dinu’-tion in this plane will b(i jn-opagateal without alteration and there 
will consc(|uently be no doubhi refraction. 

Thus when a displacement occurs in any direction in the front of a 
wa,ve it is oidy its conij)oncnts j)arallel to the singulai* directions that 
ai’e [)ropagatcd as permanent waves, and these* are propagated with 
di(f(*rent vehxa’ties (<*xcept when the plain* is parallel to a circular 
section). ( Vin.siXjuently the bifurcation of tin* ray on entering a 
crystal is accountinl for, as is also tlie polarisatimi of the two rays, and 
th(^ fact that their jdanes of polarisation ar<* at I’ight angles. 

We have now arrived at the fundamental law of double refraction — 

In (UK’ (fii(/ flic sdiiic (fircefion ftm si/sfans of j^iloiic icoi'cs ore jirofioijofcd 
'nonnollfi, lioriiof their riffrotlfoi.'i jiorollef fn the f/.rrs of the serf ion ((/ the 
elliit^oid of elortieitij loj a (lionofrot idnne jK rje’inlieotor to the ilireetiioi^ oiid 
the n tori ties of tionnol propaijidion^ of the tiro s//.s7e/yrs- ore in rennet if propor- 
tioiod to the lenijth^ of tiosr (co’s. 

We see also that then* are in general two directions of ])ropagation 
along which there will lx* no double refraction, and these directions 
are pt*rpendicular to the circular sections of tin* ellipsoid of elasticity. 
'I'hcy are termed the axes of single wave velocity or the ojftic o.res of 
the crystal. For waves propagated in these directions the velocity is 
the same whatever be the direction of vibration. The wave fronts 
will coincide, but there may be a separation of the rays (Art. 
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192. Problem. — To a variable plane drawn through tlie centre of 
the ellipsoid 


a {)erpeiulicular is drawn at the centre of the section, and portions 
()N^ and ON^ (Fig. Id t) are taken on it which, measured from the 
centre, are e([ual to the axes of the section, to find the locus of thcii’ 
extremities. 

If r l)e the length of either axis, and /, }k, n the direction cosines 
of the normal to the plane, we have ' 

li-iii- r-it- 

. .. i .. ... .. .. 0. 

r- (i~ r~ 11“ /*- r~ 

(See Salmon’s (Icotnetrij of Three Dimensinns^ Ai‘t. 101.) 

Tn this e(iuation /• is the hmgth of tin! radius vector of the 
re(piired locus, and /, n are its direction cosines ; the equation of 
the surface* is therefore 

f';,i I r"„ <>. 

/- /- //- /“ (- 

193. The Normal Velocity Surface. - Around any point O con- 
struct the ellipsoid of elasticity, and consider a syst(‘m of })lane waves 
passing through 0 in all directions at the same instant. L(*t any one 
of the [)lanes cut tin; ellipsoid in the section AOll (Fig. IGl) of wlii(;h 
the axes are OA and Oil. Draw a normal at () to the of the 

section and measure olf OX^ and OX’., on it inversely proportional to 
the axes OA and OI>, then if ])lanes he drawn tlirough X*^, and N.> 
]>arallel to the |)lane of the s<‘ction, they will nipicisiait simnltiuieous 

' It’ <f\ h' 1m' till* axf'^ of any <-“iitral /, n tie* iliicft inn cdviiM ', of tin- 

imnnal to its |ilaii(‘, ami R tin* intfO’i-jil ni.-nh* nn it )»y tin- Nnif.ii t*, wi* li.ivf 

1,1 I 1 . 1.1 

' //'^ ' II- 

tl'cn'lnl'c 

1 , 11 . 1,1 /- ///“ //■ 
tt’~ ' //'■' //- f'-’ f/- //- ' - 


1 //- /“ /// ' //■ 
// '- 7 /- n'irr- //’,•- ’ ‘ o'-lr 

Wln'iift' llip (|ua<hatic I'or r, ('itli<-r '..•mi-a i^ 


1 1 /' 1 - /- 


■ r-n - o’fr 


which may he wrilt*‘n in tin- thon ahuvc. hy n iin-inhcrin;^ that 1 — /' • 
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positions of tlie waves wliich will be propagated with their fronts 
normal to ONjN.>, the one having its vibrations parallel to OA and 
the other parallel to OB, for we have already seen that the velocities 
of [)roj)agation of these waves are inversely proportional to OA and 
OB respectively. These planes therefore envelop the wave surface. 

If the [)lane AOB be suppo.scd to turn round O, the points and 

determined as above will each trace out a sheet of a surface, and 
the locus of both will therefoie be a surface of two slieets, termed the 
.surface of nnrmnl rr.Jocifirs, sinc(^ any radius vector of it determines the 
two normal velocities of the plane waves propagated in that direction. 

The erpiation of this surface is easily found, for it is described as 
tlie locus of points on the noi-nial (at tlu' centii?) to a variable central 
section of the (]uadric 

^ /A’//- -i r-.- 1, 

the distances from the centre to the jioints being inversely propor- 
tional to the axes of the section. The locus is therefore found fi'om 
the equation of the preceding ai ticic, by changing h, r, r into 
their reciprocals, and we thus obtain 

.+ f \ : .. -0. 

r - h- r- - 

Cor. 1. — If be the velocity of propagation in the direction /, n, 
we have /’ ])roj)ortional to /■ and x, //, proportional to /, //q tliereforc 

/" itt“ //“ „ 

.. 1- — .. i - 0. 

r- /*,“ r- -• /V r- - c..- 

Cor. 2. The direction cosines of the vibration being «, /:!, y, we 
have (Art. liM), Cor.) 

I {r- t), 

and, since the vibration is perpendicular to the wave normal, we have 
also 

/a I i //7 - 0. 

C^^mbining these equations with that of Cor. I we find 


194. Equation of the Wave Surface. — If v be the velocity of 
wave propagation in the direction /, m, /q the wave surface is the 
envelope of the plane 


/X H- /hV + «Z= I’ 


( 1 ). 
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where v is related to /, n by the equation 


?#/- //- 

' w 'h .. f 0 

v-r.- r- r.,- r- - r-r 


and in addition we have always 


/- + //'“ 4 ' n- - 1 


Differentiating (1), (2), (.5), regarding A // as variables, we obtain 


4- V/Z/// I Z</// ///’ (), 

/(/I mdui mhi ( /“ ///- 


A// w/r/z/y ^ ndii f h 


’ -1 I 'vZ'’ 0, 

r i/'-- i\r)- fY)-! 


Id I //id at /i.d/i - 0 . 

From wliicb, by tlie use of indeterminate multipliers A and B, we have 

X-AZ I iy/(> ~/'r) (4), 

V 2 \hi i Wmjiv- r.r) (5), 

Z - A// i iy//(r-' r?-) (e>), 

lU* .. -i- .. . ././ 1 (< ). 

i4‘" '’j')" ' '*■ ) 

Multiplying (4), (5), (0) by /, ///, //. i*espcctively and adding we find 


while the same equations, squared and added, give, with the aid of (7), 

X"‘ 4 -V- i Z- A- I H r, 

or, writing It- - X- 4 i 7/ and using (8) we obtain 

B r(R- r-) (9;. 

Substituting these values of A and I* in (4) we have 

„ , , lU r-' , r,- 

\ fr -\ /r fr .. 

rr 


Tlierefore 


Similarly 


R-' /’■ 


r- r.;-* 


ir - Z 
R- i\- r 


Archibald Smith, Phif. Mag. 1838, p. 33r). 
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ty.u 

liy suljstitutiiij^ tliesu Viilucs of /, nt, n in (1), wo liave linully 



wliicli is tlni (‘(juat.ion of the wave, surface. 

195. Direction of Vibration at any Point of the Wave Front. 

- }iav(‘ socni (hat in each direction in tlie crystal two waves can in 

’^nnioi'al he projKiLiated with dilleirnt velocities, and thcsi* are [)lane- 
j)ola,rised in planes al. li^hb angles. TIk* dir(‘cti()ns of the vibrations 
in these. wa,v(‘s are paralhd lo tln^ axes of the elliptic section of tin* 
(dasticity elli|)soid, shall now show that this dir(‘ction is })arallel 

to the ])rojeclion of tin* radius veetoi* of tin* wave sni’face on th** 
tang(‘nt plain* at the corresponding point. For by ('or. '2, Art. Iho, 
w<‘ hav(^ /, y/i, ti inflated lo n, /i, y by <‘qnations of the. form 

/ III ii 

, , .. , /k'V. 

r- r..- r.- 

The.rcdore tin* ecpiations (1), (5), ((*>) of the [)r(‘C(*ding Aiticle becoim* 

.\ A/ t UaO, \ .\ /// / A// ' lU';, 

which show that llie direction of vibration a, /i, y li(‘s in the plane 
<‘ont.aining tlie radius vector to ./•, //, and the perjamdicnlar /, ///, n on 
the corresponding lang<*nt ])lane ti> tin* wavi* surface*. J>ut the* vibra- 
tion tal\(*s j)la.ct* in tin* wave, front, and is th(‘refoie. parallel lo tin* lim* 
joining //, : to tin* h)(»t of tlu* perpendicular on tlu^ tangent jilane, 
oi’ the (lin'd ion of vibration in any ray is ])aralh‘l to the* ]»roj(*ction of 
the ray on the corre'sjionding tangent jdaiu*. 

196. Relation of the Planes of Polarisation to the Optic Axes. 

'Fhe plain's of polarisation of tlu* two 

rays which corresjiond to any givc'n jilaiu* 
wave front are V(*ry simply n'lated to 
tlu* optic axes. lu't OX (Fig. Ibo) be 
the normal to the plane of the wave*, 
O.M and 0^1 tlu' optic axes. Flu'n 
the* jflane's of polari.''ation of the* two 
rays an* the* planes which pass thi’ough 
ON, and the* axes (OA and Oil) of the* 
1 i.u. h*.*. se'ction in which the* ellitisoid of elasticity 

is cut by the plane through O to which ON’^ is normal. Now the 
circular sections of the ellipsoid are pe'rpe*ndicular to O.M and OM', 
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ihvy will therefore meet the elliptic section Alili in radii which arc 
equal to each othfer and perpciulicular to the planes MON and M'ON 
resj)ectively. Unit is, the radii of the section which an* perpeinlicnlar 
to the radii OK and OK' are equal, OK and OK' are thcn'foie also 
e<jual, and they are consecpiently e<pially inclined to the a\(\s OA ami 
OB of the section, and hence* the |)!a nes iontainiiiix OX and th('KS(* axes 
w ill bisect the atj^les l)etwi*(‘n tlu* plant's MOX and M'OX. 'I'liat is, 
the plant's of polarisation t)f the two rays Itiseet tin* aiii^lt's l>t*tM't*(‘n the 
jtlanes containini;* tin* wav<‘ nonnal anti tht* t)ptie axes. 

197. Equation of the Wave Surface by Means of the Recip- 
rocal Ellipsoid. A\ c }ia\ e alrt'ady dt'duccd tht* \ca\'e surfact? as the 
t'nvelope of a variable plane. Tt t>ccnrred tt) Matd ‘idla;^h ^ tlnit tin* 
wave surfatM* niii^ht alst) be tlescribed as the loeus of a ]>oint by usin^ 
the reciprttcal quadric 



If any ])lane be drawn through tin* ct'iitrt* <»f this tjuadric t*uttin<.; it in 
a section of axes ((.' anti //, anti if alt)nn tht*. nonnal at its centre por- 
tions bt* measured olf t*(iual to the axes e' anti // rt‘spt*cl i\ t‘ly, tlie locus 
<j 1‘ the extremitit*s of tht‘se ])ortions will bt* the \va\e surfact*. Its 
(‘(piation is thus found al otict* to bt* 

•' 1 a 


J>evelo]>ed in terms of the. co ortlinat es, .c, //, tbt* t'tjuation becomes 

-I- 1/“ ; : />“//“ : ■ Ir i w-h’r- f). 

"Tin* surface is ct)nstujue.ntly t>f the ft>urlh decree, anti consists of twt> 
slu'cts. Wt* shall supj)t)Sti e h r, 

198. Uniaxal Crystal, - If two of tlie j»rineipal V(*loeiti(‘s are etjual, 
h f suj»])ost‘, tin* ahove (‘<jUation may be wiitlt'ii in tliis foi in 

' ,I‘- • //- ; ’ n"lr\ (I, 


'Fhe suifaee ct)nsequently breaks ujt itito the spliere 


and tlie sj)lieroid 


A- >r : 


A*. 


/•-A-. 


In this cast* tin; sjdiere anti ellipsoiil of rt*volutit)n touch t*ae}i other 
where the axis /> meets tln'ju, ami this is the optic axis of tht* ciyslal. 

^ “Oil the (hmlik* n'tiad ifui of in a ••iVstalli.MMl itKflimii 

acfardin^f ta tlic (jt Fn-Mial ‘Trna^. Irish nnf, .Jnn<- 1 s;;o . 
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The sphere lies entirely within the spheroid, so that tin* ordiniiry index 
of refraction is greater than the extraordinaiy, and the crystal is 
negative like Iceland spar when h is less than a. 

If, on the other hand, b is eipial to <«, then the radius of the 
sphere is eipial to and the splnn-oid lies entirely Avithin the sphere, 
the two touching where a meets them : u is the optic axis and the 
crystal is positive or attractive, the ordinary index Ixnng less than the 
extraordinary. 

Finally if a - h ~ r the wave surface reduces to the sphere 
(.>■-1 //“ r " 0 , 

which re])resents tin; (*ase of isotropic media, or crystals belonging to 
the cubic system. 

199. Principal Sections of the Wave Surface. — If in the 
(Mj nation of tlui wave surface we make successively ,r (), // := 0, 



Ki;;-. H’Mi. Fix'. 1«»T. 


= 0 we obtain the ecpiations of the curves of section of the wave 
surface by the planes of ,:.r, and .ry respectively. Each of these 
sections consists of two eurve.s, namely, a circle and an olli[)so having 
the same centre. 

( I ) Thus making .r 0, we find 

I //■ i I <*";r (rr-) - 0, 


therefore the section of the surface by the plane y- consists of the 
circle of radius (/, 

//-+ 


and the ellipse 


//V 


of axes h and r, which consequently lies entirely within the circle, as 
shown in Fig. l()(). 
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X^7 

(2) Now suppose // = 0, and we find the section by the plane :.c 
to consist of the circle 

^ - /y-\ 

and the ellipse 

rr-.F- + {*“:- 

the radius of tlie circle bein*^ h and tin* axes of the ellipse beiiig 
a and r it follows that the circle meets the elli[)se in four ])oints, as 
represented in Fig. 1G7. 

(3) Again making : = 0, wo find the circle 


j,:- I if- ~c-, 

and the ellipse 

(f'ir- I' />‘/r ■ 






05 . 


The circle therefore lies entirely within the ellipse, as shown in 
Fig. 168. 

Fig. 169 represents a segment of the surface of the wave by the 
principal planes. It interce[)ts segments h and r on tin*, axis of ;v, 
r and it- on the axis of //, and a and }> on the axis of It ])resents four 
conical points in the plane -:u', where tlie circle of radius h me(‘ts the 
ellipse of axes </ and c. T’he lines OF, OF' to thes<* points are such 
that only one ray will be propagated in their direction, and they are 
consecpiently called the uxea of si/tf/h' raj/ vcloriii/. 

Models of the wave surface may be procured, and an exainination 
of one of them will assist the ideas of the student with reference to 
the nature of the surface. 

200. Construction of Huygens. — The form of the wave surface 
being known, the directions of the refracted rays are determined by 
tangent planes drawn to the tw^o sheets of the surface according to the 

z 
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construction of Huygens. Tlius when a ))lane wave is incident on the 
face of a biaxal crystal each point of the surface is a centre from which 
elementary wave surfaces diverge ; each wavelet consists of two sheets, 
and the enveloi)e consists of two planes, one touching all the interior 
sheets, the other all the exterior. To determine the directions of these 
[)laries it is only necessary to construct one wave surface, and draw 
tangent j)lanes to both its sheets through the trace of the incident wave 
on the face of the crystal, as has been already indicated in Arts. 66 and 
178. The line joining the centre, of any wavelet to its point of contact 
with the tangent plane gives the direction of the refracted ray. 

It may happen that no real tangent plane can be drawn to one or 
both of the sheets of the wave surface under the prescribed conditions, 
and total reflection will then occur as in the case of isotropic media. 

201. The Optic Axes or Axes of Single Wave Velocity — Axes 
of Internal Conical Refraction. — The form of the section of the 

wave surface by each of the 
princi 2 )al planes has been arrived 
at in Art. 199. Each principal 
plane cuts the surface in a circle 
and an ellipse having the same 
centre, but in only one case, that 
of the plane zx, do the circle and 
ellipse intersect. Here the radius 
of the circle is h and the axes of 
the ellipse are a and c\ The curves 
conse(|uently intersect in four points 
U, V\ Uj, U'p and have four 
common tangents MN, M^Np M'N', 
(Fig. 170). 

Now the planes passing through these common tangents and per- 
pendicular to the plane of the section are tangent jdaiies to the wave 
surface. Moreover they do not, like ordinary tangent planes to a 
surface, merely touch it at one i)oint, or even at two points, M and N, 
etc. The points P, etc., are what are tei'ined conical points on the 
surface ; they are little pits or dimples, and the tangent planes MN, 
etc., cover them over and touch the surface, as Sir William Hamilton 
j)roved, all round the perimeter of a circle of contact.^ 


V N' 


mA'.' 

A. .A; 


^ The juhiits oil tlu- surfacf S at wliioh the tangent plane is parallel to the axis of 
// satisfy the condition 0. Ajiplying this to the wave siirfai'c we find 
// {lr{x- 4 ir I- :*) - -f a~.c- 4- 67 /“ f ri'} - 0 . 

The factiu’ 1 / - 0 corresponds to points situated in the jdane .c:, which obviously 
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The lines are perpendicular to these planes, and they are 

therefore such directions of the wave normal that only one wave front 
exists, for the plane MN touches both sheets of the wave surface. 

The directions OM and OM' are hu* this reason termed the axes 
of sitK/h' ware relocity. For these directions there is only one wave 
envelope, for other directions there arc two ; they are therefore the 
(lyfir (f.res of the crystal. 

The angle between the optic axes may be easily expressed in terms 
of tin' principal velocities, for since ()]\I { = />) is a perpendicular to the 
tangent MN to the ellipse ./-/V- -c 1 (Art. l‘.P.)), its length is 

given by the ecpiation 

fr - {-- i*(»s“ 0 -i- “ si 11 “ 0, 


wliere c/) is the angle OM make.s with the axis of ./■ — tiiat i.'^, half the 
angle MOM',. 

Conseipiently 


sill 0- 



cos 0 


/a- //-’ 


tan 0 - 


///•= 

N^r Ir 


or, in terms of tlie principal indices of refraction, 


. //, / ■ M:.' . M:i /mi' M-/ , , / M-r M.i" 

S1110- COS0 v/ 1 ;mi0 . / 

” Mr M;{ ^ Ml' M:!' M.j > Mi' M>' 


Md 




Since tan (/) = :;/./• it follows that the equations of the optic axi's OM 
and OM' are 

± A ' .> f. V -tl, 

> i(- - Ir 

whicli shows that they are normal to the circular sections of the quadric 


fi\r' f //“//' f c“:“- 1. 


Njitisly tilt; conditions of tla; ]»rohlc.ni. The second factor rcjn’cscnls an ellipsoid 
uhicli clearly |n)ssi\sscs the same jdancs of circular .section ns the ellipsoid of 
elasticity o/",yr I //-//- f c-->' . 1 . llciicc. a jilaiic wave, jiarallcl to a circular section of 
the ellipsoid of clast icity — that is, jMM pcndiciilar to cither optic axis — will meet the 
•ihove (jiiatlric in a tdrclc, at every ]»oinl of whicli it touches tlie wave surface. For 
on eliminating //" ht'twcmi this tjuatlric c<juation ainl that of tlie w.ivc surfai i*, ilir 
icsult hre.iks Uj) into factors 


(- 


i- ./■ 


i .c 


s'i 




Ir 

r'~ 

Ir 




\' //- 


) 

) 


whicli are the four tangtoit planes at the c<uii« al jioints. 
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111 ‘:;cneriil A, r are functions of the wave length, and consequently 
the angle between tiie optic axe.s varies with the colour of the light. 

202. Internal Conical Refraction — Lloyd’s Experiment. — The 
direction of a refracted ray is given by the line joining the centre of 
distuibance to the ])oint of contact of the wave surface with the wave 
envelope, as determined by Huygens’s construction. 

Hence if 0 (Fig. 170) be the centre of disturbance (say a point on 
the face of a crystal on which a plane wave is incident), and if MX be 
th(^ direction of the front of the refiacted ])lane wave, it follows that 
any line from 0 to any point of the circle of contact of MN with the 
wave surface is a possible direction for the ray in the crystal. We 
should (ixpect then that a ray incident on the face of the crystal in 
such a dinjction that the refracted wave in the crystal is parallel to 
MN (that is, the plane wave in the crystal travels in the direction of 
the optic axis) should on entering the crystal he divided not into two 
rays but into a. com; of rays, viz. the cone joining () to the circle of 
contact of MX with th(‘ wave .surface. 

'riiis result was [>redicted by Sir William Hamilton, and at his 
request the exp(;riment was undertaken by l)i*. [jloyd,^ who found tin* 
anticipations of the theory verified in a most remarkable manner. 

A plate of aragonite was use<l, liaving its faces })erpendicular to 
the bisectors of the angle between the optic axes, which, in tin* crystal 
submitted to exiieriment, w^as aliout 20'. One of these lines is parallel 
to OM (Fig. 171), and its direction was determined beforehand by 
means of the phenomena of the colours of crystalline |)lates. A slender 

pencil of light, SO, limited by 
two s(a‘eens, one of which, 00, 
was at some distance from tin* 
plate, and the other, which 
w'as a thin leaf of metal, was 
pierced by a small hole and 
placed on tin* fa(‘e of tin* plate. 
I’ln* emergent rays were re- 
ceived on a screen of silver 
paper, KV. The minuteness of this phein)nn*non and the perfect 
accuracy reijuired in the incidence rendered it very ditlicult to observe. 
The crystal was moved with extreme slowness so as to vary the direc 
tion of incidence very gradually, and when the required position was 
obtained the two images on the screen F.F suddenly spread out into a 
continuous ring of light. No sensible enlargement of this ring could be 
observed as the distance of the screen KF from the plate was altered, 

• > Tr<nis. Acail. vot wii. [». Ur», ISOa. 
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showing that the omergeiit beam was cyliiulrieal, ami that eoiiso(i\iently 
the path of tlie ligfit in the ci-ystal was the cone "riie angle of 

this cone was found to be 1' 50', and its magnitude as indicated by 
the theory was 1 55', so that the observed and theoretical vahu‘s 
agreed ^•ery closely. 

'I\) m»*asuio the angle of incidence Lloyd received the pencil 
lellectcMl at () on a screen, and marked the point K w'hei'e it fell. 
He then removed the plate and arranged a theodolite so that its axis 
of rotation pass<‘d tlirough (). lie was then able to measure the angle 
SOK, which is <loul)le the angle of incidence. 'Fbe obscn-ved angh* 
of incidence was 15 40', and its value as indieate<l ))y theory 15 ’ 10'. 
'the agi’eeinent of th(‘ theory and experiment is thus (‘xceedingly com 
pl(‘t(*. The diametei' of tlie ring on tln^ sown KF determines tht^ 
anghi of the refracted cone. 

Idle existmice of conical n*fraction has been i-egarded as one of the 
most striking proofs of the general correctness of Fresnel’s theory of 
double I’l'fraction, but Stokes^ has pointed out that it is not comp('t(ait 
to decide between the several tluioriivs whicii lead to Fresnel’s wave 
.surface, as a near a|)proximation. Internal conical iidiaction di'.pends 
U})on tlie exist(‘nce of a tangent plane to the wave surfact‘ which touches 
it. along a plane curve, and this projierty would be ])oss(‘ssed by tlm 
wave sui’face arising from any reasonabh? hypothesis. Otlnn* forms of 
the wave theory, based on very different assumptiotis, lead to Frc^snel’s 
wav(‘ surface; exactly. The existmice of conical ridraction cannot 
therefore be regarded as deciding in favoui* of f’i*(‘sn(*l’s jiarticular 
doctiine. 

hirerfinit (//' is easy to determim; llu* direction of the 

vibi’ations in eaidi of the iviys which constitulc; the com; OMN, for lh<; 
direction of vibration of any refiacteil ray is found by projecting tlie 
ray on the corresponding tangent plane to the wa\a; surfaci; (Art. I !>5). 
Now M is a point on tlie circh; in which tin* 
tangent jilane touches the wa\e, and OM is 
per|K‘ndiculai' to this ])Iane, therefore if ON (Fig. 

17:^) is any ray of the cone its projection on the 
])lane of the circle will ])ass through M and eon- 
siMjuently be the chord MN of the circh\ llema; 
tlie directions of tlu; vibrations of tlie diti’creiit 
rays of the cone aii; jiarallcl to the chords of the 
(‘ircle of contact drawn fi'om Af to tlu; points 
where the rays meet this circle. It follows therefore that two rays 
meeting this circle at diametrically opposite points ai*e such that tlun’r 
* Strikes, Jirif, ylssor. Hrporf, 
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vibrations are at right angles ; they are therefore j)olari.se(l at right 
angles. To verify this it is only necessary to receive the emergent 
cylinder of light on a tourmaline plate or a NicoVs prism, and of the 
two extremities of the same diameter of the ring one will be completely 
dark and the other brightest, the illumination gradually fading round 
the ring from the latter point to the former. 

203. Axes of Single Ray Velocity. — We have seen that the wave 
surface jiresents four singular points in the plane zx. These points P, 
P', P,, are common to both sheets of the surface, and arc such that 
at any one of them P an infinite number of tangent planes can be 
drawn to the surface, and not merely two, as Fresnel ajipears to have 
imagined, vi/. — one to the circle and one to the ellipse (Fig. 170). 
This system of tangent planes forms a tangent cone to the surface at 
the conical [loint P. Now if a ray travels in any direction in the 
crystal, the velocity of the ray is measured by the radius vector of the 
wave surfacii drawn in its direction. Conse([uently in any direction 
we have in general two ray velocities, since the radius vector has in 
general two vahuis, one given by each sheet of the wave. Put if a 
ray travels in the direction OP therii is only one value of the radius 
vector, and conseipiently only one velocity of the ray. Conse<iuently 
both rays travid in the direction OP (or OP') with the same velocity, 
and tln^se directions are called the nrc.s of siof/le raij relocitji. They are 
gcuKually V(‘ry close' to the optic axes, or axes of single wave velocity, 
but tiny are not on that account to 1)0 confounded with them. 

'riie angle bt'twium the axes of single ray velocity may be easily 
expressed in terms of u, //, r. For the co-ordinates x and : of P are 
common to the circle 


and to the ellipse 
therefore 




! if“ - Ir 

s 


ami ^ -r/ 



Hence if the angle PO.r (Fig. 170) be denoted by xj/, we have tan \j/= : 
and therefore 


, /ir ir 


sill 



t , o / b- 

a/ „ 
c > a- h- 


The right lines joining O to P and P^ are consequently given by 
the equations 



and //-O ; 
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tluiy are therefore perpendicular to the circular sections of the 
reciprocal ellipsoicf 


Cor . — The above values of the co-ordinates of V show that it is a 
singular ])oint on tlie surface, for they satisfy tlie o«juations 


(U 


3 = 0 , 




where 8 denotes tin* equation of the wavt* surface. There is con- 
sequently at P a tangent cone to the surface. 

Tlie axes of single ray velocity are called the a.rr.'i of r.rffntol roniro! 
rrf ruction. 

204. External Conical Refraction. — The direction ])ursued by a 
refracted ray, after emerging from the crystal, is det(*rmiued by the 
position of the tangent plane to the wave surfacci at the point where 
the ray meets it. But at any one of the conical points P there is 
an infinite numlier of tangent ])Ianes env(‘loping a com^, conseipiently 
the ray which traverses the crystal in tin* direction OP (or OP') imiy 
on emergence pursue the direction determined by any one of thes<* 
tang(mt planes. The emergent beam should tiiereforo be of a conical 
form. 

Dr. Tiloyd found that this wms full}^ veiified by exfieiiment. 
Taking the plate of aragonite already nuuit-ioiUMl, fie placed on each face 
of it a thin plate of nuital, jierforated by a very minute apertures, as 
shown in Fig. 17d. These plates weie so adjusted that the line 
connecting the two ajierturcs coinci<letl with the direction of the. axis 
of single ray velocity, A flaine of a lamp was then brought ne.ar the 
aperture O in such a manner that the central p.irt of the conviugent 
beam should have an incidences 
of 15' or Ur. When the adjust- 
ment was completed a brilliant 
annulus of light was seen on 
looking through the aperture P 
in the second plate. Whenever 
the second plate was ever’ sf) 
slightly moved, so that tlie line 
OP connecting the apertui’es no 
longer coincided with the axis of 
single ray velocity, the phenomenon laipidly changed and the anmdus 
resolved itself into two separate images. 

The incident light was also brought to a focus on the surface of 
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the plate by means of a lens of short focal length. ^ In this case the 
upper plate was dispensed with and the lamp removed to a distance. 
The rays of the sun were also used and the emergent light received 
on a screen. I'^ich ray of the incident cone of light is doubly refracted 
at 0, but of all the rays on a certain conical shell of the incident 
cone of light one of the refracted rays will travel along OP, and 
emerge as a ray of the external cone. If the aperture in the second 
plate is not very small, some of the rays which do not travel exactly 
along OP will be allowed through, and considerable discrepancy will 
occur between the results of observation and theory. However, 
when the necessary correction is applied, the agreement between the 
theoretical and observed magnitude of the angle of the cone was 
found to be nearly complete, the observed angle being 2"^ 59' and the 
calculated angle 3 ’ 0' 58". 

Dr. Lloyd also determined that when external conical refraction is 
exhibited the ray OP is parallel to the axis of single ray velocity. 
In order to do this he observed the angle of incidence of the axis of 
the convergent beam on the first face, and he found it 15'’ 58' when 
the conical refraction occurred. He also calculated by theory the 
angle at which the axis of the incident cone should meet the first 
face in order that the refracted ray should be ])arallel to the axis of 
single ray velocity, and he found it to be ^ 15'’ 25' 8". 

It was also found by exjjerinient that “ the amjlc between the j^laneti 
of polarimtion of an t/ two rays of the cone is half the angle hetiveen the planes 
coniaining the rays the nisei res and the axis.'’ This remai’kable law is also 
in complete accordance with the theory as in the case of internal 
conical refractioy (Art. 202). 

205. Relation between the Velocities of Propagration of a Plane 
Wave and the Position of the Wave Normal with respect to the 
Optic Axes. — 'file velocities of the two waves travelling in any direc- 
tion are given by the radii in that direction of the surface 

^ A iTiiiJirkiiblo variation of tlio jilicnoineiia took placo on substitutiiif^ a narrow 
ihicar apcrtnri’ lor the small cireular one in the |>la,tc next the lainj), tin* line being 
so adjusted that the ])laiie ]iassing through it and the aperture on the second face 
should coincide with the ]>lane of the optic axes. In this case, according to the 
hitherto received views, all the rays transmitted through the second aperture should 
he refracted doubly in the plane of the opiie axes so that no ])art of the line should 
appear enlarged in breadth in looking through this aperture ; while according to 
Sir William Hamilton the ray which jiroceeds in the direction OM should he 
refracted in eve nj plane. The latter was found to he the ease ; in the neighbour- 
hood of each of the optic axes the luminous line was bent, on either side of the 
plane of the axes, into an oval curve. This curve, it is easy to show, is the conehoid 
of Nicomedes, whose asymptote is the line on the first surface (Lloyd, Wave Theory 
‘ of L ight, j>. 212). 
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of norma) velockies ; they are consequently determined by the 
equation 



where Z, ?w, n are the direction cosines of r. Hence 

r* - [(//* + i- (f- + a^)m^ + («- -h U^)n^]r^ + - 0, 


or, denoting the roots of this equation by and r we have 


and 




Now if r makes angles 0' and 0" with the optic axes, and, using the 
notation of Art. 201, if the direction angles of the optic axes be </>, 
Itt, Itt - </), and TT - </), Itt, Att - c/> respectively, we hav(‘. 


Therefore 


and 

Hence 


cos ty — / cos <f> f n sin </>, 
cos fy ~ - I cos (p -h It sin f/>. 


, VOS B' -cos 6" , . ///^ -_V- 

iU’os^' + cosO .A' A 
> 6“ 6- 


cos cos 0" 
t sill 0 


(Art. ‘201), 


>> 


//<" — 1 /r. 


and 


/’'“ I- = d- I <r -- I (cos O' - cos <y'')-(a- - (’“) 1 I (cos O' ^ cos 0")-{fy - f“), 
- o“ 4- c‘ \ (o- C“) cos 0' cos 0"j 

= (t-c- -j- .) {or - c-)-(cos" 0' I- cos- 0") 4 h{a ^ - c'^) cos O' cos 0". 


From which we have 


(/“ 


/■"*-)- — (/•'- 4 - - 4c'-/’"- — (o/- - c-)- sin- O' sin- 0", 


or finally, since / and /' measure the velocities, we have 


and 


v'- - v"'-~ /- - ?•"- = - /;-) sin O' sin 0", 

c'- 4- v"- ~d^-\ 4- i - c-} cos O' cos 0"^ 


which establishes a relation between the velocities of the two plane 
waves which are propagated in any direction and the angles which 
this direction makes with the optic axes. 
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f'Or . — The normal velocities of the two waves jiropagated in the 
same direction are 

v '‘ -I- r?) -f Ua- " r~) cos {9' - 9") 

v'- - 4- I- r^) cos {9' - j 9"), 

206. Relation connecting the Ray Velocities in a given Direction, 
and the Angles made with the Axes of Single Ray Velocity. — Writing 
the equation of the wave surface in the form 

7'^^a^r- - r^^a\b“ 4* c-)l“ -b a-bV- 0, 

and denoting its roots hy and we have 


and 



1 1 

..4 .> 





1 



Now if the radius vector r makes angles 0' and 6" with the axes of 
single ray velocit}', and if the direction angles of these lines he W, 
J/TT - and TT - xj/y Wy Itt - xpy respectively, then 


I’hercfore 


and 


cos 9' ~ I cos \j/ b ii sin \p, 
cos 9" ' I (•<)S \l/ b n sin 

, VOS 9' cos 9" . , b /fj'i . 

^ (cos 9' ■ VOS 9") , 

^cosxjy 

cos 9' I (‘OS 9" b c“ 

•2 sin V b- - c- 


while W“ is determined by the cipiation 

>71“ ™ 1 - r- - 

Hence 

1 1 1 1/1 U 


and 


1 1 1 1 / 1 I \ 

I- -7,r, “ - -I- .,4-1 -- - ) C(XS 9 COS 9 , 

>• “ r - (I- r~ Vo- ('“/ 

I- \ ( - 1) (cos- 9' -b cos- 9") 4- \ - cos 9' c.os 9". 

>•“>•“ a-cr 1V(/- f-/ ' ‘2\a^ c^/ 


Whence 


^ 1 /I 1\ • V . .V 

= i -- I sin 9 sill 9 . 
- r - V«- c-/ 


The difference of the sipiares of the reciprocals of the ray velocities is 
consequently proportional to the product of the sines of the angles 
which the common direction of the rays makes with the axes of single 
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ray velocity. Denoting the velocities of the rays hv r' and i " we may 
write this relation in the form 


- - i." - sill sin /y". 

Cor. 1.— Since the velocities are inversely proportional to tlm 
refiactive indices, we have 

.ul'- - iul''- sin ti' sin tf", 

or approx i rriately 

m' " At ' (Ml “ /t-ri) sin 6' sin 0'\ 

Cor. 2. — Since the relative I’ctardation introduced hy a plate of 
thickness r is r(fi - fi) for normal incidence, we have 

5 r{ix A*'') -^(At| - At;{) sin O' sin 0 ". 

Cor. d. — The ray velocities are given ))y tin* equations 

■ 'K'* ' "L ^C'-) !- .l((* - - <f~-} {O’ 1 0")f 

[>" - - [ o' ") -1- - o ' cos \o' - 0" ). 
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UKFIiKcrriON AND KKFKACTION UF TOLAIDSKD LIGHT 

207. Fundamental Principles and Hypotheses. — The first 
attempt to determine the relation between the intensities of the 
incidcnit, reflected, and ndracted pemdis when light falls upon the 
surfae(i of s(iparation of tran.s[)arent media was made by Young, ^ but 
he confined his investigations to the particular case of per[)endicular 
incidence. The amplitude, form, and [diase of the incident vibra- 
tion being given, tlie problem before us is to determine the 
amplitudes, forms, and ])hases of the reflected and refracted vibrations. 
Thus if the simple vibration 

// sill {wl T a) 

gives birth to the simple reflected and refracted vil)rati()ns 
bs\n{u}f | /■i), and //.j -r' sin {-7), 

which diller from the incident in phase and am])litude, we reijuii'c to 
determine h and c, and 7 in terms of the known <piantities. 

The simplest ca.se will be that in which there is no change of 
phase introduced by the reflection and refraction. 1dic vibrations 
ma}^ then be Avritten in the form 

// - n sin w/, //, - b sin ujf, j/., r sin lot, 

and the ju’oblom is reduced to the determination of 1/ and r. This 
case has been treated by Fresnel, but it is of very limited application, 
for in general the reflected and refi-acted vibrations differ in phase 
from the incident and from each other. 

In approaching this subject hypotheses must be made in two 
departments, one with respect to the nature of the vibration, and the 
other with respect to the nature of the difterence in the properties 

‘ Art. “ Clironiatics,” A’/nv/. AV/t Supjilemoif. 
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of the ether in ditlerent media, and as to wliethor the ehange of con- 
dition is siidden*or gradual at their surface of sc])aration. 

The hyiH)th(‘ses adopted by Fresnel lead to fornuihe which are in 
very close agreeineiit with the results of experiment. He founded his 
theory (in 1821-2.3) on the following juinciples.^ 

(1) 'The l^ri}u'iple of ihe Cont^n' ration of Eneriiff, from which it follows 
that the energy of the incident wave is equal to the sum of the 
energies of the reilected and refracted waves which arise from it. 
Denoting the amplitudes of the corresponding vibrations by n, />, c 
respectively, we have the energy equation (Art. (>8) 


p[o- //-).sin2/ (ein'igy tMjU.atioiO, 

connecting the amplitudes of the incident, reflected, and refracted 
vibrations. 

This etpiation of course is deduced on the supposition that the 
second medium absorbs no part of the refracted pencil. In general, 
however, the second medium absorbs a portion of the refracted light, 
and the corresponding energy appears as heat in the elevation of 
temperature of th(‘. substanci;. The calculations and formula? founded 
on this C(|uation arc conseciuently limited by this supposition, and they 
therefore apply only to the case of waves which arc transmitted without 
absorption. It is further assumed that the transverse vilnations of 
the incident light excite only transverse (or light) vibrations in the 
second medium, or that the entire energy of the incident light appears 
again as light in the reflected and refracted pencils. In the case of 
elastic solids, however, both longitudinal and transverse; vibrations are 
])roduccd by reflection and refraction, so that we hav<; in g(;neral two 
reflected and two refracted waves, one transv(;rse and tin; other 
longitudinal, and those are propagated with diflerent velocities. 

(2) (f Uniform Elasdriiij of fJu' Ethr . — Some hyj)othesis 

must now be made concerning the symbols /> and /> wdiich are called 
the densities of the ether in the twa) media. Fresnel assumes that 
the velocity of [)ropagation in any medium varies inversely as the 
square root of the ether density in that medium, so that 

\ p r f 

Now the velocity of propagation of waves in elastic mattm* is 
measured by the S(piare root of the elasticity divided by tin; density ; 
this assumption is consequently analogous to saying that the elasticity 


* Knj.siiicl, UCurreSy tom. i. pj). 411-799. 
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of the ether, or that property of it which corresponds to the elasticity 
of ordftiary matter, is the same in all media. Introducing this assump- 
tion into the energy ecjuatipn we haVe Fresrier.s modified form 

rt- }r tan i ,,, , 

~ ~tan- (iTt'snt;! s ent‘igy equation), 

(3) dontiniiity of the Duplaeement, — To determine the ratios of h 
and c to a we require? another equation. This is obtained by suppos- 
in|^ that the displacement remains the same in crossing the surface 
of separation. Thus if planes be drawn parallel to the interface and 
very, near it, one in each medium, the velocities and displacements of 
the elements in these planes can only differ by an infinitely small 
fraction of their own value. If the ethers in the two media be treated 
as two portions of different elastic substances (like jellies for example) 
in contact, then at the interface they must always remain in contact — 
that is, during the motion there is no slipping of one on the other 
parallel to the surface, and also there should be no separation or 
relative motion perpendicular to the surface. The displacement at 
the common surface must be the same in the two media, and this 
must include the longitudinal disi)laccment, or pressural wave, as 
Well as the transverse vibrations which are supposed to constitute 
light. 

According to the elastic-solid theory the (ithcr belonging to any 
medium always remains in that medium, never crossing the interface 
or changing its density. If, however, we look upon the ether in the 
two media as being continuous but dilfering in density, a portion of 
the etlnu’ in either may cross the interface into the other, and a thin 
layer of the ether at the sui-face might suffer ra[)id periodic changes of 
density. However, if we admit Fresnel’s assumption that there is no 
change of phase in crossing the surface, this layer of variable density 
must bcfei infinitely thin compared with the length of a wave, so thin, 
in fact, that "the phases of the vibrations on each side of it may be 
^ considered thcr same.^ 

Fresnel did not consider the component of tlie displacement per- 
pendicular to4he surface, he merely secures continuity parallel to the 
interface, so that there is no tangential slipping of the ether in one 
medinnf on that in the other. 

MagCullagh, on the other hand, worked on the supposition that 
the vibrations in tln^ two contiguous media are et/uintlrnf — that is, the 
resultatit of the incident and reflected vil)rations is the same, both in 

^ See liirtlu'v (Jlazebrook’s “Report on Optical Theories,” Brit. Assoc. Jtrporf, 
1S85, p. 18<;. 
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magnitude and direction, as the resultant refracted vil>ration. This 
hypothesis he termed the principle of equivalent vibrations,^ 

208. Light Polarised in the Plane of Incidence. — Accoixling to 
the theory of PVesnel the direction of the vibration is perpendicular to 
the plane of polarisation, so that for light polarised in the plane of 
incidence the vibration is parallel to the surface of separation. Again, 
.since no change of phase is supposed to accompany the reflection and 
refraction, the extreme displacements />, r, will be attained at the 
same instant. Hence the complete displacement iu the firsj^ medium 
is their algebraic sum a + h (where h may be inherently positive or 
negative with respect to a)y and by the third principle at the interface 
this must bo ecpial to r, the displacement in the second. Hence to 
determine b and e we have the ecpiation of continuity 


a 4- h = c 

(1). 

together with Fresnel’s energy etpiation. 


tan / eot r 

(2). 

Dividing (2) by (1) we obtaiti 

. 

a h c tan / <‘c)t r 

m. 

Combining (1) and (3) we find at once 


. sin(/'- /•) 

b - -- a ' ' 

sin (a 1 r) 

(roll cell'd), 

and 


'la c;os i sin r 

(re.lVaetcd). 

* “ sin (/ I- r) 


Thus the sign of h is opposite to or the same as that of a according as 
i is greater or less than r — that is, according as the second medium is 
more or less refracting than the first. 

It should be remarked that the relative intensities of the incident 
reflected and refracted rays are not measured merely by a-, A-, ])ut 
by the rates at which energy is jiropagated by the corrcsj)Onding 
waves (Art. G8) — that is, according to Fresnels theory, by 


or by 


: r- tail i «-<>t /*, 

.j sill- (a - /•) si II 'li si 11 2/’ 

<L- : (1“ . tt- ... 

.'-iii-fi + /■) /•) 


^ Mac.Cullagli, “On the Laws of Crystalline ReHeetion and llefraction,” Trans. 
Hoy. Irish Acad. vol. xviii. .Taiiuary 1S37. 
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Coi\ 1. — The expression for h may be written in the form 


sir; (/' - /•) jJL c-ds r - i*os I _ ~ i/<‘os r 

sin ( / j- r) jjL cos r f cos i. /i f- cos '//cos /•' 


Hence if we have cos/ = cosr-- 1, and therefore at perpen- 

dicular incidence 


which is the expression arrived at by Young. 

As i increases from O ' to 90'' the value of h increases numerically 
from Young’s value to -- a, for 

cos/ j 1 sin‘‘-’v I .1 
<*os /• {\ (sin“/)//u“/ 

which diminishes continuously from unity to zero as i increases from 
0" to 90". 

Similarly 

2a cos / sin /• _ 2a cos / 
sin (/ f r) A* f' cos •/ ’ 

Therefore at perpendicular incidence 


c 


2a 

Ml 1’ 


conse(piently r decreases from this value to zero as i increases from 
z(5ro to Att. The intensities at perpendicular incidence are propor- 
tional to 



(m 1- 1 )“* 


These formula' have been verified photometrically by Arago, while 
Provostayc and Desains, by means of the tlnamopiK^, In'u e confirmed 
their accuracy for heat radiations. 

209. Light Polarised Perpendicularly to the Plane of Incidence. 
— In the case of light polarised ])eipendicularly to the plane of incid 
ence the vibration, ac(H)rding to Fresnel’s theory, is in the plane of 
incidence ; but the vibration must be in the wave front, it is therefore 
along the direction AP (Fig. 4G) and makes an angle i with the sur- 
face of separation. In the rcfiected and refracted waves it is along 
ATT and AT-', making angles i and r respectively with the surface. 
Hence the algebraic sum of the displacements in the upper medium is 
(a I- h) cos i parallel to the surface, and in the lower medium r cos r, 
consequently for no slipping at the surface of separation we have 


{a 1 h) I'os / — (• cos )\ 
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Combining tliis with tlio enoi*gy equation 

tan i ml r 

we have, by division, 


Thei’eforo 


tf - /> “t* sin //siiw. 


and 


/> = 


a 


tan ( / 
tan (/ 


/•) 

/•) 


2tf <‘Os i sin r 
sin (/ i r) ros < / /•) 






Hence we see that if i be greater tlian /• then (f and h will have oppo 
site signs ; but, on the other haml, when the (irst medium is more 
refracting than the second, and h have the same sign. The relatives 
intensities are in the ratios ((- : //- : r- tan f eot r— that is. 


,/j ^ ( / /•) si f j 2/ si n 2r 

lan-i/ l-/')’ .siir(/ i /•)ms“(/ v; 

C(?/'. 1. — Writing the ex])rcssioii for /< in tln^ form 


, u ms /' cos/ ms ( / -i /’) 

. . , 

a en.s r ros / cos ( / '/*) 

obtained from the above) value by merely dividing the nuimnator and 
denominator by sin /’, we see that when i r - 0 we have 


the Sipiai’C of which measures the intensity of the light reflected 
normally. This expression is the same as that which determined the 
normally reflected beam when the incident light is polarised in the 
[)lane of incidence, as it obviously slnmld be, for in both cases when 
the light is incident normally, the vihratiijn is parallel to the surface, 
and the two should be reflected accairding to the same law'. 

Similarly when the (vvpression for r becomes the same 

in both cases, and the reflected and refiacted intensities aie com- 
plementary. 

(Jar. 2. —If ?■ -r / irrOO , which is the grneral condition at the angle 
of maximum polarisation, w^e have 

- 0 , iindr-iftlfx. 

The light is therefore all refracted, and its intensity, measured by 
r- tan i cot r, becomes at once c*fjr (since i r - 90°), or a-, which is the 
measure of the intensity of the incident light. 

Hence the amplitude of the reflected pencil decreases from Youngs 

2 A 
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value to zero, as the angle of incidence increases from zero to the 
polarising angle (tan i = //). It then changes sign (of the phase changes 
by tt) as i increases, and attains the value a at grazing incidence. 

210. Light Polarised in any Plane — Rotation of the Plane of 
Polarisation by Reflection. — Let us now suppose the incident light 
to be plane-polarised in a plane inclined at any angle a to the plane 
f)f incidence. The direction of the vibration now makes an angle 
90"' - a with the plane of incidence (following Fresnel), and we can 
therefore i*esolve it into two components 

/((‘OS a, and (/ sill a, 


perpendicular to, and in, the ])lane of incidence respectively. The 
former component may be regarderl as a beam of light polarised in 
the plane of incidence, and it will give rise to reflected and refracted 
rays detei mined liy Art. 208, in which a is to lie replaced by a cos a. 
Tlie latter com})onent is a pencil ])olaris(Ml perpendicnlarly to the plane 
of incidence, and also gives rise to reflected and refracted rays deter- 
mined by Art. 200. 

Hence the reflected light is the resultant of two portions, one 
polarised in the plane of incidence and the other polarised perjieridicn- 
larly to it, the anuditudes of these portions are 


(( cos a 


si n ( / /) 

sin (/ 4- /•)’ 


and 


-- (/ sin a 


tan (/ - /') 
tan (i f /•) 


(roUecdud) 


respectively, while the ndracted light consists of 


(.‘OS / sin /• • 1 • (,‘os / sin /’ 

z/zcosa , and z/( sni a , 

sin (/ !-/•) sill (( -t- /•) i*(»s (/ - /•) 


(ndVactod) 


polarised in and perjimidicular to the ])lane of incidence respectively. 
If then the reflected light be plane-pidarised in a platie making an 
angle fS with the ])lane of ndleetion, its components perpendicular to 
and in this plane are A cos/:? and Asin/i respectively, where A is the 
amplitude of the reflected vibration. So also if r be the amplitude of 
the refracted vibration, and y the angle its [>lane of polarisation makes 
with the plane of refraction, its components perpendicular to and in 
that plane are rcosy and rsiiiy respectively, conseipicntly we have 


h cos ^ - f( i‘os a 
bsmf-i - -f/siiia 


sin (/ - /•)>! 
sin (/ -i-r) [ 
tan ('/ - r) j 
tan(/ + r)i 


iMisisinr 'V 

c cos 7 -- 2it cos a 

sill (/.-fr) 

• cos/siiw 1 

(• sin 7 = Zf( sin a I 

sin ij + /•) cos (i - /’)J 


(reflected), 


(retViicteiT. 
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From these ec^iatioiis eun determine the positions of the ])lanes 
of polarisation of the reflected and refracted pencils, for we have at once 


and 

ITence ^ 


tan i - tan a - . . 

(•os(/ - /•) 

t-iii 7 - tan a sit (/ - r). 
tan /-f -- tail 7 t*«)s (•/ 1 /•). 


So also for the amplitudes of the vibrations, we have 


and 


//- -f/“[sin-a^ -TT ! .... i 

I tan- (/ -1 r) sin- (/ i r) f 


fos- / sin- /• f siiT-a 1 

sin- [t \- r) t cos-(/. - /•) ' 

4r/-cns- / sin^ /• t .... ... vl 

sni-(/ i y) t " M 


while the intcnisities of tlui incichmt, r<^li<‘ct(‘(i, and r(^fraeted b(‘ams are 
respectively proportional to 


ff‘\ //", <•- tan / rot /•, 

( 'or. 1, — If i + r= 90 , we hav(‘. /^ = 0 — that is, if t lu; li,i;ht is incidmit 
at the angle of maximum polarisation, (h(‘ refh‘cted light is polarisijd 
in tlie plane of rellcction. 

i'nr. 2. — From the expr(‘ssio!i for tan /i, it is ch^ai* that whihi / + r is 
less tlnui 90 ', we haa e cos (/ f / ) cos (/ - /), and therefor’e tan /:> . tan a, 
while as / increases (a r-emaining c-onst-ant) />* jiasses througli zero as 
/ -1- /• passes through 90 , and becomes lu'gativi* wlnm ? I’ /' increases 
beyond 90 . The numerical value of tan fS is lluanfon; always less 
than that of tan a, or the eflect of the rellcction is to bring the. plains 
of j)olari.sation neanu’ to the plane of incidcnua;, and at the angh; of 
maximum polarisation the two coincide. 

Cur. 3. — If the first medium is more refracting than the si?cond, 
total reflection will occur when r=90 ', and in this cas(^ tan /i? will be 
e<|ual to - tan a, so that a and fS an*, supplementaiy. 

( V/r. 4. — If the same pencil of plane ])olarised light be j etlected n 

' The (•.oiiiHT,tiiig a, fi, ainl 7 may la* ^taliMl in t In- Ini iii - - “ Tin- \ ilaal ions 

ill tin* incident and reflected \\av«;s i-oineiilc \\itli the proj(‘cti(»ns of the iclVaeted 
vihration on thoso waves, or, the planes of vihratimi of tin* tlirer waves interscc*t in 
a lino whi(di is tin; direetion of the refraeted vilnation” •' MaetJulla^h, 7’/voi.s*. y/o//. 
frts/( AcudvniUi vol. Aviii. 18-47). 
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times at the same incidence i, and in the same pljuic wc have for the 
azimuth of the pcTicil after the reflections 

r()s“(i I >■) 
fail a ^ . , 

' cos" (/ r j 

wliil(! if the rcfi-ictcd Itcaiii siillers /< refnictions hy j)assing through 
|)iinillel plates of the two nualia, we have 

t.ni7„ t;niascc"(/ /’)• 

Foi’ by refraction into a plate we have tan = tan a sec (/ - r), and by 
the refi action out at the second surface we have tan yo = tan y^ sec (i - /'), 
or 

Inn 7.2 - tan a (/ r). 

In passin*;' thronL;h // })arallel ])lates the ray suflers 2i/ refractions, and 

In n 7- tan a see-" (/ - /•)• 


Th(i <^'(‘neral cHecU of reflection or refraction is therefore a rotation of 
the plane of polarisation, 

211. Elliptically and Circularly Polarised Light. — We have seen 
already (Art. 17) that two rectangular vibrations diftering in amplitude 
and ])has(‘, (a)mponnd into an (‘lliptic vibration, and conversely we may 
(hHiomposc an elli])tic vibration into two rectangular vi!)rations of the 
form 

,/■ --ff sin and // — A sin (a>^ I S). 


Conso(]uently, if the incident light be elliptieally polarised, we may 
resolve it into two components, one polarised in the plane of incidence 
and the otlun- jiolarised perjiendicularly to it, and apply the foregoing 
formuhe to deUu'mine the nature and intensity of the reflected and 
refracted rays. The geiuMal (^xjiressions for these elli})tic vibrations cfin 
be formed without ditliculty, but as tlnnr discussion presents no particu- 
lar interest, we shall only consider the case of circularly polarised light. 

If the incident light be circularly polarised, its component vibrations 
may be rejiresenled by 

./• - (f. ros u/, and jf - a sin w(. 

The ('oinponents of the reflected and refracted vibrations may be 
written down from the formulae of Arts. 208, 209; thus for the 
reflected vibration we have 




If ~ 


sin (■/. r) 

(I ... (i^-os bit - 
sill (M r) 

taii(i-r), . 

fsinw/ - 
lan(-i Hr)* 


• A cos b)l, 
- U sin w/, 
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so that 





•r 

iv-' 




or the reflceted light is clliptically polarised, the axes of the ellipse 
being respectively in, and perpendicular to, the plane of reflection. 

If the light is incident pei'pendicularly, wo have /=/— 0 and 

A -li -(({fi- l)/(/A -i 1), 

so that the reflected light is circularly polarised aiid its intensity is 



It is to be remarked, however, that the sense of the circular vibration in 
the reflected light is opposite to that in the incident light, for the .r com- 
ponent of the vil)ratioii is affected Avith the negative sign. This theoTct- 
ical deduction of Karnshaw has been vcirified experimentally by Towcdld 

The character of the refracted light may be investigated in a 
sirnihu' manner. It is to be observed in all eases that the ?/ component 
of the reflected vibration vanishes when / i or* the reflected 

light is always plane-polarised in the plane of I'chection at the angle of 
maximum polarisation. 

212. Reflection and Refraction of Common Ligrht. — The charac- 
teristic of ordinary light is that on transmission through a doubly 
refi'acting crystal, such as iceland spar, it is divhled into tAvo pencils 
of equal intensity. If the crystal be also doubly absorbing, the 
ordinary and extraordinary rays Avill be of unequal intensity, and (as 
in the case of tourmaline) only ouo, of them may be transmitted. On 
enter-ing the crystal, however, the is divided into tAVo equal beams 

vibi’atiiig in tAvo rectangular planes, and this whatever be the orienta- 
tion of the crystal. Hence if ordinary light be resolved into any two 
rectangular components they Avill be equal, and therefore the com- 
ponents of the incident beam in and at right angles to the plane of 
incidence Avill be e(]ual in intensity, and each half that of the 
incident light. Consecjueiitly the intensity of the I’eflected light will 
be (Arts. 208, 209) 


1 - 


“ L«bi''(A f r) tail- (i H r) J’ 


and the intensity of the refracted light will be 




'2r ^ sin 2 / sin 2>* 
sin'-* (i + r) (i 


r)- 


* Powell, /Vi/7. Ma<j. (3), vol. xxii. pp. 92, 262. 
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In the case of the reflcicted light the second term within the bracket 
represents the light polarised perpendicularly to the* plane of incidence. 
If the two t(*rms were equal, then the I’eflected light would be like the 
coniinon light of the incident beam. The second term, however, is 
always less than the tirsL except under nearly grazing incidence, con- 
sequently there will in general be an excess of light polarised in the 
plane; of incidence -that is, the reflected light will be partially 
])olaris(;(l. 

At the parti(!iilar incidence the second term vanishes 

entirely, and the reflected light is wholly polarised in the plane of 
iricid(;ncc. 

Again tin; fii'st term in the expression for the inte?isity of the 
refracted light is less than the secoiid, and this indicates that there is 
an (;xfM\ss of tin; r’cfi'acted light polarised perpendicularly to the plane 
of iricid(;nce, hut. tin; whole refracted light is not completely polarised 
in this plane at the polarising angle. At this incidence the reflected 
light alone is com|)letely plane-polarised, and the Uvo beams contain 
(‘HUiil tjiidiififif’s of ])olarised light. 

213. Total Reflection. — When the first medinm is more highly re- 
fi'actiiig than the second, total reflection occurs when the angle of incid- 
eiKH* reaches a certain (aitical value determirnal by/>tsin/=l. The 
c()rres[)onding \'alu(; of /• is !)0 , and if I be ima’cascal beyond its critical 
vaJm; a value of sin r givater than unity is recpiired, so that the angle 
r ])(‘comes imaginary, and tin; formuhe which determine the amplitudes 
and intensities of tin; ndiected and refract(;d pencils are no longer 
ap])licable. 

FiXperinnmt pi’oves that when / excecnls its critical value the 
r(‘lracted ray ceases to exist, and the reflected ray is equal in intensity 
to the incident. Theory confirms this i-esnlt, for tin; construction of 
Huygens shows thato’ii tin; secojid nnalium no real Avave envelope can 
be drawn, and tin* conservation of energy then requires that the 
intensity of the i-(;flected lay should be equal to that of the incident. 

Taking the cas(^ of light polarised in the plane of incidence, Ave 
have for the amplitude of the reflected ray 

h <i “ '1 _ iU sill / cos / - sill / ^/1 - /x“ sill -i 
sin {i I r) fi sin i cos / I sin i sin 

b}' Avi iting sin / --/i, sin q fL being the index of refraction from the less 
to the more refracting medium. Hence when i increases beyond the 
critical value Ave IniA^e //, sin/>l, and the expression for h beebmes 
imaginary. This imaginary form has been interpreted by Fresnel in 
the folloAving manner, which is undoubtedly ingenious, but which 
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must be regarded rather as an interesting curiosity than as a rigorous 
demonstration, ^ 

Multiplying the numerator and denominator of the expression for 
h by the conjugate form of the denominator, it ]>ecomes 


sin- i cos- -i 4- sin‘^'i(l - /i- sin- /) - 2ft sin- / cos / \^1 - sin- / 
ft- .sin- / cos- i ~ sin- /(I - ft- .sin- /) 

The denominator of this expression is simply (/jt - 1) sin- ?, so that on 
dividing above and below bj^ sin- i it reduces to 


2f4‘^sin-/ 2ft.*os/ , A O 

a \ - ' .> T vft-sin-v 1\ 1 I — eU L' v 


^dierc 


,, ft- I- 1 2ft- .sin-/ - 2ft cos/ , 

ft--l ^ -ft- 1 


and therefore 


r-N (,>- 1. 


Hence if we take P — costSwe will hava* Q = sin/), and the expression 
for h becomes 

h — (/(cos d - n/ - 1 sin 5). 


Hence if the e(|uation of tln^ incichmt vibration be ff = ii sin c>/, the 
e(|uation of the rellected vibration will bo 


ff - t/(co.s 5 - \/ - 1 sin 5) sin wf. 

Fresnel suspected that since the occurrence of - I in geometry indi- 
cates a rotation of 90^ in the po.sition of the line whose length is 
multiplied ])y it, .so it i.s probabh? that here the imaginary (piantity 
-y/ - 1 denotes a change of Itt in tlui pha.se of the vibration to which 
it is attached. Proceeding on this assumption the equation of the 
reflected vibration becomes 


j / -1 (( {vos d HUi (of -sin 5 sin (w/ l 90 )} , 

— (((ens 5 sin wf sin 5 cos w/), 

— a sin {lof - 5). 

The interpretation, thei-eforc, according to Fresnel is that the ph/i.se 
of the reflected vibration has been altered at reflection by an amount 
S given by the equation 

( i _ 2ft. (JOS / V ft- s i n - / - - ] 

tan 0 — - , — ; .... ’ 

I' ft- I 1 -2fi-sin- ( 


while the amplitude of the reflected vibration is equal to that of the 
incident. 
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111 Ui(i niuimcr we m;iy treat the; .:as(j ot p()l;ins(3(l at 

ri^lit a,iiL!;l(‘< to tlie plane of irieidenee, and tin* eoria'siioiiding (jiuiiitities 
1^', i)\ I,' will lie. found to lx* as follows : 

// ' i 1 ' // * 1 ''i ir / 

//-’ 1 ; J /j- 1 ir‘ I I J 

■J// ri )-> / ^ //" si II ‘ / 1 

/,-■ I';.//- I •'in"/ IJ 

13// /■( »s / ^ II- si 11“ '/ 1 

II- I //* I'sin"/ 

W’lirn tlio li.ijlit is polarised in any a/inmtli, w(i may r(‘solve it into 
two eoniponents, one j)olaris(‘d in tli<‘ plane ot ineideiK'C and the otlier 
|)ola,ris(Ml perpeiidieidarl \' to il, and winai total relleetion oe.eui'S tin; 
idrim'r will .^nllei’ a elia.ni;e of phase n and the lattiu' a ehatiL;'cd, deter- 
niiiKMl as ahov(‘. d’lie diHeriaiec; Fi - «) is all that eoneerns us e\pcri- 
nientall\ . and wr have 

1 • fi- 1 sin’ / • ii,u‘Fsiii^/ 


P' 


<y 
t.MI (V 


th(‘ i(‘th‘eted hi'ani should t h(‘i'(}for(‘ he elliplieally polarisial, tin; ])hasc 
di|]ei(aie(‘ of the two eom]M)nents lieiipu d - o. 

Cor. I. ltd /')'--() that is, if the change of phasf^ ])roduce<l hy 
tin; i'(‘.lh‘ction is thi‘ same foi‘ tln^ eom[)on(‘nt in tlie })lan(‘ of iiieideaico as 
for that ])erpendieular to it, tlu; rolhaded ra\’ will lie ])lane-])olarised. 
In this ease; eo^ 1, a.nd W(‘ have, therid’orc*, 

I ,a ' : 1 ' ,si ii" / • i 3 //" ,si ip / I LL- \ 1 ) sin" / - 1 , 

or 


1 lemc 


//"''in' / 1 i sin" / ■ 1 n. 


l/r 1 l±(yl/" I ' 

‘-V'- 


1 or 1 ,r/". 


.1 iu‘ lirst \alue ot sin i eonvsponds to t;ra/ani;' ineidcMiee, and theseeond 
to th(' limit iny, iiieideiiee for total retleetioii. At the two limits of total 
r(‘lh\‘tion, tlu'ndore, tin* i‘i*H(‘eted lii'dit is totally plam'^pulariscal. 

(or. 'J. (lie (lithu'enei* ot phas(‘ d - d' passe.s tlirou^li a maximum 
\alue at an angle ot imadeiiee <h‘termined hy the eipiation 

[.C' : 1) siir / 

and the eoi l esponding maximum is given hy 

■ os 0 0 )--^^ 1,'A 

‘ 1 r i t )“ 
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(or. .*). — If cos (a - 0, tlio ;ixes of tlio r(‘llect(*(l t‘lli|)iic, \ ihnitioii 
;iro in, niul ])cr[)(_‘n(licular to, tlu‘ [)laiio of inc*i<lcncc, and tln‘ L*orivsjM)n(l- 
inci(](*iic(‘ is i^ivt'n hy 


2/x“ sin ‘ / i i 1 ) ij- i -- 1 0. 


If a, I tin's incidence the jdain* of j)olarisa.tion of tin' incid('tit lii^lit 
makes an angle of 15 witli tin* plane of incidence, (ho i-(‘ll(‘cted ligdit 
slnndd be circnlarly polai'is(*d. Tin's allbrds an e\ ja'rinn'iital nn^ans of 
V(')-dying tlni foi-egoing tln'oretieal cesnlts, but. in ord(!i' that the values 
of detetanined by the foi*eg;oing <|uadratic, should Imj la'al, it is nt'ct's- 
.sary to hav(^ 

c(jnstMitn;ntly, a, sid)stancc of rt'fractivc index iieaiiv C(jual to 5 would 
b(‘ r-e(jnir<Ml. 

rin* |•(Mjuir(*d dillc'ia'iicc ot phase* may howe'ver be*, jn'odiiccd bv t\N(> 
Of more* total ftdleetions from a, substama*. such as glass with a smalh'f 
index of re'iraction. dims it tin* a/iniulh of tin* phnni of ])olarisation 
of th(Mncid(*nt light be 15 , and if a. dillerema* of phase* eef 15 be intro- 
duceel at (.Rich roflen-liem, the ligdit. twie'e* i-ellecte‘d will Ik* circidaiiy 
polarised, eir if a differences of phase* of — lb/ be j)roelnce*d at (iacb re'lh'c- 
tion, the light // times totally reslh*e!te‘el will hes e*irculaily polarise'd. In 
the first (.‘ase the angle of iucieh'nce is de'tenniinal by the eepiation 


Cdsio o'. 1 \ 2. 


{'2 I 1-1 ..sill- / • 2 : 2 n. 

ddiis giv(3S re*al values eif i, for glass ainl media wlmse inde*x of relVac.tion 
lie's betAV(*(m 1 ' 1 anel 1 '(i. 

We* may at e)ne*e unite deiwn the eanie'spoml 
ing foiniuhe for three*, or four, t.eital re*llections 
■ — tha,t is, for e) - o'i=7r/(), tt e'te. 

214. Fresners Rhomb. In verificat ie)n e>f 
the foregoing conclusions Fresnel const l ucte*!! a 
))araJlelopipe(l of glass stich that a ray of light 
Al> (Fig. ITd) falling normally e)n the*, etid suflcj-s 
total retlection internally at 15, where it falls 
Uj)on the face at an incideaice* of 55 , anel again 
at (^, and then emerge;s normally at the oth(*r 
end of the rhond). At 15 a dilference; of phase 
of 45° is introduced that is, retardation -and the same dilVercnce 
is again produced at C, so that in all 90 ’ difference.* of pliase is int ro- 
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(lucu<l, ()!• a rotanlatio!! of |A, and thus if the incident light be 
polarised at an angle of 4 - 0 ' to the plane of incidence ABC, its 
roni])oneiits in and ])erpendicular to the plane ot incidenc(j will be 
etjual, and tlui emergent light is found to be circularly polarised. 

(Jonversely, if the incident light be circularly polarised, the rhomb 
introduces a Lu ther dillerence of phase of aO'", so that the emergent 
light is plane polai ised. llemai, generally, if a ray of light originally 
])lan<' polarised in an azimuth of 45 ’ to the plane of incidence be passed 
through any numbei* (it) of Fivsmd s rhombs, the emergent light will 
l)e cir< uiarly or jdaiie polai iseal according as u is odd or even. A\ ith 
such rhombs W(; may therefore test ])etween ordinary light and cir- 
cularly ])olai-is<Ml light. 

IJy means of this rhomb w«^ may also (.‘onvtirt elli[)tically polarised 
light into ])lane-i)o]aris(*d light. For if tlie ax(‘S of the elliptic vibra- 
tion 1)(‘. in aial perj)(‘ndicular to the plane of incidencci ABC, the two 
inteiaial retlections will int] 0 <luce a furtlnn- dilference of phase of 90*^ 
between its components, and tin* emergent light should be plane- 
])olai iscd. This light will then be (extinguished by a NicoFs prism, and 
W(i can thend’ore t(;st betw(‘<‘n edliplically polaris(;d light and partially 
])oIaris(‘(l light. 

Fresners rhomb conse<|Uently poss(;sses all the properticis of a 
(|uart(‘r-wa\ [)]ate (Art. '227), and is piefeiable to it in wcjrking with 
white light, since the ditference of the velocities of the ditferent cohuirs 
in glass is inconsiderabh*. llowciver, the emergent beam of light 
changes its dii-cction when the i homb is rotatcMl, so that there is trouble 
in following it- with the other parts of the apparatus. It is best there- 
fore to use a (piai’tei* wave plate in working with monochromatic light. 

215. Newton’s Rings -Polarisation of the Light. In calcu- 
lating tin* ellects pi'oduced by the ndlection of light fnmi very thin 
[>lat(*s (if transparent matcirial (Art. 115) we suj)pos(*.d the amplitudes 
of tin* incident, rellect(*d, and refracited vibrations to be e, nb, uc 
res])ectiv(*ly. Wc now know Avhat the (puuitities h and c are in the 
cast* of polarised light. Thus for light polarised in the plane of 
incidence, taking n — 1, we have 

sin (/ r) ^ 2 cos / sin r 

sin (/ -1- ;•)’ ^in (I f /’) ' 

anil I'm- light jxilarised in the perpendicular plane 

// _ b ~ r) , 2 cos '/ sin r 

tan ((}- ■/•)’ ^ sin (Lf- r) ct^s p/ - r)’ 

Snlistituting this value of b (or//) in the expression of Art. 11. '1, we 
uhtain the inti-nsity of the reflected light. 
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It is remarkable that when 2 + 7* -90 , wo have // - 0, ami con- 
sequently the re?lecte(l rings should disappear completely, and the 
transmitted light should be equal to the incident, when the light is 
polarised perpendicularly to the plane of incidence and incident at the 
polarising angle. 

Again //, after vanishing at the polarising angle, changes sign as 
the ineidencc increases beyond that angle. (Jonse([uently if the rings 
begin from a dark centre with i \ r<0i) \ they should begin from a 
white centre with I + r 00". These results are verified by experiment. 
The rings produced by polarised light beginning from a dark centre 
vanish when the angle of incidence reaches the polarising angle, and 
reappear again encircling a white centre when the angle of incidence 
exceeds the polarising angle, if the incident light be polarised perpen- 
dicularly to the plane of incidence. 

If the incident light is polarised in aii}^ azimuth a, we niay, as 
before, resolve it into two components, one polarised in the [dane of 
incidence and the other perpendicular to it. As these components on 
reflection are at right angle's and do not differ in phase, the intensity 
of the reflected light is merel)^ th(i sum of their iiitensities, or (iVrt. 1 1 .‘1) 


sm- Art . 

(1 - lr)~ i- \lr \d (1 


sill‘d A (5 

?/-)- i- I//- sin- A 5 ’ 


with a similar expression for the transmitted rings, where h and // arc 
to ])e replaced by their valiuis given al)ove. Maxima and minima, 
occur therefore in tlie case of light polarised in any plane, as in the 
case of light polarised in or perpendicular to the plane of incidence. 
The minima of the reflected rings are still zero, and the maxima e([ual to 


1 «'('-//“ a 1 ((-(/“ s i n “ a 

(1 ) //-)- ' (1 • 


For the transmittiHl rings the maxima are cMjual to a-, that is the same 
as the incident light, and the minima are (spial to 




- //-y- cos- a .,fl 

(1-1- //-T 


- //-)- sin - a 
(1 I = 


while there is no incidence for which the rings are black. 

In Art. 113 the reflected vibration has been Avritten in the form 
X sin crt/ H Y" cos a?id its phase retardation is therefore determined 
by the ratio of the coefficients of cos iot and sin o)L Denoting this 
phase retardation by we have in the case of light polarised in the 
plane of incidence 


V 1 -//- 2 cot Art 

taiirti - . - - , cot Art— 

A 1 -1- “ cos r 

M -1 


cos I 

cos i fjL cos r 
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and for light polarised at riglit angles to the plane oHncidcnce 


tiUl o', 


1 - //- . , ^ 2 ( ot ?.5 

cot .,f) . 

1 I //“ " <*,OS A cos /’ 

/-t -H 

COS /* IJLCOS l 


If th(‘ incident liglit he polarised in atiy azimuth a, the difference 
of phase of the components rellected in, and perpendicular to, the plane 
of incidtmce i-espectively will be given by 


f5j) - 


1 COS' ‘,5 + 


-/ 1 \ /i‘OS /• cos / N 

lid /A 

V /Ll/\COS/ COS /-y 


'Jdi(i r<il1(?cted light will ther(d‘or(‘ in gtiiieral be elliptically polarised. 
'Fhe diirerence of jihase will be zero when htt, where n is any whole 
numlair, even or odd, that is, for the central lines of the dark rings and 
th<; bright rings respectively. At th(‘se j)arts of the rings the light 
will (!onse(piently be plane-} )olarised. 

In the int(‘rval between two dark rings therefore the difference of 
|)has(» rises from zero to a maxinuun and them falls again to zero at the 
middle of the interval. It then changes sign and passes through 
similai* variations in the second half of the intei'val. Thus in the first 
quarter it rises from zero to a maximum, and in the second it hills 
again to zero. Tn the third quarter it changes from zero to a negative 
maximum, and in the remaining <|uarter it falls again to zero. 

dlie maximum value of (V, - is less than 90°, and hence the 
rellecled light cannot ever be circularly polarised, for the denominator 
of tan ((S', -- (S^) can n(‘,ver be zero. 

Denoting as Ixd’ore the am|)litudes of the rellected conqjonents, 
})olarised in and per})endicular to the ]jlane of incidence, by b and //, 
we hav<' foi‘ the ratio of th<i inGmsities of the ridlected components ^ 

I //- (1 //“)“+ 

c<)l-a . . — — - - . 

1 4//“ sill- AS 

For sin^(S==0 we have dark rings under all incidences, and for 
sin .1(1= I we have bright lings polarised in an azimuth (t^, where 


and if the })rincipal section of the analyser be placed in this direction 
they disappear in tlu^ extraordinary image, and occupy the place of 
the dark transmitted riim.s. 

o 

liicse lonnuLc aiitl tlio.se tor tlic traiisiiiitGff system are deduced from the? 
formul-.e of Art<. 118 .iiid 1 1 4. 
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The transmitted rings are complementaiy. The azimuth of the 
transmitted light^is given by 


Uin^a., - taira^^ “ \ 

“ (1 -n-f-l/Z-siir^-loj- 

For the dark transmitted rings sin .1^= 1, and 


juLvoar cos / 

(1 -- //“)(! 4- //-) , cos/ ficosr 

tana., tana,, -tana 

(1 - //-)(! -I- /> “) jucos/ (JOS r 

cosy /.tcos/’ 


wliihi for the briglit transmitted rings sin J,rS = 0, and 


tan a.j 


tan a 


(1 -n(l ~lr) 
(1 //■-') 


tan a, 


or the plane of polarisation is not (dianged. In observing the rings 
through an analyser successively placed in the azimuths a and n.,, two 
systems of rings are seen which correspond to those ordinarily seen 
l)y rellection and transmission. 

216. Theory of Neumann and MacCullag*h. — The piinciphi of 
the continuity of the ether adopted by Fresnel demands that the dis- 
placements pai'allel to the surfacii of separatioti should be the sanu^ iti 
both media. Hut it also re(piir(‘s the displacements perpendicular to 
the surface to be the same, conse({uently if we have the ecjuation 

(// I A) cos / y<M)sy (no sli 


we should also have 


{(f A) sin / -csinc (no si'pjnation '. 

Hence by multiplication we obtain 

(o“ - A-) sin / cos i ~-c^ sin /• co:^ r ( 1 ). 

But by the consei’vation of energy we liave 

- A-) sin / cos i - p'c-sin r cos /■ (2), 

and therefore the efjuation derived from the ])rinciple of continuity 
will be in accordance with that derived from the conservation of 
energy if 

p-p. 

Hence Fresnel’s assumption that the density of the ether is different 
in different media is inconsistent with the continuity of the ethei' 
at right angles to the surface. 
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Adoptin’^ till! jiLovc e(|iuitioris, N(3Uiiiaini .ind ALicCulliigh postulate 
that the density of the etlier is tluj same in all media, but that its 
(dastieity is difl'eieFit. On solution they find expressions for the 
am[)Iilude of the refh^eted rays which difler from those arrived at by 
Phesnel only in that tlu^ extiression for lii>;ht vibrating in the plane of 
ineidenc(i is that which Fresnel arrived at for light vibrating perpen- 
diculurly to th(^ plane of inciihmce, so that according to their theory 
tin; direction of the viliration lies in th<‘. plane of ])olarisation and not 
])crpendicul.‘n* to it ns in the tln;jry of Fresnel. 

1'hus foi* light vibrating in the plan(‘ of incidence, Ave have 


(rcllcutcd), 

(ridi’iictcd). ‘ 


{a ; h) ros i (' cos y, 
{(> />)siii/ csiii/*. 

'riicMcforc 

sill (/ i /•; 

and 

(f sin 'll 
sin '■ r) 


While foi- light vibrating at right angles to the ])lane of incidence we 
ha\'c 


and 


<l r h C, 


11i(‘r(d'or(‘ 


{<(- - Ir) sin li — f*- sin h". 


h 


tin(/ /•') 
I .111 {1 r) 


a sin 11 

sin \1 I /•) c(»s [) / ) 


(I’cflcctcd), 


(l‘(•IVact^Ml). 


1 hi‘ expressions tor tlu; r(dractcd rays have Ix'cn ijit(*rchang(id like 
thosi* foi- the i-clli'ctcd, but thin' have, also biam altered in th(‘ ratio 
sin /• ; sin i 

As in t rcsiud s tluMiry, nm‘ have for th<‘ a/imuths of the planes of 
jiolarisat ion ot the rcllecttid and refract ( mI I'avs (Ai*t. iM O) 


iiiii f-i t.ina 


and 


•o- 1 / -f r) 
cos [1 - y )’ 


t;i 11 7 tan a s(‘c (/ /*). 


Siiuilaily l.oili i;i\„ tlic .samo oxpres.sioti for the amplitude of 

a ray refiaete.l through a parallel j.late, so that experiments on the 
uitensuy „f the light rellecte<l from, or refraeted through, ji jdate will 
not dccidt' l)(‘t\>’i*cn them. 
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217. Minimum Reflecting Power of Transparent Bodies. — Mao 

CulUigh^ noticed an analogy l)etwccn the results obtained for metallic 
reflectors and those of highly refracting trans])aT*ent bodies. If we 
take the intensity of the incident natural light to l)e unity, tli.it of 
the ]*ellected, according to either theoi-y, will be pioportional to 

sill- {i r) tail- {/ - r) 
sill- (/ I- r) tan- (/ + /•)* 

Equating the first derived of this expression to zero, and remembering 
that sin = /X sin r, and therefore 


we obtain finally 


(Ir cos / 
if i fx cos r 


sill / (sin - 1 -- sin- /•) 


cos (/ ^ /’) ^ 
cos*‘ ( / - t) i 


- 0. 


The first and second factors vanish for / = 0, and consecjmmtly the 
noi'nial incidence corresponds to either a maximum or a minimum. 

The third factor vanishes if 


cos"(.' j') cos(/ ! /'), 

and this will give a value of / corres])oiiding to a minimum if tin; 
third faetoi* is negative for vmy small values of /, for then the first 
(hu'ived will be negative, ;ind tlui intensity of the i^ellecti'd light will 
diminish ;is the incidence increase's from zero to some value /. In 
ordm* that the third fa(*tor should be? negative for simdl values of i we 
must ha\ e 


if / and r are supposed very small. Hence 

(/ i 

or 

(fi-\ 1 )-- 1 /", 

since i = itr. Therefore 

/.t- - lyu, r 1 -0. 

The roeits of the equation jl' -- t/x + 1 -—0 are 2 r v^‘i anel 2 \b‘h eif 
which the lattei' m;iy be eliscarded (being less th.in unity). Hence 
any value of /x greater than 2 + will satisfy the .abo\ e ceinditions, 
.and the incidence corresponding to the minimum will b(i given by 

(MIS'* ( i r) --- cos ( / + r). 


^ Tntns. Jiuiiul I risk ^Inafntiif, v'ol. wM'ii. j»t. i. 



(MIAI‘TKIi XIV 

MKTAIJJC KI:FI.K( TION OF I’OLAHISEI) U(iHT 

218. Partial Polarisation by Reflection in General. — Mains, wlio 

(lisr()V(‘rc(l the polarisation of light by rotlcction from glass, observed 
tliat natural light is never (•()mplet(‘ly polarised by reflection from 
a ni(‘talli(* snitaca'. I'lu^ laws (haliiced from the theory of Fia^snel 
are IlnMefoi'e not, applieabh^ to im^tals or highly refracting substances. 
M. .lainin, \\'h(» inv(‘stiga,l<al the <pn‘stion, found that, only a few sul)- 
stane(‘s eonipleti'ly polarised light by reflection, that the angh; of 
inci(lenc(‘ at which this occurred was tan ' (g), and for these sub- 
stances 1 ‘ i Fea- ;i]] other sul>stances thei'c is an angle of 
iiui.rl iiiifiK iiin d(‘tei‘min(‘(l by th(‘ eejuation 

tail / yt/. 

instead of an angle of hthil t)olarisation, and this angle is tiM-imid the 
IKi/arisiinj 

Mains was of opinion that common light is never polarised by 
reflcctiori from metals, but in KsL*> Ihewster corri'cted this (aa*oi*, and 
showed that, the icflccted light was partially polai’ised, the amount of 
polarisation d(^])(‘iuling on tln‘ incidence and })assing through a maxi- 
mum at a cei lain angh*. 

Biot verified the' observations of Br(‘wstei*, and remarked that if 
light is pai’tially |)olarise‘d by one |•e^lection at a metallic surface, it 
ought to Ik* completely polarised by a suflicient number of reflections 
taking ]dace at the same angle of incidence. In 18.S0 Brewster^ 
found I fiat when plane- [)olarised light is reflected from a metallic 
surface it r(*mains plane-polarised if the incident ray is polarised in or 
per]>endieular to the plane of incidence, but in any other case the 
light is partially "" ih^jtnUn isnr" l)y the reflection. 

219. Changre of Phase and Elliptic Polarisation by Metallic 
Reflection. — hen the incident light is polarised in any azimuth a, it 

‘ Ihvwstor, /Vo7. rnniR. 18^0, p. 287. 
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injiy l)e rcphiced by tw() components, one p;u;illcl to iind the other ut 
right angles to the ])lane of incidence. Now these components may 
])ecomc altered in two respects l>y reflection. In the first ])lac(\ th('ir 
amplitud('s may l)e changed, and sectmdly, their [)has(‘s may ] h ) altered. 
The change of amplitude alone merely alters the plane of polarisation 
01 ’ rotates it through a certain angle, the reflecte<l light remaining 
plane - polarised ; henccj if tlui ndhaUcal light is not plane- polai’ised, 
the phases of the component vibrations must have been chang(;d by 
the reflection, and changed by dilVerent auiounts. If this view b(^ 
corn^ct the depolarisation observed by llrewstc'r is none other than 
elliptic polarisation arising from the change of phase introduced by 
rcHection between the components parallel and })erpendicular to 
the ])lane of incidence, a.nd that this is so is supported by many 
expei’iments. 

Thus when 2 )lane-[)olaris(Ml liglit sutlers reflection at a metallic 
surface it e\pei‘icne<‘s in general a changes of phase by the refhiction, 
but the change is hiSS for light polarisecl at right angh's to, than 
for light polarised in, tin'. ])lane of incidenc<j. ( \)tis(M[uently if the 
incident light be polarised in or at ri.uht anghis to the plane of 
incidence, the reflected light will r<;main plane-polarised in the same 
plane ; but if it be polarised in any other ])lane the relleetcul (;om- 
ponents in ainl ])(Mpen(licular to the plane of rellection will difler in 
phase, and the reflected light will in general be clliptically polarised. 
This diirerence of phase inci*eases fi*om zero at normal to tt at grazing 
incidence. 

In the case of light polaiTsed in tire jdane of incidence the reflected 
light inci’oases in intensity from normal to grazing inciderree wherr it 
is all reflected ; but when the incident light is polarised at liglit 
angles to the plane of incidence the reflected ray dimirtishes irr 
intensity from nor-rnal irreidrmee to a certain angle at which it biiconrr's 
a minimum, it then increases agairt to grazing incidence. Tlris mirri- 
mum is little nrar-ked for' silver, but is vc'r-y decided irr the case of steel 
and certairr metallic oxides. 

Thus wherr natural light is refhrcted fr-orn a m(?tallic sur face, W(*. 
may suppose it replaced by two e<|ual components, one in and the 
other* pei'pendicidar' to the plarrr^ of inciderree. Theses com[)onents 
will be I'cllected in dilfeient amounts, arrd the reflected bearrr will be 
partially polar-ised. The excess of one of these components over the 
other is gr-eatest at the polarlsirrg angle. 

220. M. Jamin’s Experiments. — A method of obser vation, sus- 
ceptibhi of gr-eat accur acy, has beerr employed by M. Janrirr ' to 

^ Aufia/di (/e ('/liiinr ct ilc I'hnsiqm., third s(*rii*s, tom. xix. j». 29(>. 
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rnc.'isuic. the iiiteiisitv of the li^ht reflected fr(^in iiieUds. ihe 
pririeiple of his Tn(;thod is tlui coinparisoii of th(i light reflected from 
tie; iiH^tid with th;it ridlected from glass. II(; employed a plane 
minor, om; lialf of whieli was metal and the other half glass. Taght 
])olaiis(‘d hy a Ndn^ls |)rism fell upon this miiror, and the reflected 
light \N'as «‘\amin(!d h\' a. douhly lofiacting analyser. iwo images are 
form(‘(l ])\' tlni analyser, each of which consists (jf two pai’ts, on(‘. 
foiine(l hy njflection from the glass, the other from th(‘, metal. The 
]att<‘r hall is gem'j'ally coloured, so that, it is ('asily distinguished. 

If tin* incident light h(‘. polarised in the ])lati(^ of incidence, and 
if th(' principal ])lam^ of the analyser make an angle a witli the 
plaiKi of incidenc(‘, tin' intensities of tln‘. ordinary and extraordinary 
imag(‘S will he measured hy 

. . . //“•'o.s-a, />-siii-a, 

Md.il . . . ///“COS- a, ///- sill” a. 


wIhm'c a, accoi-ding to Fresners formuhe, is ecpial and /// 

' ^ siri(M /') 

is a, eoelliciiMil foi‘ the im*tal. 

To d(‘t(‘rmin(' /e we might se(‘k tlni case when the two halves of 
lh(‘ imag(‘s are of (Mpial intensity, and we would tlum ha,ve 


///” 




.,snr;/ r) 
e- . 

siir ! / 1 /■) 


lint as this ineidcne(‘ does not exist, ami sinc(‘ the ordinary image of 
one jiart of the mirror and the (‘xtraoi-dinary of the other vary frotn 
zero to a. maximum in invei‘S(‘ smises, there will always he. two values 
of ((, which make the ordinary image of one half eiptal to the extra- 
ordinary of the other, and we will havi* 

//r’ fu.s- //''siii'-’o,. nr //t‘-'siM‘*ao />“i'ns-a.„ 

fi’om which W(‘ obtain 

in'- h'- ta ii - a, h'~ ent ” a.,. 

the angles Uj and n., are therefore complementary. In ])ractice both 
c, and < 1 .^ ar(* determined, and om* oliservation corrects tin; otliei*. 
'riu* colouring in the image of the m(‘tal rt‘nders it ditlicult to sav 
when the intensities of two images compared at*e e([ua1, and besides 
this till* images art* not \cry close* to (*ach other. 

for light ])olarised at right angles to the plane of incidence we 
have similarly 

in"' //'-tan-a'i //“c«it- 
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b - - tl- ^ . 

I /•) 

'Fo calculate m it is necessaiy to know the index of refraction of tlie 
glass. Tins ]\L Jamin determined by the rotation of the plane of 
])olarisation caused by reflection. If the azimuth of the im*ident 
liglit l)e a, and tliat of tli(‘- reflected we have 


tail 


tan a 


I'OS [j -1- /•) 

/•)' 


Consequently if a -- 15 ' we have 


or 


or 


cos (/!/■) 1 tan / tail r 

* cos (v 1 I tan / tan r 

1 lan/:t , 

tan /tan/- , . . tan (la /-t), 

l-}tan/:f 

tan /• tan ( la cot /. 


Idiis equation determines the angle and the lefractive imlex is 
found from the (Mpiaiion sin / ft sin /*. 

According to JamiiFs experiments the dilho’ence, of phas(‘ is small 
from normal incidence to an angle ti little h?ss than th(‘ [)olarising 
alight; it tlnni increase's rapidly, re'aches 90 at the polarising atigle, 
and ])ecomes very nearly eepial to tt at an angle a little greater than 
th(^ polarising angh*. The change of [diase therefore does not occur 
sudderdv at tluj ])ohirising angles, but lakes jilace continiionsly and 
rapidly in the neighbouiliood of this angle. According to hresne'Fs 
theory avc. shemld say that the ditterence of phase betw(*en the two 
refh'cted components is /(‘ro iq) to the angh' of maximum ])olarisation, 
that there it smldenly changes to tt, and remains so u]» to grazing 
incidence'. 

A v(irifie!a,tie)n of the* elli])tie* jxdarisation eif light by metallic 
reilection was oliserve.'d by ilrewster. He found that if a ray of 
plane- polarised light be redlecteal tavice at the' same angle, but in 
j)en‘pendicular [ilaiu'.s, fi'om two similar metallic surfaces, the ray will 
be again plane- pedariseal after the two reflections. De Stuiarmont 
interpreted this experiment mathematically as folhiws ; — 

Leit the reflection change the compement parallel to the plane of 
incidence by a1t('ring its aaii[)litude in the ratio in : 1 and its phase 
by d, and let the corresponding quantities for the otlu'r com])onent 
be in' and o'. Then tin', incideait and reflected vibrations in I>rew'st(n*s 
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(‘Xporiliiciit, ill and pcrjicndicnlar to tlie plane of incidence respectively, 
are 

One- i.-flr.-t.-jL Tuii'r irlicctod. 

,/,sinw/. /////sinUj/ : O', ffni/ii sin ; d-\-d), 

,/'sinw/, <////' sin ' w/ o >. <(' s\n {wf \ 3 + o'). 

Ihaice tlie phases of tln^ twice reflected components are the same, and 
lli(! ratio of their amplitnd(‘s is the same as oi‘igina,ll y. Ihe retieeted 
Ix'am is tlnacfore plane ])olariscd in tin* [aimitis e plane. 

221. Multiple Reflections.— In tin* case of lij^lit rellected many 
linn*s in the same plane at the, saiinj incidence, if tin; r(*tlecte<l lii^lit is 
Ithnif |)olai ised tin*- relative dillereina* of phase infrodueed by rellcctioii 
may be made, sonn* multi])le of - ff the incident lii;’ht be polarised 
in a/inmth </, its eom|)onents jiaralh*! and perjiendiculai* to the plains 
of iiK‘i<l( M<‘e are e cos </, and n sin </., conseipiently if each reflection 
changes tin* amplitude of one vibration in the ratio ni : 1 and the 
otlnu' ill tlni ratio /// : 1, we ha\(‘ 

I iifi'li III li”lit Ilfllf'ctnl II 1 iiiu'S 

cos a sill 6.»/, I c cos a) ///" sin (to/ i no), 

</ sill tt ^in w/. (n sin a) ///" sill (to/ i n3' j. 

lint if tin* li,i;ht after // I’eflcctions lu* plane-polarised in a/imiith />’, we 
hav (5 iin //('/ ! KTT, wlieie K is a whole number, and 


'rheivfore 


// 

tan::! ^ 




also if It d(‘not(‘ tin*, ri'llectini!; jiowm* of the surfa,ce, which may be 
measiu’ed photonn*trically lor the anij;le of incidence used above, we 
hav(^ ’ 

R“— : ///'"), 

and we ha.\e thus two I'cjuations to determine /// and in'. 

M. Jamin employed the method of multi[)le ndlection to dcteianine 
the chanyc* iif ])ha'^(i pi*oduco<l by a sinii;h*, riRIection at a metallic 
surfaci* for any ani;h‘ of incideiua*. Two [laralh*! plates of metal wen* 
placed at the c(*ntr(‘ of a circle (Fii;\ 17o), one of them fixed and the 
lUlier movabl<‘ by a micronn*t(*r screw so that the distance botwemi 
the jilalcs could la* alten*d at pleasure. 

'The retlectin^ plates were initially ])laced at such a distance a])art 
that tin* lii;ht siillert'd only two relh*ctions, and the incidence was then 
ariani:etl, by so tiirnini; tin* sujiport on which they were placed, that 

i' rile Miuart' of ilio in^i^ jiowcr for iilaiic- j>olaiiscil li^^lit is ///,-cos-a ( 

III sin a ’ 2///,/'' .sin Cl CCS a (a 3' . Fur ordinary lii^hl vc may m“<^l(‘ci, the la^t 
trim and takr tlic iman valiu*s iil'cu.s-a and sin‘-o. Tims R- - - .j( ///- f ///'-). ] 
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tlui reflected light w;is phuie-p()larise<l. At this incidciiice a difl'eience 
of phase of 90" is ]^ro<lueed at each retlectioii. The ])latcs were then 
brought nearer (Fig. 170) .so that the light was reheeted 4, (>, 8 . . . 
times, and hy turning the su 2 )port gradually incident's were found for 
which tin; reflected light was phme-polaris(Ml. 

The phase diflerence intT<Kluced at any incidc'uce is easily calculated, 
for if the light suiVers n reflections and if o he the change of phase at 
each ]*efle(*tion, then //O is e<jual to sonu^ multiple of tt when the 
e-mei'gent l>eam is })lane-polarised. Thus if with if reflections tlie, liglit 
is plane -polaris(Ml a,t angles of incidenc(i (4c., successively 

inereasiTig from the normal, the change of phase foi‘ /\ is ^ , for 

// 1 - 

Ave liaA^e d, — whihi etc. 

It.j, •' //.; 

The e(juati(_>n tani = //., Avhich (hdermiiu's, according to tln^ law of 
Ihewster, tin*- angle of maximum polarisation, indicat(\s that this angle* MetaJIii 
is diflerent for the diflerent colours, iin'-reasing with // — that is, from 



riu. it:.. ri-. ja;. 


the red to the viejhit. M. Janiin has found, however, that tin* reverse 
is the ea-S(‘, in metallic reflection, tin*- angles of maximum ])olarisation 
decr('asing from tin*- re'd to the violet. If therefore the- ahoN C eepiation 
a[)])lie.s to metals, w<} must admit that for tln'-se sul>stances the ind(*x 
of ndVaction diminishes from the red to tin*, violet — that is, tin*}' exhibit 
anomalous dispeision. 

222. MacCullagh’s Theory. —The following in\ (*stigatit)n nf the 
intt'usity, and changt* of phase, of the light ](*flect(*d from nn*lallie 
su]*fae('s may Ik^ regar<](*d as an (‘.\ei*eise on tin*. foi-muhe deriN(‘d by 
Fresnel for the j'efl(M.*tion ainl i*t‘fraelion of jxflarised light. Depending, 
liki; Fresnel’s doctrine of total r(*-flec-tion, on a, hy[)Othetical int(*i’])r(*-ta 
lion of an imaginai-y formula, it has no pr(‘-tension to any ])liysieal 
])asis, blit may be iFiteresting to any one wlio is enrions to ])nrsue the 
subject fui'tlier. 

Tfi the cas(‘ of metallic reflection, like that <d‘ total reflection at tln^ 
surface (_)f a traus]xirent substance, there is no rt‘tVact(*d wave, or at least 
the eflect of the refract(*d wave* is zero at a veiy small distance fi'OFu 
tlie surface.^ 

' According to Fivsind in the cjiso. of total roiloi-tioii a vihratory lootioii exists 
ill tiic si'eoiid nK'diuiii V(‘ry iio.U' thV siii-raoe {fKanr^ f /)/• i. ]»[». 117, 7r>r). 
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111 the cjise of total reflection we have seen that the amplitude of 
the I’cflected wave assumes the form 

V I 1 , 

M,nd FresM(*rs interpretiitiori of this is that a change of phase occurs, 
iiKiasunid liy tan o 1 *. 

MaeCulla^li/ pursuin<( the sanui track, assumes that the sine 
of th(‘. an^h; of refraction in the case of metallic reflection is of the 
iina<i;inaiy form 

sin / / 

sin/- (cnsxfv Isinx), 

the (juantities m and \ bein^i^- indeterminate. For trans])arent media 
/// fi and y — 0 . 

Sinc(i sin^r i cos'/ ^l it follows tliat cos/’ is also imaginary, and 
of th(‘ foi’in 

<‘OS I , I . 

^•ns /• - (cos X I \ - Isiux). 

Now for light polariscnl in the plain' of incidence tini theory of Fresnel 
gives 

sin /• cos r 

, sini/ / ') ''in A cos/ 

It ft . — . 

si n ' / ‘ /•) sin /• ^ cos r 
sin / ' cos /' 


Siihstilutiiig for sin / sin / and cos /• cos i from tin? foregoing expressions 
the formula for // heconn's 

/^_,//"'cosx fiiri)s\) 1 (///'sinx ///sinx’)\^ -1 

(///'cosx i- /// ''osx'j ■( (//<'siux -l /w. sinx')s^ F 

01’ multiplying hy the conjugate form of the (hmominator we find 

nr- 1 li/yo//' sin (x ~ ' 

nr I nif- \ '2 nun' v{\s{x - X ) 

This expression is of the form i* i- Q, - 1 , and interpreting it as in 
th(' case of total reflection, we find for the intensity of the reflected 
light F- -! or 

I n- ^ ' ^ * tnrni- si ii- (x - x' ) 

///'“-I- 2/y</y/' cos (x " x ) 1“ ’ 

///’■ 2y// y//* (*os (x " X ) 

//A“ 'l' yyy'“ + 2niin' cos (x “ X ) ’ 


' MiicCnll.igli, /*rnr. lioii. Iriah Aanf. vol. i. ]>. 2, 1830. 
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iiiid for tlio change of phase 


tan <5 


'2unii sill (x - x') 


To determine nt' and y' in terms of ni and y, we have 

sin- y‘ t cos- y’ 1 , 


or 


sill- ^ cos- / ^ , 

(*()S 2y i- cos ZY 

Jtr - 


ddierefore 


/sin-y . , <*os-y • A ' , t 

( . sin 2x T ... sin Jx ^ 11 . 

\ nr /H “ ' / 



cos 2x 1 cos 2x -- 

nr m “ 

and 

sin-/ . ^ cos-/ , ^ , 

.» sin2x i sin 2 y 

/yy- tit - 

Hence 

sin 2x' t.iir / sin 2^ 

ttr 

and 

. nt'-i nr sill" /cos 

cos2x ‘ ..... 

y/y- cos- t 

or sijuarinji; 

and addiiic’ the e.xprc'ssion.s foi* 

liav(i 

1 -- . A ttt^ I .sin*/ 2//y-sin‘ 

yyy.‘cos'*y 

or 

yyy-cos’-/ 


\ yyy* ' sin* / - 2yyy“ sin'- / cos 2; 


where 

Aifain 


and 


Hence 


and 


tn~ Co,s“ / 


I)- s/y/M-sin*/ 2/yy- sin- / «‘os ^x- 


sin- i sin 2x 

, t.in 2x i • .> . 

. ,, tan2x I;in2x sin-/cos2x 

X j , (;,ii t;in 2x' ,, sin-/ sin 2x 

yy^- si n-y. cos Jx 

■II r sin 2x 
yyy- cos 2x sin-/’ 


sin2/x x') 


nr sin 2x 


nr sin 2x 


\ /it^ j- sin^ / - 2///- sin- / <'os 2x 


„l)- + «*os-/ - 2l) cos / c(»s (x X) 

I )- }- cos- / h 2 1 ) cos / cos (x - X } ’ 


tan 0 


2l) cos / sin (x - X ) 
Vi >s- / - I )- 
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In the case of light polarised at right angles to the plane of incid- 
ence we have 

^ sill /’COS/- 

,, liiiiOi r) sill / fos / 

h n - / 

iaii(i t /•; ^ , sill /’COS/ 

sill / COS / 

mm' cosfY ' X'' 1 •‘^ia (x ! ,x') 

mm' i cos ' X t (X • X y 

1 sin (x -I x') ^ “ 1 

nrm'"^ i 1 i !2/// y//' cos (x 1 X j 

which is of the form P i 1. Hence 

,, .,iirm'- , I 2/y///y.' I'os (x i X 
I c- ,T, 

m-rn -ill ^Imm c<»s i^X 1 X ) 

and for the change of j)has(‘ 

‘2//y///'sin (x i x'} 

laiio 

arm - 1 

()i‘ substituting for ///, we finally obtain 

/yy‘cos-/ I I)- 2 1 )///.- cos /cos (x I xO 

and 

tan fV 


‘cos- / I I)- I 2l )/yy- cos / cos (x i’ X ) ’ 
2l )y/<-- cos / sill (x i x ) 


///‘cos-/ I)- 

223. Simplification in the case of Metals. — Since at iionnal incid- 
ence the light refh'cted from a polished metallic suiTace is veiy nearly 
e<|iial to the incidmit light, it follows that the (juantity 

///- I 1 2/// cos X 

nr 1 1 I 2/// cos x 

should be very nearly eipial to unity. For when / = 0, 1)- — ///-, and 
sin '1{\ - \ ) ™sin I’y or y'-— 0. 

lleiK'e m must lx*, very great, and if we neglect we have 

/// - cos //cos 


have 


and 


Snhstitnting this valnt* of m' in the exjnessioiis for I and (S, we 


m~ ; 

2/// «-os X 

cos- i 

cos r 

cos’- 

/ , . cos / 

///- ; 

1 - 2 /// cosx 

cos- i 

r cos r 

, .,cos’- 

/ , cos / 

1 - nr — 

- - 2/// (M)s X 

t'OS- 

r cos r 

, . cos’- 

/ - cos l 

1 ! ///* 

2/// cos Y 

>• 1*1 W I* ^ 


<'OS / . 

'Im .sinx 


Ian 6 - 


, tail 5' 


cos / . 

/ sinx 


- 1 
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INTKKFEPiKNrK OF J’OFAIOSFI) LKOIT— < 'oLOl liS OF THIN 
(’IlYSTALr.lNE |►I.ATl:S 


1. Pftndlrl Pldtir-Polarisn/ LiijJit 

224. Introductory Statement. We now pioceed to the study of 
the idienoiiieiiii wliicli oeeur wlien })olarise<l li^ht is transmitted throu^irlu 
thin ])lates of doubly r(dVactin<>* sii]>slanees. Tin*, first disc'overies in 
this rei'ion wei*e made by Arai;o * in ISII. Plaeinii; ])y chance a thin 
jjlate of mica in tlie patli of a pencil of plan(‘-))olai'ised lit;iit (tlio blue 
light of the sky) ;ind examining it through a doubly refracting ])risiii 
(Iceland spar), he observed that both tln^ ordinary and tlui (*xtra,oi’dinary 
images were richly coloured. In general, wlnm plane-polarisial light is 
transmitted through a thin plate of any doubly ndracting substance and 
then (‘xamined by means of a doubly refracting analys(M*, both images 
ar(i richly ('oloured, and if they ovei’lap their common portion aj)pears 
white, which shows that tlie (.‘olours of the iniages ai'e eompleinentary. 

If j)lane-p(dai’ised light be i-e(‘<;ived by a Nicol’s prism, or other 
atialyser, Ave know that in one ])osition (d* the Xicol the light is i‘(‘fused 
transmission. The Xicol being s(;t in this ])osition, if a thin plate of a 
crystal lai introduced across the path of the light, the ca|)ability of 
transmission through the Xd(;ol is suddenly restored, ami a portion of 
the light is transmitted which depends on the. position of tin? intei’posed 
crystak Tor this reason the light was said to be d(‘.polai*ise(T’ by the 
crystal, and by means of this })roperty the doubly refracting stnuAuiii 
of many substances Avas detected by Xlahis, Avherc'. the s(‘paration of 
the ray was too small to be observed dirc'ctly. 

A medium origijially isotropic inay acquire the power of double 
refiaction Avlien subjected to strain, and if the strain ))e Innnogemjous 
the optical j)roperties of the substance are similar to those of a natural 
crystal, the jrrincipal axes of the A\'aA"e surface coinciding AAuth those f)f 
^ Avago, Coja/fJefes, tom. x. p. -Jf). 
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the strain. A feel)le doubly refracting power is conferred on glass by 
bending or straining it. Unequal heating produces*the same eilect, as 
it is accompanied by expansion, which gives rise to internal strain. 
This double refraction may be detccte<l ])y examining the glass between 
crossed Nicols, and so dedicate is this test that it is difficult to find 
lai’ge; pieces of glass so free 1‘rom internal strain as to show no revival 
of light wlien so examined. 

225. Intensity of Illumination at any Point. ~ Let us now 

see how far the physical theory accounts for those appearances. 
In th(i first place, there are three essential conditions for theii* 
production. 

(1) 'J'Ik; [)olarisation of the incident light. 

(2) 'riie interposition of a thin crystalline plate. 

(.‘U The Jiction of an analyser on the light after passing through 
the j)late. 

Let the j)rincipal jdane of the polarising Nicol ))e parallel to OP 
(Kig. 177) and let tlu^ principal plane of the analysing Nicol be parallel 
to OA. Tlum since it is the extra(H’d inary ray that is tiansmittcd 

■ through the Nicol, and since by Fresners 
hypothesis the vilu’ations of this ray are in the 
principal plane, if follows that the incident 
viluation at O will be parallel to OP. On 
entering the plate it b(a*()nies broken up into 
two others, polarised at la'ght angles to each 
otlu‘r, one parallel to OX and the other parallel 
to , where OX and OV are two determinate 
I'cctaiigulai* directions in the crystal. Hencii if the incident vibration 
])c If — it sin (f)/ it giv(‘s rise to 

it cos a sill w/, and it sin a sin w/ 

along OX and C>Y where POX = a. 

As tlu'.se waves travel thi’ough the plate with different velocities 
they will be une<pially retarded, and consequcmtly on emergence they 
will differ in phase by an amount The transmitted vibrations 
therefore take the form 

cos a sin w/, an<l f/ sin a sin (w/ ! 5). 

On leaching the analyser these vibrations become resolved parallel to 
its pi‘inci[)al plane OA. If therefore AOX = /i we have two vibra- 
tions parallel to the principal plane of the analyser : the component 
cos ii sin (.)/ along OX gives tt cos a cos /:? sin oj/ along OA, and the 
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component a sin a sin {ud + 8) gives a sin a sin sin {iot -v 8) along OA, 
and these compoufid into a resultant vibration 

7/ - (( COS a cos /i sin col -i a sin a sin /3 sin {cot + 5), 

parallel to OA. The intensity of the resultant vibration is therefore 
given by (Art. 43, chap, ii.) the equation 

I — ((r {(ios'^ a COS" (i + sin- a sin- fi -I- 2 sin a cos a sin jti cos /3 cos 5} , 

— «ft-{cos^a cos-/i + sill- a sin- -1-2 sin a cos a sin jScos /3 (1 - 2 sin- , 

= f7-{(cos a cos (i -f sill a sin /3)“ - 4 sin a cos a sin cos (i sin- J5j . 

Hence finally 

I -<<-|oos- (a - p) - sin 2a sin 2p sin- .U| , 

where a - p is the angle between tlie principal planes of the polariser 
and analyser. 

If the analyser be merely a doubly refracting rhomb two images 
will be presented. The above expression refers to the extraordinary 
image, and it is seen in the same manner that the intensity of the 
ordinary image is 

!(, ar |sin- (a - p) -I- sin 2a sin 2p sin- J,5J , 

which shows that it is complementary to the extraordinary. We shall 
confine our attention to the extraordinary, as it is that furnished by a 
single image analyser such as NicoTs prism. 

In the case of white light 3 will be difierent for the various wave 
lengths,^ and if a also varies with the wave length, the general exiires- 
sion for the intensity will lie 

I - cos- (a - p) sin 2a sin 2p sin- Id. 

The first term being independent of 3 will have no effect in producing 
colour in the image, but in the second term o will depend on the wave 
length, and consecjuently the different colours will enter it in different 
amounts. If the incident light be white the transmitted light will in 
general consist of two parts, one of which is white, depending on the 
first term, and the other more or less coloured, arising from the second. 
With a given plate the combined rotation of the Nicols, or the rotation 
of the plate round its normal, will affect all the colours in the same 
proportion, and consequently the tint of the second term will remain 
the same, but its intensity will vary as sin 2a sin 2/1 varies. Now 

^ In sonic crystals tlic dispersion sensibly modifies the relative retardation as 
d( 3 ]H*nd(*nt on the wave length. Ilenscliel (Art. “ Light,” Km'if. MrlnyjtvlUdnti, 915) 
observed that the rings exhibited by a coninion variety of uniaxal apojihyllite were 
approximately achromatic;, indicating that 5 was almost independent of A, and under 
these circumstances a very great number of rings may become visible. 


Tlic colour 
term. 
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sin 2a sin 2/i may he either })ositive or negative, and for this reason the 
resultant colour of the plate may be cither of two (liferent tints. For 
example, when sin 2a sin 2/i is positive (wliicli will hold as the plate 
is rotated from a = 0 ' to /3 = 90')f the resultant light will consist of a 
certain quantity of white light, from which a varying amount of light 
of a, given colour is Htfhfmrtnl, and when sin2asin2/i is negative 
(which will hold from /i — 90" to a = 90"), the n^sultant Avill consist of 
a given quantity of white light, to which a v/irying quantity of light of 
a, giv(ui colour is a<ldcd. In each case the resultant tint remains 
unalter(^(l as the plate is rotated (until sin 2a sin 2ft changes sign), 
except in so far as it becomes more or less diluted by the greater or 
less admixtui(i of wliitc^ light arising from the first term of 1. 

ddie colouring, d(q)ending on the second term, will be most marked 
when a - ft = 9^) , and least marked when a - /i = 0, the corresponding 
valu(‘S of I bei/jg 

I sia- 2a sin- Id ((•<»loiir most jiiarkcd), 

1 wr/'i l - siu-2a sin- i5) (colour least marked). 

In the former case tlie field of the analyser would be dark if the plate 
wert‘ riunoved. In both cases the appearances are most marked when 
sin 2(t= I, or a-- 15' — that is, when the princi[)al pianos of thepolariser 
and analyser bisect the angles between the princi])al planes of the 
plate. 

When the light falling on the thin plate is not polarised there is 
no exhibition of colour in the held of the analyser, and the images are 
wliite if the incident light be ordinary white light. The light suhers 
double refraction in the crystalline ])late, but on account of its small 
tlii(d<ness there is no visible se])aration of the rays, they consequently 
combine and still j)reserve the pro})erty of giving two images of equal 
intensity in a doubly Kdracting analyser, the intensity of each image 
being half that of the incident light. 

^ 1.— Ilic inttuisity in any position ft of the analyser is comple- 

mentary to that in tli(5 peri>cndicular position ft + 90". For if fj and I., 
denote these two intensities, we have 

T , ■ a- }eos- (a - [-i) siu 2a sin 2/^ siir , 

and changing ft into 90 + ft, wc have 

I.j - a“{siir- (a •' ff) -r- sill 2a sin 2/5 sin- , 

therefore 

I, f I.j a-, 

<n’ the sum of the two intensities is equal to that of the incident light. 
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The effect of rotating the analyser throngli 90^ is thertTore to 
change the intensity, and also the tint, into its complenientary. If 
the analyser he merely a doubly refracting rhomb, the two images 
will exhibit these complementary tints, and if the analysing rhomb l)c 
removed altogether these complementary images will become super- 
posed, and we have a single image without colour. 

i'or. 2. — Fora given n‘lative position of the Nichols — that is, for Adiro 
a - /I constant - y — the intensity of the eolourcd component will vary 
as the plate is rotated round the normal to its plains and tlie image 
will lie uncoloiired when 

sill 'la sill 2/i- 0, 

that is, when (/. = 0 or 90 , and when = 0 or 90 ’. Ther(‘- are con- 
sequently four })ositions in wliich the image is achromatic, viz. when 
the principal section of the jilate is ])arallel or j)er[)en(licular to the 
princijial phuie of the polariser or analyser, and the intensity of the 
achromatic image is 

I ^/-C()S“ 7. 

This will be a maximum when y = 0 ’ — that is, when = or when the 
polariser and analyser are parallel, and zero when y — 90^, — that is, when 
the Nicols are crossed. In both these cases the four positions giving 
an achromatic image obviously reduce to two. 

Cor. 3. — If a ==/:?, or the principal planes of the Nicols are parallel, 
we have for the int(‘nsity of the transmitted light 

I — - sin- 2a sin- .15). 

Cor. 4. —If in addition a — 0 or 90', we have 

or the transmitted liglit is equal to the incident. 'Fhe plate has here 
no effect, as is easily understood, for if a is ei[ual to 0 ’ or 90 ', the 
direction of vibration of the incident light is parallel to one of the 
possible directions in the crystal. It therefore passes through unaltered 
to the analyser. 

If a = I — ^/-cos- in. f fence if (^==(2/^ f I)- and a. \ 

the transmitted light is zero. 

Cor. o. — For any given positions of the Nicols and plate the intensity 
is a maximum when sin = 0 and a minimum when sin +- 1 
if sin 2a sin "Ifi is positive, or 

I (a — /i), 5 -Inir 

1 - a- }<*Oh“ (a - 'fi) - sill 2a sin 2/jj-, 5 - (2// -1 1 )7r 


(lllilX.), 

(mill.). 
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Hut if sin 2»/. sin '2/^ is nc^gative, the ease; is i i^verse(^. The dithu’eiice 
of pliase o is (l(!t(iniiitH‘<l l)y tlie thickness of the plate traversed and by 
the wave l(;n^th of the li.j'ht nmler investi^i^ation. 

b. -If </.- , so that the .Nicols are crossed, we have 

sin 2f'^ — - sin 2(t, and 

I ff- 2a siii^ .jO. 


So tliat b)r a ^dven value of </. the intensity J will be a niaxiinum wlieii 
6=^{2ti i l) 7 r and when o - 2//-. In the fornnu’ case the intensity 
will })(i tli(! <freat(‘st jjossibh* when a -- In , for then I — and the 
intensity will la*, zero if n ~ 0 or 90 . 

(nr. 7. —To d(‘t(‘nnin(‘. the pliase of tln^ resultant vibration 


we have 


If a a i*(i.s sill w/ i sin a sin /‘^ ^in } o)\ . 
A .sin (ojf • /e. 


A sin/> a >in a sin sin 

A«‘(»s/) r/ |(M)s a cos I sin a sin cos o{ , 

sin a sin li sin <5 
. l .in /> . ■ . . 

« <M)s /•» ! SI n a si n p cos () 


Hence if </ a.nd /i are tlui s(‘mi-sid(‘.s, and d the included an^le, of a, 
splierica.1 triangle, /> is half the sjiheiacal excess “(*S/V/e/’. '/Vh/. Art. lOb), 
tV//*. «s.- -ddie light emerging froni th(‘ thin plate is in general 
elliptieally jiolarised, the e(|uation of the vibration being (Art. 47) 


(•os‘ a sin a 


2.>'fi cos (5 
sin a •■<>< a 


o- sin" f). 


226 . Conditions for Interference — Transverse Vibrations. 
'Idle phenomenon of double lefraction shows that in th(‘, eiystal the 
light is divide<l into two wa.V(‘s travelling with ditlereiit velocities. 
On emerging theirfoia* from a thin plattj one will lie retanhal on the 
otlu'i’, and in giuieral a ditVereiice of jdiase will exist. lienee if light 
undulations were purely longitinlinal, like tliose of sound, tln^ emerging 
waves should interfeie, and the thin ])late alom; should be siillieient to 
produce all the jihenoinena. of interference and colour without eitheu’ 
])olariser or analyser. Such, however, is not the case, and it was 
found by krcsiiel and Arago, who investigated tlui subject of tlu^ 
inteifeienci' of jiolarised light experimentally, that two ])lane-poIai‘ised 
ra\ s intm-fere and produce fringes as ordinary light only Avheii tlu^y are 
polarisi'd in the same ])lan(‘ and originally lielongc'd to tlui same plane- 
polarised peiudl (Art. 170). 

'lb\o lays polarised in dilferent jilanes in gmieral combine into 
a resultant idlijitic vibration, and this is an imnualiate conse(|uence of 
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the th(*ory of tr;iiis\ ei'si*. vihnitious. Hie olliee of the aiuilyser in thesi* 
experinnnits is to reduce tlic two waves from the crystal to the sanu^ 
plain' of ])olaiisation. They can tin'll interfc'ri' with the production 
of colours. All tlui })henoniena are thercfoi'e in conlirination of the 
theory which .sup[)oses that the vibrations of the ether which const ituti' 
b\i;ht invohn'- a cnnpionent which is trans\erse to the direction of 
pro[iagation. 

227. Calculation of the Difference of Phase —Quarter- wave 
Plate. — So far we have only (;onsidered tin' na,tin*e of tini vibration 
which rea,chcs the I've from a sin^h' |)oint () of tin' thin phiti', oi- from 
a, uniform plate transmittin.it jiarallel lii^lit. If the inciih'ut li.^ht be 
not pai-alh'l, and if tin', thickin'ss of the plate varies from pcnnt to [loint, 
the retai'dation d of oni' compoin'iit on tln^ otlu'r will also vary from 
j)oint to jioint of tlni plate', so that the calculation of tln^ appe'arance' of 
the })lat(' recjiiires tln^ (h'tc'rmination of d at I'ach jioint. 

A ray incidmit at an an^h; / i;iv('.s rise' to twe> re'fraeTeel rays, anel 
tln^ re'lative retardation inti'e^due'e-d by a plate eif thie-kness r we have 
already found (lv\., |). Ph) to be 

d .sill / /o cot/’,!- r.j . 

anel ein the e*ale‘ulation eif tin* ejuantity d the* det(‘rmiiia,t iem of the*, 
chai’ae^ter eif the jiattern jii'cse'nleei in the tielel will de'pe'iid. 

For normal incielenea* the retarelatiem be^conies pj), anel if the* 

tliickiu'ss e)f the*, jilate*. is so aeljuste'el that 

' - f-'i)-- l'\- 

the ]date will be*, a i/Hfnh'r-innr phth foi* the* wave* h'nyth A. Sin-h 
j)lat('s are eif importance in the study eif e-ireailarly [lolai iseal liii;ht. 

228. Thick Plates Colours produced by Superposition. - rin* 
jihemonn'inm eif eejlour we*, have; see;n to be* <lue to the* dillere'nce of 
phase* intreielue'.e'd by the* thin e-rystalline jilate, and if the; [ilate* be* met 
thin this elillere'iie'e* may be; a I're.'al nnmbe;i- of Ava\ e; h'n^ths, so that, 
as in the case* of Xe'wton’s lin^s, tin; ce>h)urs of dillere'iit orde;rs may 
come; tei be sujiei'jioseel, anel the resultant li<;hl will be; white. 

Thus for a i;iven positiem eif the Xicols anel jilate (a anel j^ive'n) 
tin* intensity will be a maximum or a minimum ae/e-ordini;- as sirr J.d 0 
or 1, assiimiuLi: sin 'la. sin 'Iji jiositive. 'fhe maximum eir minimum over- 
intemsity for any ceihnir will cemseejuently corresjionel to re*tarelations 
/oV anel (2// l 1)1, A resjiectively. But if the jilate; is thick // will be 
veiy .^reat, sei that if A anel A' are two in'ar wave Icie^Tlis, we may hav e 


'In . \\ In, \- 1 ,l\\ 
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cor.orRs of thin crystalline fi.atks chap, xv 

{uhI thus if the ])late is dark for A' it will he ]>right for an adjacent wave 
lengtli A. It will ther(‘fore lu; kright for many ^vave lengths along 
the whole rang(i of tin* sjaietruin, and will eonse(juefitly appear white. 
When exaniined undei- a spcctrosco[M; it should, nevertheless, (^\hi])it a 
sp(ictrum crossaal )>y many daik hands. 

'Idle, t ints m;iy, however, he jiroduced in thick ])lat(?s hy sujierposing 
two of tlnmi ill such a manmir that the ray which has the greatin* 
vehx'ity in the first sliall have the lessen' vedoeitv in tlui second. Thus 
if the, crystals lie iiniaxal and both positive (or both negative) th(‘ir jirin- 
eipal sections should he jilaee^d at right angl(‘s, wheieas these sections 
should h(‘ jilaced jiaraliel if the crystals are of op])osite denominations. 

229. Superposition of two CrystallinePlates. Let us now examine 
the, a,j)j)(‘arances prc'seiitcul when tilane-polarised light passes successively 
through two siijierposed thin crystalline ])lates, before lieing received 
]>y the analysiM*. 

Iksing the notation of Art. 220, we shall take the direction of the 
vibration incident on the first plate to lie parallel to OP, and this 
aciairdiiig to Fresmd’s tluHHy is parallel to the jirincipal plane of the 
polariscr wIkhi the light is polaris(‘d by ti’ansmission through a Nicol’s 
pi’isin. Tluiii if OX and OV be the two directions of vibration in the 
first plate, the com]K)nents of the light (‘merging from it may be 
written in the form 

c cos a sill fw/ ! and o sin a sin (w/ i 

where <\ and o', aia? the phase retardations introduced by the first plate. 
When these vihra-tioiis niach the .second ])late they are each s])lit up 
into two comixments, except in the particular cases in which the 
tn’iucipal planes of the jilates an; parallel to each other oi* crossed. 

For tile sake of simjdicity we shall first consid(;r the case in whicli 
the jirincipal planes of the plates arc paralhd to each cither. In this 
case the foregoing vibrations traverse the s(;cond plate Avithout sub- 
division, and on (‘merging from it they may he Avritten in tln.^ form 

(/cos a sin (w/ i 0, l-o.j), and (/ sin a sin (w/ : o', I (Vo\ 

where (b and d are, the phase retai'dations introduced hy the second 
[ilate and (‘orrespond to d, and d', respectively in the first. The Avhole 
ri‘Uii(l;ili()ii of one ray is .i, + o,„ while that of the other is (S', + lienee 
falling; upon tlie analyser we have two reetangular vibrations (lill'erin<^ 
in phase hyan amount (o, -! o',) - (,f, i and the intensity of the light 
vibrating in the direetion of the principal plane of the analyser is 
con.MMpiently fontul from the expression of Art. 225 hy merely 
reiilaeing the (piantity ii hy the (piantity (d, + O'A - (d', + d'„). This is 
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the extraordinary image, and therefore its intensity is given by the 
expression 

1,. - a- {cos- [a - fi) - sin 2a sin 2/i sin- + 5^ - 5', 5\,)] . 

Similarly the intensity of the ordinary image, if transmitted l)y tlie 
analyser, will be 

(a - fi) 1 sin 2a sin 2j3 sin- ^(5, •- 5o o'j - S'oV, . 

Thus when the princi})al planes of the plates are parallel, the combina- 
tion acts as a single plate of thickjiess e(|uivalent to the joint thicknesses 
of the two. ^^dlcn the plates are crossed the phase retardation of one 
ray is obviously -i- while that of the other is -i- ; consequently 

the ditference of ])hasc on I’oaching the analyser is r (S'.,) - ((S'j + (S.,), 
and the intensity of the extraordinaiy image is 

L. ^ir- [cos- (a (i) ■ sin 2a sin 2/:# sin- A(5, -i S'., (>._>){ , 

while the intensity of the ordinary images is given by the coinpleinentary 
expression 

. 1„ - ((/“{sin- (a - (-i) -} sin 2a sin sin- .1(5, > 5'.^ - 5', 5._,)| . 

In the same way the expression for the intensity may Ix'. written down 
at once when any number of plates are superposed with their principal 
planes either })arallel or crossed, or when some of them are parallel 
while others are ci’ossed, for we have merely to replace the (juantity d 
in the formula*, of Art. 225 by a C(n*r(‘sponding (piantity ^(^ - where 
^6 is the whole phase retardation of one of the rays emerging fi-om 
the s 3 'stem of plat<‘.s, and the whole phase retardation of the 
other. 

In tin; more general case in which the principal plant's of the ])lates 
are inclined to each other .-it an angle, the calculation is more tedious 
but presents no serious dillicult\^ Thus, using tht^ same notation, if tlu* 
vibi’ations emerging from the first plate parallel to OX and OV are 

If <'<>s a, sin {o)f i 5,), :iinl (( sin a, sin {ojf ■{- o',) ; 

then if the directions of vibration OX' and OV" in the second crystal 
be inclintid at an anglt* a.^ to those in the first, viz. OX and OV', the 
foregoing vi])rations give for the vibiation parallcd to OX' 

X - a (;(>s a, (;(.)s a.^ sin {ut { 5, I S.,) -1 ((. sin a, sin a.j sin {ojf -\ 5', 

while parallel to OV^' we have 

Y — ((. sin a, fos a., sin [ujt 1 5', -i 5'.,) - a cos a, sin a., sin {wt 4- 5, \- S'.j). 

O 


I Mates 
ci’osse<l, 


IM'iiieipal 
))l:iiM's in- 
<Minecl. 
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Hence if the principal plane OP of the analyser makes an angle a.^ 
with OX', th(^ component vibration parallel to OP is 


X ros a.. I V a. 


Substituting for X and Y and collecting the coefficients of cos o)f and 
sin (ol we find 


where 


If I* «-ns 0 )f i >ill Ojf, 


VJtf COS a, cos a.^cov, a. sin (o, i 5^) t sin a, sin a., cos a., sin (5'i I- Oo) 

I sin tt| c(»s tto sill a., sin (o', i 5'^; - co.s a, sin a.^ sin a., si n (5, -l- 5'..), 

and 

cos a, cos a., «*<)s a-, cos (o, I 5.^) { sin a, sin a.j cos a , cos (5', o.,) 

I sin a, rns a., sin a., cos (o', i 5\j) - cos a^ sin a.t sin a., sin (5, I 3\j). 


(’ons(njuently for the intensity of the light vibrating parallel to the 
principal plarui of the analyser — that is, for the extraordinary image — 
we have. 

Lccp- I (/’. 


ILmce by taking the sum of the s(|uares P and Q, and noticing that 
the coefficients of the (juantities sin ((S^ + (S^), etc., in the exjwessions 
for P and Q are exactly the terms which occur iti the expansion of 
cos (a, - a., </..{), WO ()l)tain 

1,. a-]c(»s-(^aj a.j a..) sin ‘Ja, sin 2ao cos ‘ia., sin- .i(o, (5',) 

sin ‘2a, cos- a.^ sin *2ao sin- 4(5, | 5._, 5', 5'^) 

I cos *2a, sin "Ja.j sin *2a., siir .[(d.j 5'.,) 

i-sin ‘2a, siir a.^ sin ‘2a . sin- .((5, l 5'.^ - 5', - 5.,)| . 


In the same way for the intensity of the ordinai’y image 


I., a--Jsin-’ (a, a.j a..) I-sin ‘2a| sin ‘2a._, cos 'la.., sin- .1(5, - 5',) 
-I-sin ‘2a, cos- a.> sin 2a. sin- *4(5, 1 5., o', 5'.ji 

cos 2a, sin la.^ sin 2a.. sin- \{o., 3\,) 

.sin 2a, sill- a._. sin 2a., siir .4(5, i o'.^ 5', o.,) \ . 


i>y adding these expre.ssions together we find that the two images are 
complementary, for we have 


1.. i I. - a-. 

The lint of the image in either ease will vary with a.„ and (/.^, — that 
is, when the analyser oi* either of the plates is rotated. 

dor . — Making tt., 0, wc obtain the expression for two plates with 
their principal sections parallel, and making (t.j = 90", we obtain the 
formula* for two plates cj‘ossed. 

foregoing enables us, in a simple manner, to determine 
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whethei' ;i crystal ^is positive or negative. For this purpose take a sign Ust 
thill plate of the crystal and observe the tints it produces in polarised 
light. Xow superpose on it a plate of (piartz or some other crystal of 
known sign so that the prinei[)al sections of the two plates may Ini 
parallel, TJie two crystals will be of the sa-me or contrary signs 
according as the new tints pi*esented in the analyser are higher or 
loAver in Newton’s scale of colours than those afforded before the inter- 
])osition of the (piartz plate. 

If the principal sections of the two super[)osed plates are paiallel 
or perpendicular the images presented by the analyser are not altered 
by interchanging the positions of the plates, but this is not generally 
the case when the jirincipal sections make any other angle with each 
other, for the above formuhe slu»w that if and a,, he interchanged 
the values of and I,, also change except when a., - 0 or 90 

230. Projection on a Screen. — The phenomena indicated by our 
theory may bo observed by simply looking at the sky tln-oiigh two 
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Nicol’s ])risms separated by a thin crystalline plate. Hut by pi*o- 
jecting the images on a screen as follows, they may be obsin ved on a 
larger scale and exhibited to an audience. 

Let the light of the sun, riitlected from a heliostat if n(;(;(issary, b(‘- 
transmittt^d through a polarising Nicol or Foucault prism V (Fig. 178). 

The polarised light from F falls u[)on a system of two highly con- 
verging lenses L and L', having a common focnis at S. It is cli'ai’ that 
L produces an image of tin? sun at S and the light leaves L' in the 
same condition as it enters L. If another converging lens L" be j)laced 
in the pith of the light, it will again be brought to a focus at S', where 
W(*, shall lia\’(i a s(?cond image of the sun from which tln^ light Avill 
<liveige. It is at S', where the pencil is veiy nai row, that tlie analysing 
prism is platted. 

Now if a diaphragm be placed at FF Ave may regard each [loint of 
it as tile origin of the small conical pencil of 16' aperture Avhich it 
receives from the sun. Any one of these jiencils diverging from F 
will be refracted at L and travel along LS in a parallel beam and then 
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come to a real focus F' from which it diverges, anJ^ falling upon L" is 
brought to a focus F" upon a screen F"F". 

If we wish to observe the tints ])roduced by a crystalline plate 
when the incident light is parallel, it is jdaced at FF or at F'F', the 
pair of lenses L and T/ in this case having obviously no effect. The 
incidiuit light being polai-iscMl in an azimuth a to the princii)al section 
of the plate Avill lu', divided by it into two parts polarised at right 
angles and dillering in phase. Hoth these parts are concentrated by 
L" at S', when; the analyser is placed, and are again reduced by it to 
a definite 2 )oIaris(;d p(‘iicil, which paints an image on the screen F'F'. 
If the analyse]' is mcrcjly a doidjly refracting prism we shall have tAvo 
images on the screim which are comphmieiitary in c(dour, as is verified 
by the fact that if they are j)artially superposed the overlapping por- 
tion is always white, no matter how the plate is changed. By inclining 
the crystalline phite to the dinxtion of the light, by turning it round 
a liiui in its j)lane, we alter the thickness of the plate traversed and 
change the difference; of phase, and theredore vary the tints of the 
images. 

The object of the lenses L and 1/ is to study the phenomena pro- 
<luced in coiivoi'gent light. For this purpose the thin crystalline plate 
is placed at S. In this case a cone of light is incident on the j)late, 
and the various rays of this cone are variously inclined to it, so that 
their components suffer different alterations of ])hase in traversing it, 
and thei(‘fore d(;pict various colours on the screen F"F''. Conse- 
(luently curv(;d fringes will be seen on the screen, the form of which 
Avill depend on tin; ])()sition of the axes of the crystalline plate with 
respe(;t to its faces. 

Vov the success of thest; experiments it is iu;cessary to Avork Avith 
strong light., on account of the magnitude of the image on the screen. 
The, solar* light may lx; replaced by electric light, east by a lens on tin; 
polarising Nicol in a, paralli;! l)eam. 

"2. ('oiinn/cnf orJHrrnfnif Planr-J\}Jarisr(I Lhiltt 

231. By pi acing the crystalline plate l)etAve(;n the lenses L and L' 
(Fig. ITS) the phenomena produced by converging or diverging light 
may be studied. It is clear that in this case, if Avith tlie point 0 (Fig. 1 7 9) 
(Avhere the axis of the iiu'ident cone of light nieids the crystal) as centre, 
Ave desci’ihe any circle on the face of the [)late, all the rays of the 
conical shell Avhich fall upon this circle will meet the plate at the same 
angle of incidence. At each point of the plate the intensity Avill have 
a definit(‘ A^•llue de])ending on the value of the retardation (5, Avhich in 
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turn depends on the angles of incidence and refraction, as shown in the 
example of p. 99. 

We shall now consider the important and striking phenomena 
which are presented when a converging or diverging pencil of plane- 
polarised light is transmitted through a thin plate of a uniaxal crystal, 
the faces of the plate being perpendicular to the optic axis. 

232. Uniaxal Crystal — Plate cut at Right Angles to Axis. — Let a 
plate of a uniaxal crystal, cut perpendicularly to the axis, be i)laced in a 
conical pencil of light so that the axis of the cone is perj)endicular to 
the face of the plate, and consequentiy passes through it in the direc- 
tion of the optic axis. 

Let the axis of the conical pencil meet the plate at O (Fig. 179), 
and let X (Fig. 180) l)e any point on the face of the crystal supposed 
parallel to the plane of the pa])er. I^et OP and OA be drawn parallel 
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to the principal ])lanes of the polariser and analyser. Then the plane of 
incidence; of tin; ray at tin; jnhnt X is a plane through OX p(;rpendicnlar 
to the face of tin; crystal, and this is the principal plane of tlio ciystal 
at X since; the eq)tie* axis is a normal te) the faex;, for the ])rincipal ])lane 
by definition is the plane containing the; ray anel the optie; axis. ] Ie;nce; 
a vibration incident at X, or at any [Mjint along the lint; OX, is split up 
into two components, one vibrating parallel to OX — that is, in the 
principal plane — anel the other perpendie'ular to it. Conseepiontly, if 
OX niakes an angle a with OP and an angle /i with OA, the ifitensity 
of the illumination emerging from the ])late at X is, after analysatiewi 
(Art. *J‘25), 

I - rr- |(*o.s- (a - (i) - sin 2a sin 2(S sin- .j5}- , 
for homogeneous light. 

If we elene)te the vjuiable angle XOP by 0^ anel the angle AOP l)y 
y — that is, if we write 0 for a anel y for a - fi the e;xpression for the 
intensity becenues 

I jco.s- 7 - sin 20 sin '2{0 y) sin- . 
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Now if tlic point X 1)0 anywlioro on tlio lino 01* oi* on its ])erpon- 
(licular OP', the incident vibration, ])eiiig parallel to OP, will bo in the 
principal ])lane in the former case and pei*pcndicular to it in the latter, 
so that it will ])ass through the ])lato without decomposition until it is 
finally r(*solved in the analyser. The lines OP and OP' should there- 
fore be each of uniform illumi»iation, and should exhibit no colour. Our 
formula points to the same conclusion, for if X is on OP or OP' we have 
a 0'^ or 90", the term o)i wliich the colour depends vanishes, and in 
both cas(is 

! - n'* rr)S“ ( a - ,i) n- cos- 7 , 

wherci y is tlie angle between the principal planes of the polaiisiu* and 
analyser. W(i hav(5 therefore a rectangular cioss of uniform illumina- 
tion e- cos“ y, having one aim parallel to and the otlier perpendicular 
to the prim ipal ])lan<‘ of tin* polai-iser. 



ri-. isl. (a-^ 0). Fl-. |SL>.-(a-p -'.'0 ). 


Similarly, if /)'--() oi- 90, we have the same value of 1, viz. 

1 a'aos-y, and henci‘ another uniform cross exists in the field having 
its arms resp(*ctively parallel and perpendiculai* to the princijial plane 
of the analyser. 

rossr.v. i„ u-oneral, then, two rectangular crosses are seen in the field, and 
these are of the same unifoi-m illumination, (rcos-y, and uncoloured. 

If y 0 that is, if the principal planes of the polariser and 
analyser are i)arallel — the two crosses coincide, and we hav(i one white 
(U‘oss oi unifoini illumination (P-, viz. that of the incident light 
(Fig. 181). 

If y - 90 — that is, if the Nicols are crossed — the two crosses again 
coincide. P>ut in this case the single cross is black, for cosy ^0 and 
the intensity is zero (Fig. 182). 

Hiiig.s. Again, if with 0 as centre, we <lescribe any circle, it is clear that 
the lays incident at the various points of this circle make the same 
angle with the normal to the plate — that is, with the o[)tic axis. It is 
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obvious, therefore, that the ditferenee of phase fS introduced l>y tlie 
plate is the same *xt all points of this circle, and hence with white 
lii^ht there will be a s(‘ries of coloure<l circles in the field con(*enti ic 
with (), and on these circles the crosses or bi*ushes already mentioned 
will be superposed. 

Tf sin :2a sin is ])Ositive, the points of inaxiinnm intensity aloni^ 
a i;iveji i‘adius between the brushes are determined by 

sin- .’.5 0, ni-5 — 2/?7r, 

and the minima by 

sin“ .15 1, or 5 (2// i 1 )ir. 

Dut if sin 'la sin 2/:? be negative the intensity will be least when e ~ 2//-, 
and greatest when — -i- J)7r. 

The curvT‘s of ecpial intensity for a given position of the Nicols an* 
4leterniined ])y the e<piation 

ros- 7 -- sin 2^y sill 2(<^ -y) sin- .15 runstant. 

'Fho effect of su])erposing on a uniaxal plate, cut ])er])endicularly to Si^n tosi 
th(‘ axis, anothei* plate <‘ut in a similar manner is tin*, same as an 
increase or a decrease in the thickness of the first plate accordir^g as 
they ar(‘ of the same or of o])posite signs. If they are of the same 
sign the rings contract, and if they are o])])()site signs the rings 
dilate, ^\’e are thus atlbrded with a, ready and simple means of 
determining the sign of a crystal, l)y comparison with another crystal 
of known sign. 

233. Isoehromatic Lines and Achromatic Lines. — Wlum a beam 
of div('rgent oi* convei’gent ])olarised light is transmittial through a 
thin crystalline plate and examined by unmans of an analys(‘,r, the> field 
is in general tiiiviirscd by two systems of lines. If white light is used 
one of the systems of liiu's is biilliantly colouied, and 11n;so arc tcii-merl 
th('> isu'-hrat/atfir linrs or simjily fhr frintirs. Their foian depends on the 
natuie of the section of the crystal — that is, on the direction in which 
it has been cut with referejice to the optic axis — and their biightness 
<lepends on the position of the analyser, the colour being most dis- 
tinctl}^ marked when the polariser and analyser are cross(}d (//. - HO ), 
as indicated by the e(|uation 

J __ //- [c-os- (a ~ 1^) - sill 2a .sin 2/^ sin- .15| . 

Tdie lines of the second system are not coloured. They intersect the 
fringes and are termed the (ichrofiiafir oj* nrutnil llurs^ and, as the above 
e< [nation shoAvs, they are determined by the e(| nation 

sill 2a sill 'Ifi - 0, 
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that is, a - O'’ or 90 , and ft = O'" or 90 , while the joints of maximum 
intensity arc determined hy 

siir.U 0, (»r5 -2//7r, 

and the minimum points by 

siir .15 - 1 , or 5 — (2//- + 1 )7r, 

if the product sin 2a sin 2f3 be positive ; but if this produce be negative 
the maximum points will be determined by 

.sill- A5 1, or 5 - (2 m i- l)7r, 

and th(^ mininiuni ])()ints liy 

.si 5 0, or 5 — 2)i tt. 

9'li(i niaxinmin lines in one case, therefore, correspond to the minimum 
lines in the other. 

()i Now it is easily seen that siii 2a sin 2/i generally changes sign in 
[)assing across a innitral lin(‘. For such a line arisc^s from sin 2a -- 0, 
or sin 2/:^ -- 0, or both ; but when any function passes through a zero 
value its sign in gcuieral changes. Thus sin 2a passes through z(ut) 
and changes sign as a passes through the value lir. Hence in crossing 
a neutral line corres])oudiug to sin 2a = 0 th(‘ (piantity sin 2a sin 2/:^ 
will (thange from a positive, to a negative value or rice rersd, and 
consecpKMitly the In*ight fringes at one side of the luaitral line will 
correspond to the dark ]»ands at the other. If, liowovei*, sin 2a == 0 and 
sin 2/:/ (I siniultaiu'ously, the (juantity sin 2(t sin 2/:^ will not change 
sign, and the fringes will preserve the sanu‘ tint in crossing the 
line. 

Hence in crossing a mniti’a! liu(‘. tin; isochi’oniatic fringes in geiuaal 
ehauge to the conipleinentary tint, except when sin 2a and sin 2/i 
vanish simultaneously ; an example of tliis latter case occurs when 
w(* have a luiiaxal plate cut perpendicularly to the axis and a - /3 == 0 
or !)() . Here tlu^ neutral line is a rectangular cross ; sin 2a and sin 2/^ 
vanish simultaneouvsly, and the ring.s in each ([uadrant are the same as 
those in tl\c atljacent (piadrants. 

We shall now consider the isochromatic lines, or fringes, which are 
foiuid to b(‘ as follows— 

(1) In uniaxal crystals the fringes are — 

Circles for a section [)erpendicular to the axis. 

Hyper])olas for a section parallel to the axis. 

Elliptic or hyperbolic arcs for an obli([ue section. 
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(2) In biiixiil crystals they are — 

Closed rings for a section perpendicular to an axis. 
Hyperbolas for a section parallel to the jilane of the axes. 
Lemniscates for a section perpendicular to the bisector of 
the angle between the axes. 

234. Isoehromatie Surface in Uniaxal Crystals. -The fringes 
presented in the case of a uniaxal crystal cut* perpendicularly to the 
optic axis have been already discussed (Art. 232, 23.3). We shall 
now investigate the general case, in which the thin plate may be cut 
from the crystal in any direction, following M. llertin.^ 

The characteristic of a fringe is that the retardation 8 is the same 
at every point of it, and the locus of points in space for* which (S has 
a given constant value will be an snrjttrr. 1\) every value 

of <S there will be a corresponding surface, and if with the i*adiant 
point as origin a system of these surfaces be descr ibed corresponding 
to retardations of 1, 2, 3, 4, etc., half- wave lengths, their intersections 
Avith the face of the crystal will determine' the corr esjionding isochro- 
matic curves or fringes exhibited in the field of viejw. 

fiCt S (Fig. 183) be the i-adiant jioint, and SI, uny ray falling upon 
the face of the crystal. 

In gerreral SF will be 
divided into two rays 
within the crystal, travel- 
ling with diflercnt vel(»- 
cities, Init as the crystal 
is thin we may, in tln^ 
appi'oximate calculation, 
suppose both r*ays to 
ti'iivel along the same 
line LM, orre with the 
ordinary velocity r„ and 
the other Avith a velocity r. The times occupied in tr’aversing the 
distance LW will be - LM /*,, and / LM r*espeel i\ ely, so that 
the time retar’dation is 

')■ 

and the path retardation is 

0 -(/u„ /xjbAr. 

For the calculation of the isoehromatie surfaces w e may take the 

^ M. Ri3rtin, ‘‘Mi'nioii t! sur la Siirta(.M‘ ls(M*liV(auali<[Uf*,” An.imlrs ilr (*h I in ie. rt dr 
rhysL(itn\, lliinl M*ric«, tom. Ixiii. p. o/, lSf>l. 
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ori^^iii at (), tint point wh(*rc tlio axis of the conical ])encil meets the 
plate, and if we draw OP jiacallel to LM th(i retardation along OP will 
l)(‘. th(} same as that along 

Now th(^ wave-surfaiM.; in a nniaxal ei-ystal consists of a sphere of 
radius h or 1 ft,, (in a m'gativc crystal lik(; Iceland spar), and a spheroid 
of which the- gema-ating curve is 

i /JL.ri/- 1 (p- 

If /■ dimotes any radius vector of this ellii)se w(i have inversely pi*o- 
poi ti(mal to /■, and henc(i for the retardation in traversing a thickness 


0 n; 


Put hy ( 1 ) 
and hy (*2) 


0 /Ll/- siw'-O 




1dnM’(‘for(‘, hy comhining (3) and (4) we find 


fus'-W? /ii,r s\\\- 0. 


<> A'o’''" ■ AC-7/-- 


wlueh, since fr 


ir, gives 


h-'.r’o-. - H- //-'). 


the genei'ating curve of the isochromatie surface. 

The isochromatie surface is formed hy the revolution of this curve 
round th(‘ axis of the ciystal. Its geiu‘ral form is represmited in Fig. 

y IS t. In the ueighhoiu’hood of the axis of 

curve resemhles an hyperbola, and 
I hiu’face an hyperboloid of revolution. 

-i_ Pv^ assigning various values to e we deter- 

0 1 '. . . 

i mine coiTesponding surfaces, and the iutei-- 

J sections of these with the faci^ of the 
crystal give the isochromatie curves or 
fringes. Thus if e = 7r, which coi responds 
to a retardation J,A, tin* corresponding surface int<‘rsects the face of 
the crystal in the first dark fringe, etc. 

(I) Serfiuii PrrjK'H(lirnI(n' fit fht' Opfir J.iis, — If the thickness of the 
[)late h(* tin* section of the isochromatie surface hv the face of the 
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pl;ite cut perpendicular to the axis is fouiul by jmttiiiii — r. The 
curve is obviously a (tircle of whieh tlie radius is y — // d(‘terniine(l by 
the ecpiation 

{/u.r - ^ I 5* 0, 

or 

\ in, nV,.“0“ 1- {/j.,:- - yu, “ 

Since (S is small compared with r, the expi ession for r reduces to the 
approximate form 

2iuL„8f 

fx/ 

or since i //,„= *J/4„ nearly, we have the approximate expressioTi 

dr 

/*<• Mo' 

ddie conse(*utiv(‘ rin^ijjs are (hiteiniined by making n ecpial to tlie con- 
secutive whole numbers in the ecpiation tlie dark rings corre- 

s]K)nding to the odd values of h and the bright rings to the even values. 

The above expression for the radii of the rings has been obtained 
on the supposition that the radiant point is at O on the surface of the 
ciystal. If the luminous origin be at S the* radius of the, ring on the face 
of the plat(i is R = AM, but in the above calculation r-— AI^ therefore 

]{ AM Dtaii/ yLt,J) 

/• AF rtaii/' c 

if / and /* be small and D denotes the distancij of S from the plate. 
TTence the radii of the rings on the plate are given by the eijuation 

2 u,;’’ I )-() ]ii,r I )-5 

b“ / •> •» , 

r{fi,r Mt“) 

where for the bright rings e ~ A and for the dai’k rings e — (2// i- 1 )i A. 

If the rings be i-eceived on a screen at a distance J)' fiom the 
])late, the radii K' will b(i found from th(i eij nation 

ir BN I) i D' 

K AM I) ' 

If we regard /i„ and as approximate constants we siu; that, the radii 
of the rings are directly ])ro})ortional to the sipiaie root of the wave 
length ((^=:;/^>A) and inversely as the sipiare root of the thickness of 
the j)late. The diameters of the consecutive rings are also proportional 
to the sijuare roots of the numbers 1, 2, 3, 4, etc. 

(2) Seriion ParaUd to the d.ds . — [As the ecpiation of the surface is 
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we obtain the equation of a section parallel to the plane of .r and y by 
putting — Close to the axis of this curve approximates to the 
hyperbola 

- 0-} - 4(iC“ + I “ - 4 /a,;“5V- ^ 0. 

Its equation is found by neglecting the fourth power of y after re- 
placing z by Corresponding to various values of ^ we have a system 

of hyp(ir])ola>, and the figure 
represents the curves corre- 
sponding to ci=\nk, V being 
any whole num])er. If the 
a})solute term vanishes the 
corresponding hyjjerbolai re- 
duce to a pair of lines, and 
the ap])ropriate value of ^ is 
easily seen to be S~(/Lf. - 
for fS must be small in com- 
})arison with c, and the solution 
= i li,,)e must consequently 
be rejected. On substitution for (S we find the e([uation of the lines 
(o be 

- /U.,;#*- 0. 

and as is ni'iirly (M[ual to //.^ the lines are veiy close to the bisectors 
of th(‘. angh^s lu^t-weim the axis of .r and //, and are therefore neaily at 
right angh^s. If (/v — is ecpial to a Avhoh^ number of half-wave 
lengths, th(*se lines are comprised in the system of fi inges. 

In order to obtain a clearer idea of the arrangmiient of the hyi)er- 
bohe we replace rS by /(/v - fi(,)e in the equation, and after dividing 
across by (/c- - p„)“ |)nt p,, = p,„ and so obtain for tho (Mpiation of 
the system 

/rC2 y-) - 0. 

If / is less than unity — that is, if the retardation is lesathan (/v -■ — 

the hyperbola cuts the axis of If / -1, it cuts the axis of y, and the 
lines correspoTiding to /— 1 separate the two sets of curves.] The 
fring(‘s ar(‘, most brilliant when the polariser and analyser ar(‘ ])aralleb 
or crossed, and make an angle of do with the principal plane of tlu* 
plate, but when the ])rincipal piano is parallel oi* perpendicular to the 
principal section of the analyser the fringes disap})ear entirely. 

(fi) Ohlifiifr ^(riion . — The section of an isochromatic surface by a 
plane inclined to the axis is a curve of the fourth degree which approxi- 
mates to a circle when the plane is nearly j)erpendicular to the axis 
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and to an hyper])ola when the plane is nearly parallel lo the axis. 
For an oblicpiity of -15 it is only the portions of the fringes near their 
vertices that are seen, and these are ri^ht lines })er[)endicular to the 
principal section of the plate. 

235. Isochromatie Surface in Biaxal Crystals. — In the case of 
hiaxal crystals the relative retardation of the rays in travei’sini!: a dis- 
tance p may, as hefoi e, he Avritten in the form . 

o - f>(u' - fx") 

Avhere // and /a'" ai'c the roots of the ecpiation 

T~ //- 

.> 1 - .. .. 

Ml” M”-M-“ M“--M:r 


in which /, m/, n arc the direction cosines of />, and p is a radius vector 
of the isochromatie surface when (S is constant (see Art. 205). 

Now from this ecpiation we have 


and 


Ihit since 


Ave have 


Hence 




0 

p 


- - 

- fx /x'\ 






I ‘ ur)/- 


or in Cartesian coordinates, tin*. e(piation of tlni isochromatie surface is 


\(ix.r + jx./)xr i 1- (^r ^ - o'Y' 

- ! !r i ! M;:“Mi”.V' i 

All the surfaces are ohtaitied by giving various valiu's to <1 They are 
similarly situated, and their intersections with the face of the crystal 
give the istjchroniiitic curves, each corresponding to a C(‘rtain constant 
<litlerencc of }>hase. 

The form of these surfaces is i*epresent(Ml ^ in Fig. FSG. 1'he 
.section by the plane Avhi(*h contains tin; ()|)tic axes is found by 

1 M. Rertiii remarks that ‘Ma .surface isoclirumatiquii ties cristaux a (l(;ux axe.s 
re.ssemble a line CM’oix «le Saint- Aiidn* doiit les liras s(‘raieiit c vliii'lri«[U<*s el (liri^<‘.s 
suivaiit les ax(*s o]itii{Ui s dii crislal.” 
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making // zeio in tlio above CM|uatioii. It consists of ^two branches, one 
having asymptotes ])arallel to the optic axes, the otlier interior to it is 
closed and ])arasitic, not being related to the 
<|n(‘stion in hand. It is obvious that in the 
directions of the o|)tic axes the values of /> 
shoidd b(; iidinit(‘, for sin(;(i these ai'e the o])tic 
axes / — r" or ,nid thei’efore /> is infinitt? 

foi* a j^ivcii retardation. 

1lie s(H.*tions madt; bv the other co-ordi- 
nate planes a]*e closed curves of the fouith 
(higree. 

(I) Secffoii Pftndirl hf tlh' Phntr. (tj fhc J.rrs. — The sections of the 
isochromatic surface ])y a plane parallel to that containing the optic 
axes diller little n(‘ar the (*entre from hy])(n*l)olas. [The e(|iuitiou of 
these hyperbolas is found ])y replacing // by r and neglecting [)owers 
and ])roducts of the fourth order in .r and I>y a process similar to 
that employed in section (2) of the last article we find 






. --/.A* 




^1 

Ml 


/-! I .-(1 


,/-) - 0 , 


wher(‘ the retardation is given by h = - //^). If /'= 1, the hy[)er 

bola neai ly coincides with the lines ./- - or moi'o exactly with 

the optic axes //..'v - /i, These fi’inges are like those of a 

uniaxal crystal cut |)arallel to its axis (Fig. 185). 

(2) Section perpendirnhir /a a Pi.'iccfor of the Amjie l>riice< n the Optic 
A.ccs.— -V\\o sections of the isochromatic sinfaces by a plane perpen- 
dicular to the inteinal or extm-nal bisector of the angle between the 



I ''7. 


Optic axes — that is, [)arallel to ;/’// — I’csenible the several forms of 
leinnisrates, 

'file sections of the surface correspomling to a given value of o bv 
planes drawn at i*ight angles to the plane of the optic a.xes, and at 
distances : = -jOfS, :--50cS, respectively from the centre, are 

re[)resented in Fig. 1S7. 
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III this c;ise we can ilotermine the approximate form of th(‘ fringes 
directly. For if OM and OM' (Fig. USS) he the optic axes, // and //" 
the indices for the rays travelling in any direction OF whicli mak(‘s 
angles 0 and with the axes, tlum 

0 OF', a' 

Ihit liy Ai‘t. ’JOn, For. 1, we hav(‘ the ap- 
proximate formula 

a n" ifjL^ /./.;) sin (Csi II /r. 

and approximately 

().\r o.\r- 

Therefore 



that is, 


0 , ,, F.M.I^M 

. (OMT-’ 


FM . FM ' <‘oiis(an( . 


ISS. 


which is the jiolar e<jUation of a hunniscate liaN'ing J\1 and M' for foci. 

(.*3) I *<‘ffH'tithruhn' lo mr (^pfir In this cas(‘ tin* isocliro 

malic lines will he a system of closed curves r(‘st‘mhling deforni(‘d 
lemniscates eiiciirling t}u‘ axis to whicli llie s(‘ction is |)crp(‘ndicular. 

236. Achromatic or Neutral Lines. 'The uncolourcMl liiu's are 
dctei'mined hy the c<|Uation 

Mil 2a sin 2,1 c. 

They are couseipienlly the locus of a point on tin* face of tln^ crystal 
such that the planes of polarisation of the rays in the crystal ari^ 
at that point eithei- [larallel or perpendicular to tin* pi-incipal plane of 
tlui jiolariser or analyser. 

(1) Srr/iuii rnprntlimhtr ht /hr Hisrrfnr of /hr ^linflr iKlfi'mi fh> 

J.rr>i. — Till* plain's of jiolarisation of the rays travi'.lling in any dircc 
tion OF (Fig. 18S) arc the his(*,ctors of tin* angles hetween tin* 
planes OFM and OFM', whiih contain the. ray OF and tin* optic axi's 
OM and OM' lespcctivcly. The trai'cs of these jilanes on tin* face of 
the crystal will, for a, small angle of incidence, approximately coincide 
with the bisectors of the angle JMIAT. Hence if the plane of the 
paper be taken parallel to the faci* of the crystal, and if tlie optic axes 
meet it at M and M' (Fig. 18U)> point F will docrilH* a neutral 
line if the bisector of the angle MFM' is parallel or pmpimdicular to 
the jirincipal plane of the polariser or analyser. Li^t OX be paialh*! 
to the principal ])lane of the polariser, and take OX and tin* j)(‘rp<‘n- 
dicular line O^A^s axes of reference, () being the middle point of M.M'. 
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The ])isector of tl»e angle MPM' must be perp^jiidicular to OX, there- 
fore the triiuighi A PH is isosceles. Hence if the co-ordinates of P be 

y, and those (^f M l)e y\ we have 



rot PRO 


iiinl cot PAO - 


I'ig. 


// ir v-^ir 

e<juating tliese ex[)i‘cssions we find at once 

JUJ 

The locus of is conscfiuently a rect- 
angular hyperbola, passing through ]\l 
and AP, of which the asymptotes are OX 
and OY, lines pai'allel and perpendicular 
to the trace of the pi'incipal plane of the 
polar i sc r. 

In the saine manner we find a second lectangular hyperbola cor- 
respomling to = or 90", also ])assing through AJ and M', and 
having for asymptotes lines parallel and per 2 >endicular to the ti’ace of 
the pi'incipal plane of the analyser. 

Th(‘< uncol()ui(Ml lin(*,s th(‘i*(‘fore consist of four hyperbolic branches 
passing two and two through M and M', the aj)2)arent extremities of 
tlie 0|)tic axes, the asymptotes of om*. curvii being a 2 )arallcl and a ])er- 
pendiculai* to th(‘ trace of the principal plane of the 2 )olaris(;r, while 
those of tin; other bca-r a (*orrcs 2 )onding ndation to the ])rincipal plaiui 
of th(‘ analysci*. 

Tf tlie ])rincipa] plane of the polariser is parallel to AIM' — that is, 
if AlAP coincides with OX, we have /i=0 , the hyjjerhola j’oduces 
to its asympto((‘s and becomes a rectangular cross. If in 

addition the optic axes coinci<le, the other hy 2 )eil)ola will also become 



a, rectangular cross, as we have already seen to be the case for a 
uniaxal crystal. 
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If tho poLiriser uiul iiiialyser are either parallel or crossed, the two 
hyperbolas coinciUe, and we have a sin^^le rectangular h 3 ’p(‘vbola of 
which one branch passes through M and the othei’ through M', as 
shown in Fig. 190, Avhile if in a<ldition the plane of polarisation be 
parallel oi* jierpendicular to IVOF the ( urve reduces to a leet angular 
cross as shown iii Fig. 191. When th(‘ })olariser and analyser are 
parallel we have a- fS — O, l~(f\ and the brush is briglit, ))ut if the 
Nicols be crossed a-/i— 90", and the brush is dark. 

The neutral h^^pcrbolic bands are mad(‘ to pass through all possible 
forms by rotating the plate between the Nicols, and, as in the case of 
uniaxal crystals, the coloured fringes change to the complenientarv tint 
in crossing the neutral lincis (Art. 23‘»). 

(2) Hreiion Pnnt/hl fo tltr Planr af fhr Axes . — In this case the optic 
axes OM and OjVF (Fig. 192) at any point () in the face of the crystal 
lie in the plane of the face, and for a ray incident nearly normally at 
O, the planes of ])olarisation of the two ivfracted 
rays will bisect the angle J\lOM' internally and 
externally. Hence if the angle of incidence^, be 
small the bisectors OX and GY will have the sanuj 
<lirection at every point, and therefore if they are 
parallel or ])crpendicular to the principal plain; of 
the polariser or analyser at one point they will be 
so at all, and the whole field will Ih^ uncolour(;d. 

There are conseciuently no neutral lines, but in four positions the 
whole fi(;ld is uncoloiired. 

(3) S(‘cHi)n> P('r/)ni(/icular /o nn Axis . — When the plate is cut at 
right angles to one of the optic axes the fringes form a system of con- 
centric rings, Jiiid these are crossed by two n(;utral bars which in 
general are not rectangular. When the Nicols ai'c paralhd or (;rossed 
the two bais coincide and the neutral line is simsibly straight, and 
either white or lilack. 



3. Circitlarif/ ((ml Ellij)fi<’((ll/i P(fl(tris((l Liifht 

237. Parallel Circularly Polarised Light. — The jdieiuuuena 
Avhich are presented when circularly or elli[)tically polarised light is 
transmitted through a thin crystalline plate were investigated by Airy.^ 
The characteristic of circularly jiolarised light is that it results from 
two ecpial plane-polarised parts, polarised at right angl(;s and difler- 
irig in phase by a quarter of a period. Its components in any 


Airy, (Utnib. Trans. v<»l. iv. 
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two rectiiiigul{ir directions may therefore he represented l)y the 
equations, 

aii'I // - 

the intensity of the orii^inal Injam being 2//^ It may be ol)taincd by 
transmitting [>lane-polarised liglit througli a (juarter-wave plate (or 
a Fresners I'lioml) suitably placed), the action of tliese instruments 
being to divide the incident ])lane ray into two others vibrating in 
])(‘rpendi(!ular directions, and diflbring in phase by a quarter period, 
'riui (hiterniination of tin; phenomena which arise when circularly 
])olai‘ised light is transmitted through a crystalline plat(i may there- 
fore be ol)tained from Art. by introducing tlic condition that 

th(‘- fiist plat(‘ inti’()duc(‘s a phas(‘ (liflenmce of a- (piaiter period. 
'The dircict investigation of the, intensity in the Held of the analysin' 
i'!, how(.‘ver, vmy simple. Ijct the components of the circular vibi’a- 
tion falling on tlu^ plate b(‘ 

/' CroswL .01(1// csiliw/, 

pa.ralhil to the two din'ctions of vibration in the plate as in Art. 'J I 1 . 
'the passagi' tlu’ough the ]date, introduces a relative diderenci^ of phase 
o. so that the eniinging \'ibi'a.tions may lx* written in the form 

I C CO^ wL .01(1 ;l I O '. 

1'h(‘S(‘, r(‘solv(‘d paialhd to the ])rinci|)al |)lanc of the analyser, give 
th(‘ vibi'atioii 

(( I'os (t cos <o/ ! si n a .si ii (w/ , ()^ //ic«»sa ; n « si n o ) ens to/ -I c si ii a co.s 5 si n to/. 

The intensity is therefore 

I (/-‘[i^cosa si II a sin 5)- i (^.sin a cos oy-’l , 
c siir.ia sin () !, 

which is independent of the position of the j)olariser. 

If the analysei' be mei’ely a doubly refracting rhomb we shall have 
in the same mamiei’ for the ordinary image 

r -sin 2a sin O'. 

and therefoi'e 

I I 2o 

so that the images arc eomjdcmentary. 

JIad we started on the supposition that the .^ component of the 
vibration is retarded relatively to the //-component, W(‘ would have 
had 


r -.-ocos(co/ i 6', and // -(( sin co/. 
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and for the intensity in the field of the analyser we would have tlu' 
complementary expressions 

I 2a sill 0), 

r f/-(l -r sill 2a sin S'*. 

Hence if tlie sense of the circular polarisation be reversed the two 
images in the field of a doidily refracting analyser will interchange 
tints. Tile formula for T shows that the image possesses a certain 
colour depending on the term sin 2a sin (\ and that there are two posi- 
tions in wliich the image is achromatic, giv'en by tlie equation 

sill 2a (.), 

that is, when thi^ analyser is jiarallel or t)er[)endicular to the princi})al 
section of the thin ])late, and in both these positions the intensity is 
the saiiHi and (‘(pial to half that of the incident light, for we have 

1 r 


Th(^ tint, (iej)cnding on o, will vary with tlie thickness of the [date, 
but luir(* it will not follow the law of colour in Newton’s rings which 
holds in the case of plane-polarisial light, for th(‘ term on which the 
colour de])onds is here pi’oportional to sin o and not to sin- 

If a quartm’-wave i)la,te oi* a, h'i*(‘sn(‘rs rhomb be introduccid between 
the crysta.1 and the analysing Nicol in such a inannei’ that light [lassing 
th lough the Nicol would be ciiculaily polarised liy the plate (that is, 
so that the jnincipal plane of the Nicol makes an angle of IT) witli 
the princi])al jilane of the ])latc), then the light falling on the crystal 
will be circularly ])olarised and the liglit (unerging from it will lx* 
circulai’ly analysed. In this case tlui vibrations (unei’ging from the 
crystal are, as before, of the form 

ifvitsojf. .-iinl sin (tof ! o}. 


Hence if the ])rinci[)al plane of the (piarter-Avave plate be inclined at 
an angle a to that of the cry-stal the two com])onents enunging from 
the plate are 

t/ cos a cos w/ I it .'>iiiasi)i (w/ } 6). 


and 


t( hill a sill co/ ; (t CDS a cos (w/ i o}* 


Those resohaal j»arallel to the ])rincipal plane of the analysing Nicol, 
which is at 45', give an expression which is simply their sum multiplied 
Kv 1/ \f'l — that is, 


it 

I 



{u}f - a) -I- cos {u}t 1 0 - 


( 'oloiir 
term. 


circiiiiii 

.iiialysc 
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Hence 

I -2a- ho. 

There are consecjiiently no neutral lines, and the isoclirornatic lines are 
the same as when the li^ht is plane-polarised and analy sed. 

238. Convergent Circularly Polarised Light. — If the incident 
light 1)0 converg(int, achromatic lines and coloured fringes are presented 
as in the (;ase of plane-polarised light, but liere they are of a simpler 
character. The uncolourcd lines are determined by the ecpiation 


sill 2a - 0, 


therefore they are only half as numerous as in the case of plnne- 
[)olarised light, for in the latter case the neutral lines are deteianined 
by the eipuition sin 2a sin 2(3 = 0. 

Thus with a uniaxal plate cut perpendicularly to the optic axis 
we have with ])lan(5-polariscd light in general two rectangular crosses 
of uniform intensity and neutr*al tint, but with circularly polarised 
light we have a single cross, the amis of which are respectively parallel 
and perpendicular to the trace of the principal section of the analyser. 
The intensity of the neutral lines is uniform and equal to a^, being 
independent of the angle between the principal planes of the polariser 
and analyser. 

For a given position of the Nicols, if sin 2a is positive, the points 
of maximum intensity correspond to 


that is. 


sin 5-1, or 5 ~(4'a l- l).^7r, 


5- 


TT 

2 ’ 


Dtt 


etc. 


and the points of minimum intensity to 


that is. 


sin 5 -1, or 5 — (lit- l)^7r, 


5-- 


.‘Itt 

2’ 


7w 
2 ’ 


1 It 
2 ’ 


oti*. 


(max.), 


(min,). 


In the case of plane-polarised light we have seen that the bright 
and dark fringes arc determined respectively by 


and 


5 :2«t = 0, 2t, It, etc., 

5 — (2?l -1- 1 )t - T, ^T, .^)T, o.to. 


Hence the bands corres})ond to the even multiples of J) 7 r in the latter 
case and to the odd multiples in the former. 
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The effect the circular polarisation has been to displace the 
fringes through a quarter of an order. In one pair of opposite quad- 
rants they are pulled in towards the centre by this amount, and in the 
other pair tliey are pushed out by the same amount, for the bright 
rings in any quadrant correspond to the dark rings in the adjacent 
([uadrants, each fringe changing to its com))lementary in crossing the 
neutral lines (Figs. 193, 191). 

This result affords a convenient method of determining the sign of sign test, 
a crystal, for if two crystals have opposite signs then sin 8 will be posi- 
tive for one and negative for the other, consecpiently the bright rings 
afforded by one will correspond to the dark rings of the other. But 
we have seen that the bright rings in any (piadrant correspond to the 
dark rings in the adjacent ((uadrant, therefore for a given position of 




the Nicols the rings afforded by one crystal will be similar to those of 
the other turned through a right angle. 

If the thin plate be cut from a biaxal crystal perpendicular to the 
mean line, the isochromatic curves are lemniscates, and crossing these 
we have the two branches of a rcctangidar hyperbola passing through 
the apparent extremities of the optic axes, and having for asymptotes 
a parallel and a perpendicular to the trace of the principal plane of 
the analyser. The fringes change to the complementary tint where they 
cross the neutral lines — that is, the bright bands in any ([uadrant 
correspond to the dark bands in the neiglibouring (juadrants. 

239. Elliptically Polarised Lig-ht— If the light incident on the 
plate be elliptically polarised, its components parallel to the jn’incipal 
directions in the plate will differ in amplitude and phase. The effect 
of the plate is to alter this difference of phase, so that emerging from 
the phite the vibrations may be written in the form 

— a cos bit, and // - h cos [bit 5 ). 
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itesolving these p;inillel to the principil pbtiie of the^analyser we have 
in it the vibration 

/A (*os a <* <1 s co^ 1- /> si II a cos ' w/ oj f/zco.^a i /; n a cu.s 5 ) cos w/ -/> sill a sin 5 sin w/. 

The intensity is conse<piently given by 

I (zz, ct)sa : /z sin a cos 5)- ! /z- si ii- a sin“ o. 
zz>' cos- a i //“ si 11“ a i zz/z si n 2a cf»s o. 

The unc()lonr(‘(l lines ai(‘ thcrefoie again given liy the C(|nation 

sin "2a 0 . 

1lie forms of tlie fringes have lieen investigated by Airy in some of 
the simjiler cases, particularly lhat r>f a nniaxal ciystal cut per])cndicn- 
larly to the optic axis. 


I. I itj thf Oft/fc /l.i'cs 

240. Dispersion of the Axes. 'Fhe optic axis of a uiiiaxal crystal 
is tin', same for light of all colours, but in the case of biaxal crystals 
the angle between the optic axes depends on the princijial indices 
/ 4 p / 4 .„ /A.,, and as these (quantities are functions of the wave length, it 
follows lhat in g(*ncral the angle between the optic axes will be 
diHerent for differently coloured lights. Thus if 20^. and 20,. denote tln^ 
angle between the optic axes for the violet and the real rays respectively, 
we have to determine tlunn in ti'rms of the corresponding priindpal 
velocities (Art. 201 ) 

UwO,. laiw/, 

\ h,’- zv- \ f,;^ z-;- 

and as z(, /z, r do not, in general, vary ])roportionally in passing from 
one colour to another, it follows that 0 will vary with the wave length. 
This di.'<prrsioii of the optic axes, as it is termed, depends on the 
character of the crystal, presenting different peculiarities according as 
the crystalline axes are rc'ctangular or oblique. 

( 1 ) Orthorhomhic Spsfciit. — Crystals of the orthorhombic (or trimeti’ic) 
system poss(3ss three rectangular planes of symmetry. The ciystallo- 
graphic axes arc une([ual but mutually rectangidar. 

Now the optic axes are situated in the plane (,r:) of the greatest 
and least ax(^s of elasticity. C(>nse(|ucnlly if we have z(: /z>c for all 
wave lengths the optic axes for all colours will be .situated in the same 
plane {ac), but if it should happen that for some colours we hav(i 
(i^ hxi and for others hxr^ r, the ojRic axes of the former will lie in the 
qdane and those of the lattei* in the jierpendicular plane (he). So 
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Hgain if for .‘iny golour wc have (i>r>h, the correspoiuling optie axes 
will be situated in the plane (a/t). The pairs of 0])tic axes situated in 
any ])lane have, however, a common bisector of the angle betwemi thmn, 
viz. the axis of (dasticity which lies in that plain* ; they are therefore 
symmetrically situated witli n^spect to this line. When the variations 
of (I, h, r from coloui’ to colour are small, e.ompaied with tlie dilferenct's 
of the <juantiti(*s tlnnuselves, then tin* optic axes of tin* various colours 
(as in the case of aragonite) will all lie* in the same plane, and be 
symnndrically situated with respi*ct to tin*, same line. 

Thus tlu^ lemniscate fringes pr(‘sented by a plate (nit ptnpendicn- 
larly to the greatest or least axes of elasticity -that is, ])erpendicularly 
to cither Insector of the angle between tlie ()[)tie a.x(is -will ]:)ossi*ss the 
same c('ntre but- will have ditferent foci for the ditferent (n)lours, the 
distance between them increasing or decreasing from the red to the 
violet, ac(n)rding to the nature of the crystal ; but in some cases tin*, 
angle between tin* axes attains a maximum value for sonn* coloin-s 
betw(3cn the led and violet, and then deciTases fiom this towards botli 
ends of tlie spectrum. 

(2) — In the monoclinic system of crystals two 

of tlie crystallograjihic axes are inclined at an obli<pn^ angle, while tln^ 
third is perjicndicular to tlieir j>lanc. Thus of tlie angh‘s ]>(‘tw(‘(‘n tin; 
axes two are light and one obli({U(*. d'here is consecjuently only a 
single plane of symmetry, viz. that containing the oblique? axes. The 
third axis, which is ])erp(*ndi(?ular to this plane, preserves tin? same 
direction for all colours, but tin? dir(*(‘tioiis of the other two ax(‘S may 
vary in the plane of symmetry, so that great coiiqilication may occur 
in the fringes. Two distinct cases arise : — 

(a) If for any colour the hi.sector of the angle between tin? o])tic 
axes coincides with that crystallographic axis which is peipendicniar 
to the plane of the other two, this line will bisect the angle l)(?twcen 
the optic axes for all the other colours, but since tin? obli(jue axes in 
tin? plane of symmetry vary with the wave h?ngth, it follows that the 
plane containing the optic axes may be situated in any azinmtb. 
Dorax presents this mode of dispersion, the optic axes for the \arions 
colours, being situated in different planes but possessing a common 
bisector. Thus the isochromatie fringes aiforded by a plate c.nt per- 
pendicularly to the bisector of the acute angle b(?tween the o])tic axes 
(the greatest axis of elasticity in negative?, and the least in positive 
crystals) possess the same centre, hut their ax(*s may be in a.ny 
dii’ection. 

(/3) If the optic axes for any colour are in the plane of symmetry — 
that is, the j)Iane containing the o])li(|ue axes of tin? ciystal— -th(?n the 
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Optic axes for all colours will be situated in the same plane, but as their 
directions may vary in any manner, the an!:;les between them will not 
have a common bisector and the isochroma tie curves will not have a 
(a)mmon c(*ntre, but th(‘ir centres will be situated on a light line with 
res])Cct to which the cni'ves ai-e symmetrical. This species of dis})ersion 
is (jxhibilijd in gypsum. 

(.‘V) Trir/iiuc S/fs/ntt. In the triclinic system of crystals the three 
crystallographic ax(\s arci inclined at obli<|Ue angles, and the [)osition ol 
the, axes of o[)tical (daslicity may vary in any manner from colour to 
<*,oloui‘. We may conse<juently be presented simultan(M)iisly with the 
modes (a) and (/J) - that is, the optic axes for the dilfcient colours may 
be situated in diderimt jilanes and at the sane* tinu‘ they may not ]iav(‘ 
a common bise(*toi‘. 

Kjlcrf nf (f (-hituffr of TrinjH’rot u ,r. An ehn’ation of temperature 
g<merally diminislu's the r(‘fra,(‘.liv<‘ imh^x of a. trans])ai’ent substance. 
II(mc('- in geu(‘ral a variation in the tem[)ei‘a.ture of a. crystal causes a 
(“orrespondiiig \ariati()U in the (|uantiti(‘s />, r, so that the angle 
bet ween th(‘ optic axes for any givam colour will in general change 
with the tem|)eiatur(‘ of the crystal. And furtlnn*, if at one tempera- 
tur(‘- the optic axes for all colours lie in the same plane, then at 
aiiotJuu’ tem]>crature sonu^ may remain in that, plane while otlnu's are 
disj)laced to tln^ p(‘r|)(Midicular ])lan(‘. This was obsen ved ]>y llrewster ^ 
in sul|)hate of sodium. In this substanc(‘. the optic axes at oi‘dinary 
tcmjx'ratures a.r(‘ all situat(‘d in tln^ same. plan(‘, but they exhibit great 
disp(*ision and the fringes are greatly confns(‘d. ( )porating with mono- 
chromatic light of various colours, lli(‘ angle bt^twetm tlu^ optic axes 
Mas found to increas(‘ fiom the vioh't to tin* red, being small for the 
fornn*r and considerabh* for tin* latter. On gradually raising the 
temperatui'e tin* angh^ M’as s(*(*n to diminish for all tin*, colours, tin* 
violet axes slu'iidving clos(*r and clos{*r till they tinally (‘oahvseed, and 
the crystal for these I'ays then behaved as if nniaxal. On continuing 
the eh'vation of tempei-atnre the viol(*t axes se])arated again, but now 
in tin* pei*p(*ndicnlar plane, and at GO the angle b(*tween them attained 
a ciuisiderablc magnitude. In opei*ating v itli vdiite light the plieine 
nn*.na beconni extremely confused and indistinct. 

In the case of tin* obliipie systtuns of ciystals an (‘levation of 
tem})erature may displace one axis notably more than the other, so 
that the mean lini* corresponding to this coloni’ b(H*omes displaced in 
direction. 

* l>rc\\ riill. Mn'i. v-U, vol. i. )>. 117. 
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()\ THK STUDY DK PDI.A IIISIID LlUIir 

241. Detection of Polarised Light. 'Vim friiii^os uiul ('olouis 
cxhihited Y'hrn polarised lie;ht is transmitted tliroiii;li a tliin crystal 
line plate ])laced l)efore an analys(‘r afldrd a most dtdicat(^ t(‘st of tin* 
])i'esence of })olarisation in a l»ea.m of lie;ht, or of doul)ly refrai-tiiii; 
structure in a transparent su]>stanee. It is to l>e expcTltaK theridore, 
that instruimmts de])ending in ]>rinri[)h‘ upon tli(‘ exhihition of lhes(^ 
fringes should have heen early invemted and a|)|)ii(*d to the study of 
polarised light. In general aiiy instrument which acts as a ])olariscr 
may also 1)(^ us(m 1 as an aiialysm*. Thus a. NicoFs pi‘ism may h(‘, used 
either to [iroduce a pencil of plane ])olai'isi‘d light oi* todet(*ct ])olarisa 
tion in any other pencil. If liglit be transmitted throiigli a, Nicol 
tlu^ intensit}' of the transmitted beam will vary as tiie Nicol is rotatcal 
if tin*, incident beam is polarised or [)a.rtia]ly polarised. I>ut this 
method of detecting the pre.<^eTic(* of polarisation depends on tlie 
variation of tlu* intensity of an imag<‘, whicdi will be very minute, and 
consecpiently esca|)e observation if th<‘ (piantity of polai ised light in 
th(^ incident ])eam is small. 

Instruments depemding on the j)i*oduction of coloui’s or fringes aia^ 
much more de]icati\ and del<‘ct tlie preMuice of small traci^s of polar 
isation. A\hi shall describe those of Sa-vai*t and Mabinet. 

242. Savart’s Polariseope. Savart’s p(jlariscope is a simph* and 
delicate contrivance for tlu; detection of pIam‘-poIarised light. 

A thin })late of a uniaxal crystal is divided into two halves in 
ord(;r to S(;cure two similar thin plates of (Mpial thi(d<m‘ss. ddi<; two 
portions are now' superposed so as to form a ])lat(‘ of double the thick 
ness, and one of them is rotated through 130 , so that their princi[)al 
sections art; at right angles. The plates, so placed, are mounted in a 
small tube before a XicoFs f>rism, or any other aiialyser, of wd)ich the 
principal section is turned parallel to the bisector of the aiigle betw'e(;n 
the ])rincipal sections of the plat(*s. 
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When a beam of convergent or divergent plan^-l)olarise(l light is 
allowed to fall upon the plates the field of the analyser is crossed by 
a system of coloured rectilinear fringes ])arallcl to the bisector of the 
angle between the ))rincipal planes of the plates. The seiisi))ility of 
tlie instrument increases as the plane of polarisation of the incident 
light approaches the direction of the fringes — that is, the bisector of the 
angle between the principal sections — and it is siitticiently delicate to 
easily detect the jwlarisation of the light of the sky. 

The (piartz plates ar(‘ cut at an angle of about 45 to the axis in 
order to avoid the effects of the rotatory power which the crystal 
possesses in the direction of its axis (chap. xvii.). 

243. Babinet’s Compensator. -The compensator devised by M. 
Babine.t admits of the study of polarised light by means of coloured 
fringes, even though the incident light be ])arallel. Ft is an exceed- 
ingly sensitive polariscope, and has been successfully adapted, in a 
modifie<l form, by M. Jamin to the study of elliptically polarised 
light. 

It (Consists of two shmder right-angled [)risms or wedges of quartz 
ABI) n,nd lUd) (Fig. 195), placed together with their hyi)Othenuses 

in contact so as to form a thin plate of 
rectangular ci’oss section A BCD. In the 
prism ABl) the optic axis is parallel to 
the face through A B, and to the plane of 
I the section Al>(d), while in the prism 
BCd> the axis is parallel to the face 
through Cl), but perpendicular to the 
I plane of the section. Thus in both 
prisms the axes are parallel to the faces 
of the plate, but perpendicular to each other, as in Wollaston’s prism 
(Ai’t. 1S6), but on account of the extreme smallness of the angles of 
the wedges in this apparatus the separation of the rays during trans- 
mission is negligible. 

Hence if plane-polarised light falls normally on the face AB it will 
be broken up into two parts, one vibrating parallel to AB, and the 
othei- perpendicular to it, and these vibrations on entering the second 
])rism will retain their directions of vibration but interchange their 
velocities of propagation, for the vibration parallel to AB is parallel to 
the optic axis in the first prism but perpendicular to it in the second. 
It consequently follows that the ordinary ray in the first ])risni 
becomes an extraordinary ray in the second, and vice vcvsa, Thus if 
any ray PQ traverse? a thickness c in the first prism, the relative 
retardation of the two vibrations will be <’(/v - /O? thickness 
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e in the second pr^m will be - /(/x,- - /x„), since the ray which travels 
fastest in the first travels slowest in the second, and vice vemh Hence 
the whole relative path retardation of the vibrations produced by 
transmission through the plate is 

'JTie ray MN which passes through the centre of the plate (e - /) 
suffers no relative retardation in its component vibrations, and remains 
polarised in the same j)lane as at incidence. As we move from N 
towards L) the component vi])rations at emergence will differ in phase, 
but at a certain distance a from N the phase difference will be equal to 
TT, and the retardation will be A A. At a distance 2(i it will be A, and 
so on. Consequently on the line Cl) we will have a system of equally 
spaced points at which the phase difference will be a multiple of tt, and 
the emergent light will be plane-polarised, and oii the face of the 
crystal there will be a corresponding system of right lines, at a com- 
mon distance a from eacli other. At the centre N, and at points on 
CD, distant any multiple of 2a from it, the phase dilference will be a 
multiple of 27r, and the transmitted light will ])e })olarised in the same 
plane as the incident, but at the intermediate points, viz. those distant 
from N by an odd multi [)le of a, the phase dilference will be an odd 
multiple of tt, and the transmitted light will be plane-polarised also, 
but in this case the plane of polarisation will bo inclined at an angle 
2a to the plane of polarisation of the incident light, where a is the 
angle between the primitive plane of polarisation and the principal 
plane of the face AB (sec Art. 47, Cor. 1). The ])oints at which 
the plane polarisation exists are determined by the equation 

At a point any distance ./* from N the path retardation is o where 
h\ a “ a 

and we have the relation 

(r- . \ 

a 2 

At points where xja is not a whole number, the jihase difference will 
be other than a multiple of tt, and the transmitted light will in general 
be elliptically ^ polarised. 

^ At points lialf-way between those where the jilane polarisation occurs, the phase 
difference will be 90'^ or an odd multiple of 90', hence if the iiKtifleiit li^ht be 
polarised at an angle of 15 ' to the axis of the (piartz, the eoiiijionent vibrati(^ms will 
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lleiice if the compensator be viewed tlirough a Ij^icol’s prism, turned 
so as to extinguish tlie plane-polarised light of the central line N, it 
Avill also extinguish the light from a system of parallel lines on either 
side of N, at a distance 2a from each other. Between these dark lines 
there will be a certain amount of illumination. At points half-way 
betwemi them — that is, on a system of lines distant from N by odd 
multiples of a — the light is also plam^-polarised, but at an angle 2a 
to that at th(^ central line. T1 le Nicol will not extinguish this plane- 
])olaiised light but will transmit more or less of it according to the 
value of a, and (if a ^ 15 ) the light from th(‘.se lines will be completely 
transmitted by the Xicol, so that they will be very bright and the 
fringes will then ])e best marked, for between the dark lines corre- 
sponding to the .r ~ 2//a we shall have the spaces the brightest possilde. 
Hence if a-- 45" — that is, if the incident light is polarised at an angle 
of 45° to the principal plane of the face — the fringes will be most 
distinct ; the dark bands being given by 

.r 'And, 

and the brightest lines by 

X {'An ! 1)^/. 

Thus in general we have two systems of lines along which the light 
is })lane-])()larised, one corresponding to retardations equal to oven 
multiples of J,A and the other to odd multiples, and the planes of 
j)olarisation of the two systems arc incliru'd at an angle 2a. If the 
principal plane of the analyser be ])(‘rpen(licular to the primitive plane 
of polarisation — that is, if the Nicols be crossed-— a system of dark lines 
corresponding to the former will a})pear in the field, and if the analyser 
be I’otated through an angle 2a a system of dark lines corrcs})onding 
to the latter will lx; presented, while for intermediate positions of the 
analyser there Avill be no perfectly black bands, but merely lines of 
maximum and minimum intensity. 

The distance a may be measured by fixing a very fine cross wire, 
furnished with a micrometer screw, so as to coincide with the central 
dark band. By turning the screw the wire is displaced to the next 
dark line, and the distance 2ii through which it has been displaced 
may be found ; or the wir(‘ may be displaced to the //th dark line 
from the centre, the distance 2}ui read off, and a calculated. The retard 

Ik* of (‘(nial aiiiplitudo, and wlu-ii they dill'er in phase by UO the light will he eircii- 
larly polarised. There will therefore in tliis ease be a system of lines along the lace 
of tin* ])hite at which tlic twi-nsinitteil light is eircularly polarised, and these lie half- 
way between the lines of ]>hiiie polarisation. They may be detected by introdmdng 
a quarter- wave plate or Fresnel’s rhomb, which will reduce the circularly iiolarised 
light to ])liine-pohirised light ; this may be (piencdied by a Nicol’s prism, and a 
corresponding system of dark lines will bt* presented in the Held. 
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iition at any point (lepcnuls on the wave length, ami cons(M|uoiitly if 
white light be uset? the bands will be rainbow-coloured and the central 
line alone will be (juite black. 

Cnr , — If the angle ABl.) of one of the prisms be / we have 

(m« /Cj) tail f - ^/4/^ 
for 

tan / and (»' - aO ' 

2 ./‘ d 2 

which by nndtiplication give the above result. Knowing a and /, this 
gives a method of determining eitlnn* A or /a,. - when one of tlunn is 
known otherwise. 

244. Elliptically Polarised Light.- M. Jam in aiiplied Babi net’s 
compensator, in a modified form, to the determination of the constants 
which characterise an elliptically ])olarised ray. In tln^ foregoing we 
have snp})osed the cross wire movabh? while tlu‘, eom])cnsator remains 
Hxed, but in M. Jamin’s apjiaratus th(‘ cross wire remains fixed and 
one of the wedges forming the compiuisator is movial |)arallel to itself 
by means of a micrometer screw, the otlun* wedge remaining fixed. 
The effect of this is to diminish or increase the dithn-enco of thickness 
e - / under the wire according to the direction of motion. The 
motion of the wedge conse((uently displaces the whole system of fringes 
across the field, and any paiticular liand may l)e brought under the 
cross wire. It is ch^ir that the distance through which tlui wedge 
must be displaced in order to displace the system through the width 
of a band is twicii as great as the corresponding displaceimnit 2// of 
the fibre in the first form of the apparatus. For here the thickness of 
one wedge under the wiie remains constant whihi the other varies, ])iit 
in the case of a movable cross wire the thickness of oiui increases ami 
that of the otlier simultaneously dimiiiisluis liy tlie same amount, so 
that to produce the same difference of thiekness under the fibre it is 
only m^cessary to move it through half the aiiiourit. 1 fence if 2/> lie 
the distance through which it is necessary to displace the wedge in 
order to disjJace the fringes under the cioss wire by the widtli of a 
band, we have for the retardation at a <listance x from the central 
hand 

O ,»• ► \ 

. or 0 ^ , . 

X 2b b 2 

and therefore 

h 


The instrument may now be applied to the determination of Yhc 
characteristics of elliptically polarised light. 
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Jjderrninatwn of f he Phase Difference . — If the incident light be ellip- 
tically polarised we may resolve the vibration at efich point into two 
components parallel to the axes of the quartz wedges. These com- 
ponents will differ in phase and amplitude, and are of the general form 

- A (los (w/ i- a), y --Vi <'OS + /^). 

The elfect of transmission through the plate is to change the phase 
difference by an amount 

which will vary from ]>oint to point. It is clear then that we will 
have a system of parallel lines for which the whole phase difference 
a- ji + d will be e(jual to multiples of tt, and the transmitted light 
along these lin(‘s will ])e plane-polarised, consequently when the com- 
pensator is viewed through a Nicol, properly placed, a system of bright 
and dark bands will be exhibiUid in the held, and under the central 
])and the total ])hase difference will be zero. 

Now let us suppose that the apparatus is so adjusted that with 
plane-polarised light the central band is under the fibre. Then, when 
the incidtmt light is elliptically polarised, the cential band will not be 
under the fibre but will be displaced across the field. At this band 
the original phase difference existing between the component vibrations 
has been neutralised by that introduced by the plate. This phase 
difference is consecpiently determined by tui'iiing the micrometer screw 
till the central dark band is brought under the wire. If the displace- 
ment be X w(* have therefore 

a ti .V ,, y 

' - , <U’ a p TT . 

TT b ^ h 

J\)si(ioii if the Jxrs . — The direction of the axes of the elliptic 
vibration may also be determined by means of the compensator. We 
know that the })hase difference of the com})onent vibrations taken 
along the axes is 90 (see Art. 47). Hence set the compensator so 
that the cross wire is over the central line N — that is, over the central 
dark band when the incident light is plane-polarised — and turn tin; 
screw by an amount 1/^ so that the line under the fibre will correspond 
to a retardation of JA or a phase difference of 90'. Now allow the 
elliptically polarised light to fall on the compensator, and if the central 
black band be not under the fibre turn the compensator round the 
direction of the incident light, and so cause the fringes to move across 
the field, till the central band is under the fibre. In this position 
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the axes of the elliptic vibration are parallel to those of the (juartz 
wedges. ^ 

of the — When two rectangular vibrations eompouiid 

into another rectilinear vibration, the tjingeiit of the angle which the 
direction of the resultant makes with one of the components is measiu*ed 
hy the ratio of the amplitudes of the components (Art. 47, Cor. 1). 
Now an elliptic \'ibration is divided into two components pai’allel to 
th(^ axes of the compensator, and at the black bands their phase ditler- 
ence is a multi23le of tt so that they compound into a rectilinear vibra- 
tion, which, since it is extinguished, must be perpendieulai* to the 
principal plane of the analyser ; consequently the ])rincipal plane of 
the analyse!' malo's Avith one of the priticipal sections of the compen- 
sator an angle the tangent of wliich is equal to the ratio of the amplitudes 
of the components of the elli})tic vibration, lienee if the compensator 
be set so that its axes are parallel to the. axes of the elliptic vibration, 
then tluj tangent of the angh? between on(‘ of its princi[)al [>lanes and 
the princi[)al plane of the analyser Avill b(‘ ecpial to the ratio of th(‘ 
axes of the elliptic vibration. 

243. Application of the Quarter-wave Plate. A sinq>le lait 
much less precise method of analysing elliptically polarised light is to 
reduce it to planc-polai'ised light by transmission through a (luarter- 
wave plate, 'rin*. {)i'operty of such a plate is to introduce a phases 
ditfercnce of a (juarter period (Oh ) between the component vibratioi!s 
which are transmitted through it. Hence if the light be received 
normally on the plate, placed so that the directions of viljration in it 
are ])arallel to the ax(‘s of the ellipse, the component vibrations in the 
transmitted liglit will differ in })hase by 180 ', and it will tluirefore be 
[)lane-j)olariscd, and capalile, of being extinguished by a Nicol’s prism. 
Hence the plate and Nicol are adjusted by trial till the light is 
extinguished, and in this position Ave knoAv that the primaj)al sections 
of the plate arc parallel to the axes of the elliptic vibration, and further-, 
the principal plane of the analyser being perpendicular to the dii'ection 
of vibration of the plane- polarised light emerging from the plate Avill 
make an angle Avith one of the princijial sections of the })late, thi^ 
tangeirt of Avhich is equal to the ratio of the axes of the elliptic 
vibration. 

Since the retardation in passing through a plate depends on the 
wave length, it follows that a quarter-wave plate will only act as such 
for some particular Avave length. Fresners rhomb, on the other hand,, 
is almost quite free from this objection, and introduces a phase differ- 
ence of 90 very approximately for all values of A. It is consecjuently 
better adapted for Avork with Avhite light. 
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246. The Strain Compensator. A slij) of i^lass when stretched 
(or coinpress<*(l) acqnirc's the doubly J'efi-iictiii^i; ])ro|V‘rties of a uniaxal 
♦•rystal of Avliich the o|»tic axis is pai-alli*! to tlie dii’cction of stretcliin^. 
WIhmi int(M‘pos(Ml in tii(3 })atli of a ])encil of plan(i-[)olai‘is(;d light the 
glass pla.te will tlierrfore. in giaieral convert it into elliptieally polarised 
light, and eonvci-sely it may, with prop(‘r strcdehing, reducM^ to xei’O, or 
TT, the phase dillei-enec; alr(‘a.dy existing in an (;lli])tic vibration, and so 
eonv(;rt it into ])la?ie polai‘is(‘d light. In this a])plication it was em- 
])loy(ul by I)r. Kerr* in his eolebratcil exp(‘i-im(‘nts on the reflection of 
plane polarised light from tin; poh; of a niagmd- (Art. *201^)). 


in'niliiciiKj ttnd ithnlif iji luj Poh(i'i<nl Liijlit 

247. General Method of Detection. -It may l>e useful here to re- 
ca])itulat(; th(‘ methods by which tin* various hinds of ])olarised light may 
be obtained, ajid to j>ointout the sptsa’al characteristic, (jualities by Avhich 
tln;y may lx; distinguished from each other, and from common light. 

Polarisation of any kind may lx; d(‘t{*cted by m(‘ans of tin; colours 
produced by transmission through a thin ciystalline plate, and a know- 
h.;dge of tin; character of the fringes airo!*d(;d by the ditlei’cnt kinds of 
polarist;d light would enable us by this method alone, not only to d(;t(;ct 
tin; ]>res(;nc(; of tin; polarisation, but also to det('rmine its class. l^]ach 
kind may, howc'ver, be studied separat(*ly as follows. 

248. Plane Polarisation. Plain‘-]x)lai*is(‘d light was first obtained 
by double ndVaction and aft(‘rwards by r(‘ll(;ction from glass. In all 
cases of double refraction tin* refracteil pencils are both ])lane-[)ohirised, 
a,nd their [)laiies of |)olarisation are at right angles. An obvious method 
t)f obtaining a beam of plane-polarised light is to ti’ansmit ordinary 
light through a doubly refracting crystal and to intercept one of the 

Mctliods of refraet(;d ptmeils. Tliis imiy lx; done iii three ways. If the crystal ])e 
atibrd eousich'rahle separation of the refracted rays, one 
of them may be stop])ed by an oparpie diaphragm, while the other is 
allowed to })ass foi* use. or examination. If the s(‘paration of the i*ays 
lx‘ small, so as not to peiaiiit of the us(; of a diaphragm, one of tin; 
pencils may he ahsorhed and the othei* transmitted. This happens 
in some natural crystals, such as tourmaline, which possesses a high 
eoelHcient of absorption for the ordimuy ray, but freely traTisinits the 
(;xtraordiiiary. f'iually we ])ossess the method commonly used in 
practice, viz. that of intorce])ting one of the beams by total redectioii 
while the other is transmitted, and on this principle such instruments 
as Nicol’s and Foucault s prisms ai-e constructed. 

^ /Vo7. J/'C'/- NoxamhImt IsTf). 



3 

AKT. 210 


( ' I K c u LA 1^ ro r. A in s A 'I' I o x 


117 


'I'he s(*c()iul iiK'tliod of obtainirig liglit, viz. by 

reH(u;!t ion at tlie |)ol:uising aiiglo from .some transparent snbstaneo, 
sneli as glass, is very <‘on^a*?li(‘llt, Kapiiring no spiH'ial apj)ai'a,tus, lait it 
is less })crteet than the nu'thod of double lefraetion, for it is found by 
experiuKuit that \ erv few substama's eoniph*tely plaue-[)olarise light bv 
reHeetio!), and that tlu'se haNt' a refra(‘ti\a‘ index of about I'Ki. 

ft- is to be renn‘ml)(‘r(‘d that any instrument which acts the j)art of 
a polariscr may also be used as an aualys(*r to (‘xamiiu'. the projxu’ties 
ot a, polarised })eam. KxamiiuMl by any analysm*, such as Nieol's prism, 
the eharactmistie of plane ])ohirised light is that it may b(‘ comph*tely 
extinguisluMl by tin* analysi'r ])laced in a etutain azimuth, viz. sueh 
that th(i |)i*ineipal plains of tlie analysta* is paralhd to tin* plain* of 
])olarisa,tion of tln^ in(‘i<h‘nt light. Ihxamined by transmission through 
a doubly iHjfi'acting I’hoinb, we obtain in geiu'i’al two I'efiaited |)eneils 
of different intensiti(*s, and in two positions of tin* rhoml> one of tin* 
pencils vanishes so that tlni incident, light is t raiismitt(*d in a. single 
b(‘am. A\’e eonse<|Uently poss(*ss the means of d(‘t(M‘ting it, and dis 
t'inguishing it fi’om all oth(*r kinds of poiarisc'd light, a, ml from 
ordinary light. 

249. Circular Polarisation. — A eireular vibration arise*, s when 
two rejetangular pla,ne polariseel (tha-t- is, laicl iliin^ar) \ ibi‘a,t ions (d‘ 
th(5 same period are*, ceimpounded, wliieh dilVer in phase* ]>y \){) and 
are of eepial amplitude*. The* (*(juations of sue*h a xibration itiay be* 
wrilf(*n in the* form 

e cos to/, // e sin to/ ( i i,L;li1 -li.i m lc« 1 ), 

in which exise t he rotation is frenn right te) hifl (se*(^ Kig. iM ), a,nd tin; 
vibi’atie)?! is saiel to be* right hande*d. ( )r the e<jUalions may be 


,1 (fi'osojf. If sin to/ ( !c 1 1 - liaiif lc( I ), 

in which the rotation is from le*ft te) right, anel tin* viln’ation is said to 
be le*ft-handeel. 

(h’reulai- pedarisation is tln-refoi’e; ])rodue‘e*el w hen a j)lain* polarise*<l 
ray is di\ided into twe> others, vibrating at right angles, (*fjual in 
am[)litude and ditfei ing in ])ha.'>e* by 90 . This is obta,in(*d by t rans- rifxiin rc 

mitting plane* polarise*d light through a epiartor wa\e‘. ])lat<‘, tho a\(‘s of 
the ])late being inclineal at la to tln^ plains of polarisation of tln^ inci 
dent, light. The sann* ellect is produe-e‘el with much h^ss colouring hy 
ti'ansnii^sion through k'rcsin*! s iliomb, the ])laMe‘ oi rcllcction be'ing 
inclined at la to the jihun* of polai isatioii. 

Wdieu (drcularly ])‘)laris(*d light is e*.\amined through a Xicol thci 
ilhunination eif the: held is iiielepe-mhuil of iln* e)ricntation of tin; Xicol. 

2 !•: 



418 


STUDY OV POLARISED LIDHT 


c 

CHvr. XVI 


In this respect it resembles ordinary light, but the two may be easily 

Detected, distinguished. For if in the path of a circularly ’polarised beam we 
interpose a rjuartcr-wavc plate or a Fresnel’s rhomb, a further (juarter- 
period difference of phase will be introduced between the component 
vibrations, and this will either add to or destroy the original phase 
difference. We liave consoipiently emerging from the quarter-wave 
plate two rectangular vibrations, of which the phase difference is either 
zero or tt, and these compound into a rectilinear vibration, so that the 
light is plane-polarised. This may be completely extinguished by a 
Nicol’s prism, and we have the means of deciding whether the original 
light was circularly polarised, or merely a beam of ordinary light; for 
the latter on transmission through the (juaiter-wave plate will still 
retain the character of ordinary light and will luiver be quenched by 
the Nicol. 

'I'h(i ([uarter-wave plate and the Fi*esnel s rhomb conse(|uently not 
only act as ])roducers of circular polarisation, but also assist in detect- 
ing it where it already exists. 

250. Elliptic Polarisation. — The rectangidar components of an 
elliptic vibration differ both in phase and amplitude. The e(] nations 
of the vibT’ation may be written in the general form 

X m-os{wf \ a), if -hvos{u}f' \ (i) 0>o^'D]iini(K‘(l j, 

in which case the vibration is said to l)e right-handed (see Fig. IG), or 
in the form 

e (!os (w/ fa), y /u'os (co/ f- /D -handed), 

when the vibration is said to be left-handed. An elliptically polarised 
!*ay may tlu'i'efoi'e 1)0 regarded as the resultant of two plaiio-i)olarised 
rays vibrating at right angles, and differing both in phase and ampli- 
tude. It consc(|Uentlv includes under it, as particular cases, both 
plane and circular polar i.sation. 

Produced. It is clear, tlum, that any process which produces two plane- 
polarised beams, polarised at right angles, and differing in phase and 
a.mi)litiidc, will in general afford elliptically ])()lariscd light. This is 
effected by transmitting plane -polarised light through a crystalline 
plate so thin as not to cause visible separation of the two refracted 
beams, and in general by reflection from metallic or crystallim^ 
surfaces. 

Detec tc<l. Klliptically ])olariscd light when examined through a Nicol will 
give an illumination which will vary as the Nicol is rotated, being 
greatest when the principal plane of the analyser is parallel to one 
axis of the ellipse and least when parallel to the other. It is thus 
distinguished from ordinary light, but the same property is possessed 
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by a mixture of ordinary and plane -polarised light. It therefore 
remains to distin^iish between elliptic and partial polarisation. This 
is effected by the help of a quarter-wave plate or a Frcsncrs rhomb 
properly placed. Thus if the light be transmitted through a quarter- 
wave plate, and if the axes of the plate be placed parallel to those of 
the elliptic vi])ration, the jdiase difference of the components will 
be reduced to zero, or increased to tt, and the transmitted light will 
be plane -polarised. This may be extinguished by a Nicol, and 
the elliptic polarisation is completely distinguished. The further 
study of the elliptic vibration is cfTccted by means of Babiiuit’s 
coni})ensator. 

251. Partial Polarisation. — The term lytytidlly jvfhtrisnl liyhf is 
generally applied to a mixture of ordinary and plane-polarised light. 
AVhen examined through a Nicol the illumination of the field will vary 
as the Nicol is rotated, and this arises from the suppression of the 
plane-polarised comj)oncnt of the light. At fiist sight it might there- 
fore be suspected that such a beam possessed elliptic polarisation, but 
as already indicated, a quarter- wave plate assists us to distinguish 
between the two. 

252. Natural Light. — It now becomes a matter of interest and 
importance to impiire into the nature of the vibration in ccjmmon oi‘ 
unpolarised light. The characteristic of common light is that, on 
transmission through a doubly refracting rhomb, it affords two pencils 
of light which do not change in intensity as the rhoml) is rotated 
round the direction of the incident pencil. Circularly polarised light 
also possesses the same qualit}^ Init is, in addition, capable of afford- 
ing coloured fiinges when transmittc<l through a thin crystalline [)late 
and su])sc<[uently analysed. Plane and elliptically j)olarised light also 
afford such interf(;rencc fringes, but in the case of common light they 
are wholly absent. 

When transmitted through a thin crystalline plate ordinary light 
gives two rays polarisc<l at i*ight angles, and each of these gives an 
image in the analyser ; b\it the two inuiges are com])lementary in 
intensity and superposed. The result is that when the analyser is 
rotated the illumination remains uniform and ecjual to half that of the 
incident light. Hence if the vibration of common light be elliptic, 
circular, or rectilinear, the nature of the vibration cannot remain per- 
manent, for the light would then possess the qualities of polarised light 
and exhibit fringes when transmitted through a thin crystalline plate. 

This characteristic quality of commoTi light has led to the supposi 
tion that in it the vibration frequently changes its character, or that 
it consists of successive series of elliijtic vibrations (including circular 



420 


STUDY OF POLARISED LIGHT 


i 

(HAP. XVI 


;ind ])lano as particular forms), nil the vibrations of any series being 
similar to each other, but those of one series haVing no necessary 
similarity in direction oi* form to those of any other. AVe know that 
many thousand int(‘rfci*ence bands may be jiresented when common 
light is reflected from Fresnel’s mirrors (Art. 100), and that a limit to 
the observable number of these bands is imposed by the limited 
resolving power of our spectroscopes. Now inteiderence can only be 
expected between two sources when they emit similar vibrations. Con- 
sequently if common light affords many thousand fringes the vibrations 
emitted by the soui'cc must remain similar for as many jieriods at least. 

Ilenc(} if we suppose the vibration to change suddenly at fre- 
quent intervals, the vibrations of any seib's between two consecutive 
changes must be similar to each other, and there must be many 
thousa,nd vibrations in each series, say a quarter of a million. Now the 
orange light of th(5 s})ectrum executes about bOO Inllion — bOO x 10^- — 
vibi’ations per second, cons(‘quently tliii foian of the vibiation might 
change bOO times jier second and still have a billion similar vibrations 
in each sot. This would jiermit of the exhibition of millions of inter- 
ference bands (a number <|uite beyond oui* ])ower of observation), and 
yet would sulliciently account for the absence of fringes by trans- 
mission through a thin j)late. For if we have a number of similar 
vilirations in any di?*ection, these will give all the phenomena of intei’- 
ference rings and colours as long as the vibrations remain similar, and 
if the vibration changes to the perpendicuhi]* direction we will again 
have coloured fringes, but this time of the eomplementaiy character. 
Hence if the direction or nature of the vibration changes many times 
per second the several systems will be produced in such rapid succes- 
sion that only their condiined effect will be perceived, and the field 
will appear uniformly illuminated. 

253. Imitation of Natural Light by the Rotation of Polarised 
Light. — If ordinary light be transmitted tlirough a Nicol’s prism the 
emergent light will be plane- polarised, and the vibration will take 
place in a certain definite direction dcteijnined by the position of the 
principal ])lane of the prism. If the Nicol be now rotated round an 
axis pai’allel to the direction of the incident light, the plane of polarisa- 
tion will rotate at the same rate, and the transmitted light when 
doubly refracted will possess, like ordinary light, the })roperty (d’ 
giving two beams of constant intensity, and uniform illumination will 
be produced instead of colours and rings, when transmitted through a 
thin crystalline jdate. It would be possible, however, to distinguish 
between a rapidly rotating plane-polaris(*d pencil and ordinary light. 
For if the rotating beam be examined through a Nicol which is 
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rotated round aii#xis parallel to the direction of the incident lii^ht at 
a rate equal to that of the polarised beam, then if the ])rincipal plane 
of the analyser be parallel to the plane of polarisation of the ray 
in one jio.sition it will remain so permanently, and the light will be 
completely quenched. 

If a thin plate of mica be attached to the polariser the light emerg- 
ing from the mica plate will in general be elliptically polarised, and 
the combined rotation of the Nicol and plate will give an elliptically 
polarised beam, of which the vibrations are similar but rotating ra])idly, 
so that the axes of the ellipses are directed in all azimuths. Such a 
beam was found to produce ^ the same polarisation phenomena (such 
as coloured rings, etc.) as circularly |)olarised light, but if tbe Nicol 
be kept fixed and the mica ])late rotated, so that the sense of the 
elliptic vibration is reveised every half revolution, the transmitted 
pencil behaved like common light. 

It has been shown (Art. t(S, Kx. 2) that a ])lane polarised ray may 
be considered as the resultant of two opposite circulai'ly [xdarised rays 
of the same pei iod. If the circular vibrations be of diHerent periods Rotating 
the direction of the resultant vibration will rotate uniformly, aiid there- 
fori' a rotating plane-polarised ray, such as we have considered above, 
may be regarded as thii resultant of two o])posite circularly polarised 
rays of different periods. This diflerence in period means a difference 
in wave length and refrangibility, and Airy - has consequently remarked 
that a gradual change in tbe vibration, such as the unifoian rotation 
of its diiection, is not an admissible I’cpresentation of the nature of 
common light, for wi'. may i*egard a uniformly rotating vibration as 
the equivalent of two others of diflerent periods, and it should give 
rise to two polarised I’ays of diflerent colours. The velocity of rotation 
rc([uired to produce any such separation would, however, be far in 
excess of anything we could ]) 0 ssibly attain. 

254. Haidinger’s Brushes. — It was discovered by Haidinger that 
plane-pohirised light may be detected by the naked eye, and its plane 
of polarisation may also be ascertained. The phenomenon observed is 
the appearance of a pale yellow patch or brush bounded on either side 
by curved arcs in form like the branches of a hyperbola. The axis of 
this brush lies in the plane of polarisation, and on each side of its neck 
there is a violet or bluish patch. 

Idiese bi’ushes ai-e supposed to arise from the polarising structure of 
the eye itself, and by some persons they are observed even when the light 
is only partially polarised. Most persons, hoivover, can see them only 

' Dove, vol. Ixxi. j». 97. Sc«* Venitjt, (Kurres, toiii. vi. p. SS. 

- Airy, nlutonj Tlnorii of Ojtf ic}<^ Art. is*',. 
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when the light is completely polarised, and even than with difficulty. 
They are best observed by looking at a bright cloud through a NicoTs 
prism, the Nicol being revolved round its axis so as to alter tho plane 
of polarisation. They gradually disappear when the eye is directed 
towards them in the same position, being visible for only a couple of 
seconds after the polarised light is first received by the eye ; but when 
the position of the plane of polarisation is changed by rotating the 
Nicol the brushes continue in the field and are seen to revolve with 
the Nicol. They may be seen by looking for a few moments at one of 
the images afforded by a rhomb of Iceland spar and then at the other, 
and so on alternately, or by looking at the sky, alternately towards the 
horizon and the zenith, in a plane at right angles to the line joining the 
observer to the sun when the sun is near the horizon. 

M. Jamin attributes this phenomenon to the lefracting coats of 
the eye. Thus if plane-])olarised light be transmitted thro\igh a pile 
of plates the intensity of the transmitted beam will depend on the 
I’clation of the plane of incidence to the plane of polarisation. Now 
the crystalline lens of the eye consists of curved layers of unequal 
refracting powers, and, on account of the curvature, the relation of the 
plane of polarisation of a given pencil of polarised light to the plane 
of incidence at each point will vary from point to point, with the 
result that the intensity of the light transmitted will vary from point 
to point on the retina, and the general appearance of the brushes would 
be accounted for. Helmholtz,' however, took objection to this explana- 
tion, and found that in working with homogeneous light “ the blue was 
the only colour with which the brushes are visible, and that the extent 
of the brushes is limited to the yellow sj)ots of the eye. To account 
for the brushes it therefore suffices to suppose that the yellow spots 
are doubly refracting to a slight extent, and that they absorb the extra- 
ordinary ray more strongly than the ordinary in the case of blue light. 

255. The Polarisation of Skylight. — Tt has been already noticed 
that, in general, polarisation is produced to some extent by reflection 
and refraction, and it is consequently not surprising that the light of 
the rainbow, and even the light of the open sky, should be more or 

* rhyHiohujiail Optics. 

“ Tlu*. office of the different colours in the production of these bruslios was first 
invi'stigated )>y Sir G. G. Stokes, who foun<l tliat in tlie rod aii<l yellow liglit of the 
spectrum no trace of them could bo observed. The brushes began to be visible in 
the green, were more distinct on passing into the blue, were particularly strong 
about the line F, could be traced as far as the line G, and whtm they were no longer 
visible the cause appeared to be merely the feebleness of the light, not the in- 
capacity of the greater })art of the violet to ])roduce them (Stokes, Jirif. Assoc. 
Report, 1850 ; Collected Papers, vol. ii. p. 302). 
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less 2)okriscd. "She polarisation of the blue light of the sky was 
noticed by Arago as early as 1811. When the open sky is viewed 
through a Nicol’s prism variations of brightness are observed as the 
Nieol is rotated on its axis. This change of brightness is most notice- 
able when the sky is viewed in a direction at i-ight angles to the 
rays of the sun, and observation proves that the light of the sky is 
polarised, and that the direction of most perfect polarisation is at right 
angles to the direction of propagation of the solar rays. This is sonui- 
tirnes expi’cssed by saying that the place of niaximiim polarisation in 
the sky occurs at an angular distance of 90" from tlie siin.^ 

The blue light of the sky has been imitated, and artificial skies 
])roduccd in a most elegant manner by the late Prpfi^ssor Tyndall. If 
the peculiarities of skylight arc due to the scattering action of very 
small particles suspended in the air, the object of a test (wperiment 
must be to procure a I'cgion of space in which very lint' |>articles are 
known to ])e suspended and to allow a beam of light to jday u])on it. 
This was secured by ])assing a pencil of light through a tube contain- 
ing a small quantity of vapour of iodide of allyl.- By the action of 
the light the vapour is gradually decomposed, and a vt'iy fine cloud 
forms within tht^ tubti. At first the ])recipitated pai ticles are excetMl- 
iiigly small, and the colour observed is a dedicate ])lu(‘, but as the 
experiment progresses the i)articles gradually increase in size, and the 
blue gradually brightens, “ still maintaining its blmmess, uiitil at 
length a whitish tinge mingles with the j)ur(5 azure, announcing that 
the particles are now no longer of that infinitesimal size which scatteis 
only the shortest waves."’ Further, when the incipient cloud was 
viewed transversally through a ^dcoFs ])rism, the scattered light was 
found to be completely polarised in the plane passing through tin*, axis 
of the tube and the eye of the observer- -that is, the plane containing 
the incident and scattered ray— just as the blue light of the sky is 
polarised in a plane passing through the solai* rays and the e 3 "e of the 
o})server. 

That the preponderance of blue in the light of the sky is due to 
the scattering action of very small partichis suspended in the air seems 
to be placed beyond doubt by these experiments. Now we have seem 
that this preponderance becomes at once intelligible when we consider 

1 In the vertical j)laiie tlirough the sun neutral points have been ()l)stirved by 
Arago, Babinet {Comptes Jlcvihis, torn. xi. ]». til 8, 1840), and Brewster {Brit. Jss r. 
Beport, 1842, part ii. p. 13). At these points there is no polarisation, and in the 
intervals between them the light is ])olarised in rectangular [)lanes. 

- Several other substances will also produce the desired effect, as nitrite of aTu^d, 
bisiilj)hide of carbon, benzoic, benzoic ether, etc. 

^ Tyndall, JBaf o. Mode of Motion^ p. 491. 
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the iictioii of particles of linear dimensions small (^)mpared with the 
wave length of light (Art. 1G2), and J^ord Kayleigh^ has further 
shown that the polarisation of the scattered light may be explained by 
Loii(l(Mi su[)posing that the pai ticles load the ether so as to virtually increase its 
inertia, or that property of it which corresponds to inertia (Art. 311). 

This loading action of the particles might be counterbalanced by 
su{)p()sing suitable forces to act at all points of the ether where the 
inertia is altei'e<l. If th(*se forces wm-e ap])lied the loading would be 
niMitraliscd, and the waves would ])ass unbrokim just as if tin; |)articles 
were not present, so that there would be no scattering of the light. 
'rh(‘se applied forces must have the same ])eriod and direction as the 
undisturbed luminous vibrations, and tin* light actually scattere<l is 
the sanui as would be caused by the action of forces exactly the 
o[)posit(; of the foregoing acting on th(‘ mc'dium otluu wise fiee. 

Now on account of the smallness of the [)articles we mav taki? the 
forces acting throughout the volume of any one of them as a, whole. 
The pei iodii; disturbance arising fi*om the action of this force will be 
symm(‘,ti'ical round tin; dii^wtion of the foict‘, and the tr’ansverse vibi’a- 
tioiis which it originat(‘s will be such that the direction of vibi'ation in 
any ray lies in the plain' containing the ray and tlu' axis of symriK'tr'v ; 
iir ot her words, the direction of vibr^ation in the dillVacted ray inaki's 
the least possibh* angle with the direction of vibi’ation in the incident 
r’a}-. Further*, the intensity of the scattered light should vanish in the 
dirvetion of the axis of symmetry, for- the transvei-sal to a i‘ay pi‘o[)a- 
gated in this diri.'ction beconu's indetcr-minate. This being conceded, 
let us suppose that a solar i-ay is regar(h‘d ti‘ansvcr-sely, so that the 
Vww. of vision is at r-ight angh's to the ray. Tin; vibration in the r-ay 
may irr this case be divided into two components, one along the line 
of vision and the otlnu* at right angles to it, both of these components 
bi'ing in tin' wave Ir-ont. Now the component along the line of vision 
will give rise to no scattered light in this dii-ection, for this is its axis 
of symmetry, and c()nse<piently the scattered light i-eceived by the aye 
arisi's entir-ely from the component at right airgles to the liire of visioir. 
ft is thei-efore completely polarised, and the plane at i*ight angles to 
the dir-(‘ction of vibi-ation--that. is, the plane of polai-isation in Fr-esnel's 
theory -contains the line of vision and lire incident rav. 

\A'hen the angle iretween the line of vision and the incident ray is 
other than 90 the scatteivd light is a mixture ar-ising from both the 
foregoing corniionents, and the iiolarisation becomes less and less com- 
plete as the line of vision appr’oaches the dii-ection of the ray, and in 
this direction it altogi'ther disappeai*s. 

• lion. , 1 . W. Strutt, /V// 7 . J/07. vol. \li. p. 107. Is 7 l. 
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256. Rotation of the Plane of Polarisation — Arago’s Discovery. 

— When plaiie-polnriscd liglit is roUccted at the surface of a ti’aiisparcnt 
substance, the planes of ])olaris:ition of the rellected and laifracted 
pencils do not in general coincide with that of the incident light (Art. 

210). If the plane of polarisation of the rellected light is inclined at 
an angle 0 to that of th(' incident, wc say tha,t th(‘ iidh'-ction has rotated 
the j)lan('. of j)olarisation thi*ough an angle 0, and this rotation is said 
to l)e right-haruhal or left-handed accoixling as it is (to an observer 
i‘e(‘(‘iving the light) from right to hdt, oi* the rev(‘rse. liooking in tin*, 
direction in which the light is travelling, a right-haiKhnl rotation will 
cons(*(|uently be from left to riglit, like the motion of a light-handed 
scr(*w, and a left-handed rotation will In^ from l ight to left. In this 
cas(5 the rotation is imhipendent of the length of path lra\’(n\sed by the 
light before or aftei’ incidence. It is therefon^ due to no action of 
the nKHlium through which tin; light [lasses, but occurs at. tlu*. surface 
of s(‘paration where tbi‘ relhiction takes jilace. 

In 1811 Arago ~ discovered that rotation of tln^ ])lane of jiolarisa- 
tion occuis wlnm plan(‘-i)ola,risi‘d light is transmitted through (piartz in 
the din'ction of its o})ti(' axis, and this pi-opin ty is also poss(is>ed by 
many other substances. The I’otation is here due to the action of tlu^ 
imalium thi'ough which the light jiasses, and its amount is dinartly 
proportional to the thickness traversed. W hen ])lan(‘ polariscMl light 
passc's through a iiniaxal crystal, such as Tta3land spar, in tlu^ dina'tion 
of th(3 axis, the plain; of [lolarisation of the transmitted pencil coin- 
ci<les with that of the incident light, but it is dilleient in the case of 
rock-crystal. Here the plane of polai'isation at emergence is not the Ui^^ht and 
sjime as at incidence, but is incliinal to it. at an angle dcp(;nding on 

' [In Uio autlioi’s <‘oj)y I find the ‘picry “(van rotatoiy polarisation be* (‘Xjilainod 
by iiitornal ladlcclioii, i.r. l)y Art. 210'”] 

hi prruiihr <J/fissr.(h' rinstit nt ^ toin. \ii. p. Oa. (Jihivrr^ Huiirph-tr.a, tom. 

\. ]). a.o, 1812. 
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the thickness of the ([uartz plate. Further, some specimens of quartz 
rotate the plane of polarisation to the right (looking in the direction of 
])roj)agation of the light) and some to the left. The former are called 
l ight-handed or dextrogyrate, and the latter left-handed or levogyrate. 

257. Biot’s Laws. — This rcmarkalile phenomenon was investigated 
with great care and success hy Biot,^ who deduced the following hiAvs: — 

(1) The amount of i-otation is jiroportional to the thickness tra- 
versed hy the ray. 

(2) The rotation cilected by two platiis is the algebraic sum of the 
rotations produced by each separately. 

(3) The rotation augments with the refiangibility of the light, and 
is appi’oximately pioiiortional to the inverse sipiarc of the wave length. 

In su])port of the third law, M. Broch gives the following nuniliers 
for qujirtz. ITic first line gives tli(i rotation p produced by a quartz 
])late (one millirmitre thick) on the different rays, and the second line 
gives the [)ro(luct of /> by the square of the corresponding wave 
length : — 


n 

O 1) 

K 

1'’ 

<; 

15 ’ 30' 

17' 21' 2r 67' 

27 ’ 16' 

32^ 50' 

12^20' 

7238 

7120 7511 

7506 

7622 

7811 


For essence of turpentine Wiedemann found 


P 

10' 9' 

nr/ 

18' r 

23 ’ 2' 

32.75' 

p\“ 

1690 

1871 

518} 

5171 

60 1 1 


These tables show that the rotation is not strictly in the inverse 
ratio of the square of tlie wave length, ])Ut that the product pA- in- 
<• leases with the refiangibility of the light. Biot’s hiAv is accordingly 
only an appi'oximation to the truth. 

268. Rotation produced by Liquids and Vapours. — It was soon 
discovered that many liipiids and solutions possess, like i(uartz, the 
poAver of rotating the plane of polaiisation of a, ray transmitted 
through them, but in a much less degree. Thus a plate of quartz 
1 mm. thick rotates the plane of polarisation of the red rays about 
IS’, Avhile an ecpial thickness of tur])entine only produces a rotation 
of a quarter of a degree. 

The rotatory jiower of liipiids and vapours is studied by enclosing 
them in a tube through Avhich the polarised light is transmitted. It 
is found that liquids and solutions do not lose their rotatory ])OAver 
Avhen diluted Avith other liipiids not possessing this property, and they 
retain it even Avhen in the state of A^apour. Biot consequently con- 
cluded that the poAver possessed by liquids of rotating the plane of 

’ Riot, Mem. lie la premiere Classr. ilr rinstitut, tom. xiii. p. 218, 1813. ylun. 
lie Chiniie rt de. J^Jufsifjur, ISlo, otf. 
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polarisation is iuhtp^ent in the ultimate molecule. In this respect they 
differ from quartz, which loses its rotatory power when it loses its 
crystalline arrangement. Thus Sir J Herschel found that quartz held 
in solution hy potash (liquor of flints) was destitute of rotatory powei*,and 
the same was observed by Sir 1). Brewster with respect to fused quartz. 

It is, perhaps, not surprising that crystalline substances should, on 
account of some sjiecial molecular arrangement, possess I’otatory power 
and affect the propagation of light within the mass in a maniiei’ 
depending on the direction of transmission. The loss of this power 
when the crystalline structure is destroyed, as when (puirtz is fused, 
is consecpiently an event which would be natiually expected, but the 
possession of it in all directions by fluids and solutions, in which there 
cannot be any special internal arrangement of the mass of the nature 
of a crystalline structure, is not a thing which one would hav(' been 
led to expect beforehand. To Fai*aday it appeared to be a matter of 
no ordinary difficulty, and 1 am not aware that any (explanation of it 
has ever been suggested. It is just po.ssible that the light in travers- 
ing a solution in which the molecules are free to move may, on aiicourit 
(jf some peculiarity of sti’ucture, cause the molecules to take up some 
special arrangemenl, so that the fluid becomes as it were polarised 
by the transmission of tln^ light, in a manmu’ sonujwhat analogous 
to that in which a fluid (li(d(?ctric is p(daris( 3 d in a field of (dectro- 
static force. 

When two or more li([uids are mixed together their combined 
rotation is always cfpial to the algebraic sum of the I’otations which 
the constituents would pioduce separately when taken in thi(;knesses 
proportional to the volumes they occu[)y in the mixture. This pro- 
p(3rty has been appli(;d to the analysis of compounds containing a 
substance which possesses rotatory ])(jwer and is com])ined with others 
which are neutral. This importaiit application has b(3en found of 
much industrial value in the aTialysis of saccharine solutions, and for 
this purpose instruments termed strrrh a rim fitters have been inventc^d 
(Art. 273, etc.). 

Calling right-handed rotations positive aiid left-handed negative, 
the rotations produced by a thickness of one decimetre of each of the 
following substances, in the case of red light, are ^ 


Essfiicc of Tiir[)eiitiii(" - 29 *() 

,, Citron i 55 a 

,, Aniwoed O' *7 

5 , Lav(!n(l(*r f 2 •02 

,, Vcnnel h 


Es.sriicj*- ol* Seville Oran;^** I 78 '91 
,, Mint U) *1 1 

,, Sassafras i .‘r*5a 

,, Rosemary h a ’29 

,, (5arravvay 4-05 "79 


^ See, Verdet, (Kuvrf’s, tom. vi. ]». 270. 
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Solntidii (if Sii^.-ir ("caiK*), fiO % in water 

^^)uiniin‘ 6 % in aleohol - 30 

,, Stryelmine l.j-% in alcdhol - G ‘G 

,, l^>nicine f) % in aleoliol 12' to 10 

,, Morphine o % in soda 11 ’-f) 


Fof li^dit (D) and 011(3 milliiiietn; tlii(3kness ^ve liave — 


hhiariz 21 ‘G/ 

( 'inriahar 32 ‘o 

Olilorate of Soda 3 'G7 

llromate ,, 2 ‘80 


IlyposiilphaO; rif I’cjtasli 8' 3lV 

,, Lead f)" 53' 

Strontium 1 ’ 64' 
(./aleiiim 2 9' 


259. Molecular Rotatory Power. AVhcn a su])stanc (3 possessing 
rotatory povvtir Is held in solution by a liipiid which is inactiv(‘, it is 
found that rotation of the ])Ianc of polarisation is projiortional to th(3 
(juantity of tin? a(dive substance traversed by the ray- - that is, the 
rotation is jiroportional to tlie nund>er of nioleeules of the active sub- 
stance in the jiath of the ray. This has given ris(5 to the opinion that 
the rotatory power is inherent in tlie ultimat(5 molecule, and hence the 
term inohicidar rotatory jiower. 

If unit weight of tlie solution contains a weight ir of an activ(‘ 
substance, and a weight 1 - w of tin? inactive solvent, and if the 
specilic gravity of the solution lie <r, the volume of unit weight will lie 
'r= I /^r, and the density of tin* aciivi^ substance? in the solution will be* 


ir 


HUT. 


I'he? rotation pi’oduced by a thickne‘ss e will thei’efore he 


/; M< /rcr, 

where M is a constant which me?asures the rotation produced by unit 
thickness of a soliitiein containing the active substance in unit density. 
'The constant M is calleel the molecular riitatoiij p(mrr of the ruhsiaiicr. 

If two ae'tive substance's be mi\e?d, their we'ights be'ing in the ratie) 
tr : (1 - //'), the' rotation produceel by the' seconel will be 

p — M V(1 - ir)(r, 

where M' is its molecular constant. Hence their combineel rotation 
'will be 

p±p' -t\T |M/r±Ar(l ~ ?/'lJ . 

'I'he ([uantity M is found to be not abse)hitely constant. In general 
it augments a little as the proportion of .the solvent is increased, and 
in the e'ase of the* organie* alkaloids anel their salts markeel deviations 
are exhibited. 
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Temiferaiure Kflrrt . — The oHecl of ;i chaiii^e of lenipeiiiture is i;eii('i*- 
nlly to cliaiige the tuoleeiihir rotatory power. In sonu* substanees, such 
as essence of oranges and essence of tnrpentini*, the rotatoiy power is 
<liniinish(al ])y a rise of temperature, while in othius, such as (piartz 
and chlorate of sodium, it increases with the tem])(‘ratnre. 

M. (b'rne/^ (jx})resses the mohaailar rotatory i)ower in tin; form 

M „ .. !,{ _ ,.r\ 

wher(‘ h, r arc constants, which diminish ra])idly. Thus for tlie 
essence of oranges and essence of turpentiiuj ]\I. ( hM iie/ finds foi- tlu^ 
L) ray 

Kss(Mic(.‘ < tr M Ilf)*!)! 0-00()()1 

1 urjicMt iin* M oUaH OMU) 1 ia7/'. 

In the case of quaitz the. molecular rotatory powcu* may l^e re|)i*e- 
sented between --'JO and 100 by the formula 

(,hiart/ M - M^,(l -I- (J-OGOl -UiaJ 1/ i ()-()()00000;JJiV-). 

wIkm c M,) jrOo.s. 

260. Dispersion of the Planes of Polarisation Tint of Passage. 
— Since by Biot/s third law the rotation is dilleient for the different 
wa\x* lengths, it follows that wlnm whitti light is nscal tin; ])lanes of 
polarisation of the various constituent colours in tin; trarismifted pencil 
will have suthu’cd diflci’cnt amounts of I’otation, and conse(piently, if 
this light be examimal by means of a TsdeoTs pia’sm, oidy one of its 
constituents will be ([lumched, viz. that coloui- foi* which the plane of 
polarisation is ])arall(*l to the princi 2 )al j)lam‘. of th(‘ Nicol. Idle otluu* 
coloui's will be moie or less transmitt(*<l accoiding to the jiosilion of 
their [danes of polari'^ation. TIh; field will conscMpuuitly ajipear 
coloured and the coloui* will vary as the Ni(a)l is rotated. if the thick- 
ness of the (piai tz jdate <^loes not exceed b mm., then for a ccutain 
position of the Nicol the field ])ossesses a grayish-violet colour, called 
the tinf of j)as.<nf/r (named by Biot the Iriute sf/isihlr). If the Nicol 
be slightly turmal from this position tin; fiedd b(‘com(‘s red, and 
for a rotation in the f)])posit<‘ direction it aj)j)(‘ars blue. On passing 
through this jiositicm the transithm from red to ])lue is veiy 
I'apid. It is accordingly a. ])osition attainabh; with eonsidiuable 
accuracy. 

When the tint of passage has been obtained for a (piai'tz plate;, the; 
principal plane oi the Nicol is paralled to the [)lane of polarisation of 
the gi*(;enish-yellow rays, and tlu‘se i*ays ai*(; consequently (jUench(‘d by 
the Nicol and absent from the eniei'gent light. This |>oint may be 
' M. (IciiH'Z, .lint, t/e /' Ei'itlr Xtinntt h , tciu. i. |t. 1. 
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tested by submitting the ti-ansmitted light to spectioscopic analysis. 
The siiectnun will Ijo found to be crossed by a darX band correspond- 
ing to the missing rays. 

Wluni tlie analysei- is placed so as to produce the tint of passage, 
the illumination of the field is a minimum, for the rays corresponding 
to tin; brightest ])art of the spectrum are absent and the illumination 
of the field is produced by the less intense parts, viz. the red and violet 
ends of the siiectrum. A general expression for the intensity corre- 
sponding to any position of the analyser is easily olitaincd. Thus if 
the int(;nsities of the various colours in the incident light be T,., 
etc., foi* the red, orange, yellow, (;tc., and if tin* primitive idane of 
|)olarisation of tlie light make an angle a with tin; principal plane of 
the Nicol, then a,ft(‘r passing through the ((iiartz they will make angles 
a M a,., (L ; a,„ etc., Avln‘re a.,., a,„ cfc., are the angles through which the 
plain's of ])olarisation of tin; coiTesponding colours (red, oi’ange, etc.) 
are I’otaled by the ([unriz. Hence the intensity of the red in the field 
of the analyser will be I,. sin*^ (a + </,.) with corresponding expressions 
(see Art. 1 7 f ) for tlie other (;olours. The complete expi’cssion for the 
illumination will conseipiently lx; 

I I;siir-(a , a,) 1 l„siM‘’(a i a.,) , . . . i I,,siu“(a-t a,,). 

261. Relation of Rotatory Power to Crystalline Form. — The 

curious fact that some sjiccimens of (juartz rotate the plane of polarisa- 
tion to the right, while others rotate it to the l(;ft, was found by Sir 
d. H(;rschel to be intimately connected with a dilfcri'iice of ciystalline 
form. The ordinary foim of a (piartz crystal is a six-sided prism 
toj)j»(*d by a six-sided j)yramid. d'ln; solid angles at the junction of 
the |)rism and pyramid are often absent, and I’oplaced by facets, or 
small secondary jilaues, which are obliipiely inclined to the other faces 
of the crystal. Crystals presenting this anomaly are named phnflhrdraJ. 
In the same ci ystal the planes all lean in the same direction, and when 
that din'ction is to the right., the apex of the pyramid being upper- 
most, till* ciystal is right-handed, and whi'u it is to the left the crystal 
is left-handed.' 

' Sir l)a\ i<l Itn-wslrr sultsnpcaitly UiscovonMl tliat the utmUnjsf, or violtit «juart/, 
is niatlr up idfcrin^tc /(t tiers of right -liaiidcd and loCtdiniuh'd quart/. This rciiiarh- 
ahlo striictiio* may ho trao«*d in tho. Iraoturo ot* tho minoral, tor the edges ot the 
layers a'ojt tnit, and give to tho. traoturo tlio undulating a])])rarance whioh is j)eouliar 
to tlie minoral. Rut the strue.turo in (piosti^ui is dis])lay«'«l in the most bi'auliCul 
manner \N hen \v»‘ oxi>ose a plate of this suhstanoe to polarised light. The eolours 
exhibited in ])olarised light likewise reveal the existonee of crystals of quartz pone 
trating others in various dire<*tions, when no strho, or other external apj»earanees, 
indicate their presence (Idoyd, IWire Theory of Light, p. ‘239\ 
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262. Rotation produced in a Magnetic Field — The Faraday Effect. 

— Ill ISIT) Faraoh-y ^ made the remarkable discovery that isotrnpie 
substances, more especially those possessing a higli refractive power, 
such as heavy glass, may also acijuire the property of iM^tating tin* 
])lane of polarisation when under the influence of powerful magnetic 
force. In Faraday’s experiment the soft iron pole-pieces of an electro- 
magnet were each pierced with a eylindriiNiI hole, and a pencil of 
plane-])olarised light was transmitted thi*ough them, tlie pole-pioccis 
lieing placed so that tln^ axes of the holes were in the same straight 
line. The direction of this line and the direction of the transmitted 
pencil of light were conseipiently parallel to the lines of magnetic for<*e 
when the magni‘t was excited. Hetween the poles, a,nd in the path of 
the light, a block of dinise glass (silicated boiate of lead) was placed, 
and the light was received by an amdyser, adjusted so that the fiifld 
was dark.“ On allowing a current to pass in the coils of the magnet, 
a powerful magnetic field was produced and the light reappeared in 
the analyser, but it could be again extinguished by ])ro])(M ly turning 
the analyser. This showed that the pencil eimuging from the glass 
was still [>lan(!-p()larised, but that tin*- [ilane of [)olai-isatit)n was T’otated 
by the influence of the magnetic field. W hen tlu^ current was 
riiversed th(‘ (liie(;tion of magnetisation was changed, and it was found 
that the direction of rotation of tlu^ plane of polarisation was also 
reversed. 

The direction in which the rotation of the ])lane of polai isation takt*s 
place is determined by a luh? similar to Ampere's law connecting the 
direction of the lines of magmdic forc(‘ encii cling an (decti ic curremt v ith 
the direction of tlu^ current. Thus, as Faraday stat(‘s it, if a watch be 
placed betNN'cen the poles of the magnet, so tint its face is towai'ds 
the north pole and its back towards the south, then the direction of liul.* 
motion of the hands of the watch is the din'ctimi of lotation of the 
plane of jiolarisatiou ; in other words, to a persofi looking alorjg a line 
of magnetic force that is, from nortli to south, or from places of higluu’ 
to places of lower magnetic potential the rotation is from left to 
right. (.)r, again, if we regaid a lini* of magnetic foj-ce as du(‘ to an 

* FiUfUlav, Kj'fn' ri nn' tif (« ! rrh fs (\i\0> s»‘ri«*s), vol. iii. j>. 1 ; l*hif. 'rrmis. 

1816, p. 1. 

- It is (lifli(*ult to si'curo Idorks of gla.s.s freo from iiitorii il stn-ss, and, asalirafly 
remarkrd i^Ait. 221), glass in this ooinlition plays in somo dfgicr tlio pail of a diuildy 
ndVacting <*rystal and dojailariscs ” Hie light. It is accoidingly iniporLant Hial 
the block of glass used in this experinieiit .should h(‘ well anne,alefl or elsi* eoi n oted 
in some way by a compensating [date. The silicated borate of lead glass sottens 
at a teni[)erature below that of boiling oil and ran be well anneab‘.d. Flint glass 
possesses a more fc'ebh* rotatory power, ainl crown glass is more feeble still. 



432 


ROTATORY POLAHISATION 


( 

ciiAi*. XV n 


(dcctric cuiTont eiicii'cling th;it line, tluni the direction of rotation is 
the same as the direction in which the current circuhites. A rotation 
in this diiiiction is conseqinnitly referred to as a posifitr rotation. 
Wlien tii(5 li,i;ht passes throui^h the field in a direction parallel to the 
lines of ma^nHitic force the etlect is greatest, and when the direction 
(){' tin; li^ht is perptnidicular to the lines of forc(i then^ is no rotation 

th(^ plain; of jiolarisation. 

haraday’s (;x])(;rinients extended over a vast variety of sulistances 
which included solids, licpiids, and -teases, hut in tin; latter he was not 
able to observe any decided elfect. In many (R‘ these experinumts 
the el(;ctroinai;net was dis])ensed with, and the mai^netie field produced 
within a. long h(‘lix of wir(;, carrying an electric current, was employed 
instead. lly this means the light could lx; transmittixl tln-ough a 
great thi(;kness of a,ny transparent substance, jdaced as a- core Avithin 
the helix, and hxdily i-otating substances (*ould lie exainined with moi’e 
ellect. In all cases the nuigm^tic. field of the solenoid liehaved as that 
of tin; (;l(;ctroniagn(‘t, (‘xc(;[)t tliat with the former the light in tin; 
li(;ld of tin; analysin’ was suddenly restored when tin; current was 
switched on, wlnn'isas with the latter the r(‘storation of tin; light was 
nioi’e or less gradual 

In the ease of substances in wlii(*h tln‘ inducial rotatory j)ower was 
fei;l)le, it was found best to work with tin' Nii^ols turned a little from 
tin; |)osition of com])lete extinction, so that with no current thei-e was 
a little illumination in tin; lidl ol tin; analysin’. When the curnmt 
was tinned on in one dii’cction t his illumination was increased, whei’eas 
in the i)tln;r direi’tion it was diminished, and this change of intensity in 
opj)osite directions doubled the eireet to hi; observed.' 

lln; property thus induced by the magnetic field is similar to that 
[lossessed by saceharirn; .solutions and otbei- rotatory substances, in so 
far that a rotation of the ])lanc of polarisation is eifected, but there is 
one important dilfin’enee. In the case of rotatory substances the 
direction of rotation is the same Avliatevi'r be the dii’cction of ti’ans- 
Distimtion. mission that is, if a ray be rotated to the right in [lassing from one 
end A to the other end l> of a crystal of ([iiartz, it Avill also be rotated 
to the right in passing from 1» to A, The re.sult is, that if a ray pass 

* Faradjiy noticed lliat the rotatii)ii juixhiecil l»y a sulistaiiec (v.atei-) Avas ap- 
])aveiitlv uiiall’ccteil by placing an iron bar within the lielix. and tliat it was the 
sanu- Avbi'tlicr it was placed along the axis or near the .side of the sjiiral. It was 
also ibe same whether the sub'.tanci* was en(d<»sed in an iron ora bi-ass tulie. When 
water was placi'd in an inni tube iiudi tldck, and this tulie [»lace(l within another 
of the .same thickness but a little an ider dianH*ti*r, the lotalion A\as ineo'ased. On 
placing these t Nvo A\ithin a third inui tube the elfect dimini.shcd, but Avas still very 
consideiable. 
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from A to B, and be then retlected directly l)ack so as to pass from 
B to A, the rotations will neutralise each other, and the ray after the 
double transmission will return polarised in the primitive plane of 
polarisation. This is easil}’ conceived, for if the observer be supposed 
looking in the direction AB, and if tin* incident ray in passing from 
A to B be rotated to his left (that is, to the right of an observer look- 
ing in the (lii-(‘ction .BA who would receive the emergent ray), then 
the retieeted ray in returning from B to A will l)e rotated by an eipial 
amount to his right, so that the two will neutralise each other. In 
the case of the magnetic field, however, the direction of the rotation 
depends on the direction of transmission, as well as on the nature* of 
the medium. If the rotation is to the right in [lassing from a place 
of higher to a place of lower potential, then it will take place; to the; 
left Avhen passing from loAvei* to higher. It follows, therefe)re‘, that if 
a ray pass frenn A to B and be the*n refh‘cteel back so as te) pass from 
B to A, the rotation of the plane e)f jxjlarisatiem will be eloulded. In 
the magnetic field the rotation is in the same dire;ction whether we 
conceive; the ray as moving from us or te)warels us, but with a epiartz 
crystal, if. the notation be; to the right for a. ray advancing towards us, 
it will be to the left for one; travelling from us. 

This eliherence in e;haracter, e)f the; rotation pre)(luc(;el by a epiartz 
crystal and that elfe;cted by a substance; placeel in a streing magnetic 
fiehl, points to a difference in the nature; e)f the e'anses which [irimarily 
induce the rotation. The fact that the; reitatiein is removed by re;- 
traversing a piece (jf epiaitz, or any natural reitateny substance, indi- 
cates something analogous to a twistcel stru(;ture in the; substanea;, but 
the eloubleel cflect e)f the magnetic fie;lel .se;ems to indicate; that sonu;- 
thing e)f tlie nature of a rotatiem is ge>ing e)n in the; ficlel. d'his 
rotation must be an all'ection of, en* at hvi^t dcpe'iids on, the; niatte‘r 
e)(?cupying the fiehl, anel ehies ne)l neee;ssarily le*ael te) the; e.*e>nehisie)n 
that the free ether in a magnetic fie*lel is in re)tate)jy nie)tie)n, fe)i’ the 
Faraday effect is in one elire‘e*tie)n in semie sul)stane-(;s anel in the; 
o[)pe)site elirectie)]! in othe;i-.s. It is ce)nse;epiently ineluea3el by the; actieeii 
of the magnetic fielel on the mattei’ me>lecule3s e)ccupying it, the etfe;e;t 
of the magnetic action being to originate se^mething anale)ge)us te) a. 
rotatiein in the; matter me)h;e;ul(;s, and the; eliree;tie)n of rotatie)n lieu’ng 
determineel by the nature of the matteu-. 

The rotatiein is feiunel to be preipeirtieinal tei the eliffercnce eif mag- 
netic pe)tential between the points whei-e; the ray e‘nte;rs and lca.ve;s the; 
medium. Thus if anel V.^ be the values e)f these potentials, we have 
for the rotatiein 
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where c is ;i constant (known as JVnlrfs nnisfont) ^depending on the 
natnni of the medium, and is generally ])osilive or negative according 
as the nnidiuni is diamagnetic or magnetic. It follows, therefore, that 
the rotation will he greatest when the ray travels in the direction of 
the lines of foice, and will vanish in directions })erpendicular to these 
lines, while for ohli([ue <lirections it will vary as the cosine of the angle 
of inclination. 

Since the time of Faraday this lotatory power has been found to 
he impressed on most diamagnetic sii])stances, and recently it has 
been observed in gases as well as in solids arid liquids, by FecMpicrel, 
Kundt, and others. Jly leHeeting the pencil of light backwards and 
forwai'ils several times through the field, a feeble rotation may be 
much amplified and rendei‘ed sensi))le, for if tlie ray traverses the 
field n tirncs the rotation will be n times that produced by a single 
passage. 

Itesulis. The results of these ex})ei-im(;nts prov(i that most isotropic sul)- 
stances (including solids, licpiids, aiid gases), when subject to magnetic 
force, rotate; the [)lane of polarisation of the ti*ansmitted light in the 
positive direction, — the positive direction of rotation })eing taken, as 
already d(;fined, to be tln^ direction of the Amperean cunvnt ])roducing 
the held. Fiirth(;r, a positive rotation occurs wlnui light is transmitted 
thi'ough thin films of magiud-ic substances such as iron, nickel, and 
cobalt. It is positive; also in the‘ case of e>xygen (which is magnetic), 
but in the case of a e;e)ne*e‘ntrate;d solution of fei i ic chloiaele the i“()tatie>n 
is negative. The m;gative rotation e)f edher magmdic salts may be 
reH’Ogniseel by the; eliminution e>f the ])e)sitive re)tation of the se)lvent.^ 

263. Kerr’s Experiments. -- (1) Klcdroxlalic Effvd. After eiis* 
covering the; magne'tic re)tatie)n e)f the; plane ejf polarisation Faraday 
semght for a corresponeling ellcct in substances subjeedenl to electro- 
static stress, but witheait success, 'riiis (;ilect was first observeel by 
Dr. Ken* ’ of (llasgow, who found that a dielectric under electric 
stress ac([uire;s the double refracting pro|)orties of a iiniaxal crystal of 
which the optic axis is in the elirection of the lines of electric fe^rcc, 
s(3me substances l)ehaving like negative and some like positive crystals. 
(Hass and olive oil and (piartz belong to the former class, while bisul- 
phide of carbon, [)araHin, oil of turpentine, and resin belong to the 
latter. 

In glass the etiect was well marked, and the experiment was con- 
ducted by drilling two holes in opposite cuds of a block of the 
material. Metallic terminals were inserted in these holes and con- 

^ A. Kiiiult, /V///. Minj. vol. wiii. [». 3‘i7, 1<SS1. 

- J. Kjmt, 7V//7. Mmj. v<il. 1. })[». .‘{.‘57-11(1, 1877). 
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iiected to the eVc'trodes of ;iii induction coil, which possessed a 
sparkin<i; distance of from 20 to cm., and this distance could he 
vaiied at pleasure. The thickness of i^lass between the terminals was 
about a (puirter of an inch clear, and across this space, at ri^ht ani^des 
to the lines of electric force, a pencil of plam^-polarised li^ht was 
trauvsmitted. When the induction coil was out of action the transmitted 
light was plane-polarised and could be extinguished* by a Nicol pro- 
})crly adjusted. This position being accurately secured it was fouiul 
that w hen the coil w as thrown into action, so that the glass was under 
electric stress, the light reappeared in the lield of the analysing Nicol ; 
nor coidd it be again (pienched by any rotation of tlui Nicol in either 
direction. The light thus becomes elli])tically ])olarised by the dielectric, 
and the charactei* of the elliptic vibi*ation may be (examined by means 
of a Ilabinet's coni 2 )ensator (Art. 21.3). 

The effect is legulai* and best inaiked when th(5 light crosses the 
lines of force at right angles, and the plane of polarisation is inclined 
to them at 45°; but w4ien the plane of polarisation is either parallel or 
perpendicuhu’ to the lines of forc(i there is no elfe(!t. 44ie optical 
effect does Jiot attain its fidl intensity at once, but increases gradually 
from zero to its final state in about thirty seconds after the electric 
field is excited, and in the sam(‘ manner the optical ellect fades away 
gradually when the electric stress is removed. 

This ellect may be comph^tely compensated by a. sli[) of glass com 
])ressed, or stretched, in the dina-tion of the liiuis of foicci (see Art. 
24(j). From this it is inbu'red that the ellect of tiui electric actiem 
is o])tically e(jui valent to compressing tin* gla.ss in the diroi^tion of the 
electric forc(;, the glass accpiiring the propeities of a negative uniaxal 
crystal having its axis parallel to tlui lines of force. The result is as 
if the molecules of the glass assumed a, regular crystalline arrangement 
in (;lcctric field, and the ellect is as goo<l with the alternating 

electrilications produced by an induction coil as with ;i continued 
electrification of the same strength in one direction produced by a 
frictional machine ; the alternating electrifications |)roduce conti*ary 
electric polai’isations, but their actions cons|>ire in arranging tin* 
molecules. 

If 0 be the I’elative retardation introduced betw(;en the components 
of the elliptic vibration per unit thickness of the dielectric, Kerr ~ 

^ III order tied, extinction sliould be jirodiieed it was Ibiiiifl necessary to intnxliice 
;i ])lato ot* glass in front of tlie analyser to neutralise the “depolarising” elle-ct of 
tile experimental block eontainiiig the torminals. Tin's was called tin* neut ralising 
block and was adjusted by trial. 

- Kerr, /VoV. May. voL ix. ir>7, 1880. 
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found 8 to be proportional to the square of the 0lectric force F — 
that is, 

where /c is a constant depending on the nature of tlie dielectric, and 
may be either positive or negative. This law contains a result found 
experimentally — namely, that tlie optical eilect is independent of the 
direction of the electric force, — that is, it remains the same when the 
direction of the force is reversed. 

(2) Magndic Efferi . — Shortly after tlie discovery of the modifica- 
tions produced in the optical properties of a dielectric when subject to 
the action of electric force, Dr. Kerr ^ was led to examine the effects 
produced when plane-polarised light is reflected from the surface of a 
magnetised body, such as the polished pole-piece of an electromagnet. 
In approaching this sulqect we must remember that when plane- 
polarised light is reflected from the surface of a polished metal the 
reflected light is in general elliptically polarised (Art. 219). There 
are two cases, however, in which the reflected light remains plane- 
polarised — namely, wlien the light falling upon the surface is polarised 
either in or at right angles to the plane of incidence — and in these two 
cases the reflected light can be extinguished by the analysing Nicol. 
Let us suppose, therefore, that light polarised in the plane of incidence 
falls upon the polished pole-piece of an electromagnet (which, for the 
present, is un magnetised), and that the reflected pencil is received by 
an analyser placed in tlie position of complete extinction. If the mag- 
netising current be now turned on the illumination is observed to 
reap})ear in tlie field of the analyser, and this cannot be extinguished 
by rotating the analyser in either direction. The reflected light is 
consequently not plane-polarised. Extinction, however, may be pro- 
duced by introducing a compensating strip of strained glass into the 
path of the light, and this shows that the reflected beam is elliptically 
polarised. 

This is the new fact discovered by Dr. Kerr, and is described by 
him as a rotation of the plane of polarisation, thus : “ When plane- 
polarised light is reflected regularly from either pole of an electro- 
magnet of iron, the idane of polarisation is turned through a sensible 
angle in a direction contrary to the nominal direction of the magnetis- 
ing current ; so that a true south pole - of polished iron, acting as a 
I’cflector, turns the plane of polai-isation right-handedly.’’ 

The arrangement of the apparatus is shown in Fig 196. The 
source of light was a paraffin flame S, placed at a distance of one foot, 

^ J. Kerr, Phil, Matj. vol. iii. p. 321, 1877; and vol. v. p. 161, 1878. 

* By a true south pole is here meant the north-seeking pole of a magnet. 
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or less, from the polished polar surface. Close to the flame came the 
polarising Nicol r, through which the light passed in a horizontal 
direction and fell upon the pole of the magnet, inclined so that the 
angle of incidence could be varied at pleasure. At a few inches from 
the pole the reflected light was received by the analyser A, the Nicols 
being adjusted so that complete extinction was secured when the pole 
was unmagnetised. In 
order to obtain any 
optical effect it was 
found necessary to 
secure intense con- 
centration of magnetic 
force upon the reflect- 
ing surface at the point 
of incidence of the 
light. For this purpose a Iflock of soft iron, W (one of the several 
pole-pieces of the magnet), about two inches square and three inches 
long, was planed off at one end into a Iflunt wedge with a well-rounded 
edge. This wedge, called the sxdmiagnety was placed over the centre Tluj sul)- 
of the reflecting pole, resting on two splinters of hard wood so as to 
leave a narrow chink through which the light passed, the width of the 
chink being about of an inch. With this arrangement an intense 
concentration of magnetic force is produced in that part of the field 
which is utilised optically, the lines of force being sensibly perpen- 
dicular to the reflecting surface. 

In the greater part of his experiments Dr. Kei r (as recommended 
by Faraday) first adjusted the Nicols to perfect extinction, and then 
turned the analyser through a very small angle, so that the light was 
faintly restored in its field. The magnetising current was then switched 
on, and the illumination in the field of the analyser was observed to 
increase or decrease according to the direction of the current. Within 
the limits of his experiments, which included incidences varying from 
O'" to Dr. Kerr found that the rotatory effect of reflection from 
magnetised iron was negative — that is, in a direction opposite to that 
of the magnetising current. 

Subsequently Professor Kiiridt * extended the experiments to Kundt’s 
incidences ranging between 0^ and 90°, and ho found that the 
direction and amount of the rotatory effect depended not merely on 
the angle of incidence, but also on whether the plane of polarisation 
was parallel or perpendicular to the plane of incidence. When the 

^ KuikU, Berlin, Sitzuvgshrrichlf, July 10, 1884 ; Phil. Maq. vol. xviii. p. 

308, 1884. 
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light was polarised in the plane of incidence the direction of rotation 
was found to be the same for all angles of incidence, and opposed to 
the Amperean molecular currents of the reflecting magnet. On the 
other hand, when the light was polarised at right angles to the plane 
of incidence, then the direction of rotation was the same as that of the 
Amp^jrean current for angles of incidence between 0" and 80°, but in 
the opposite direction for incidences between 80° and 90°. In both 
cases the rotation reached a maximum at an incidence of about 65°. 
Further, it was found that iron exhibited an anomalous rotational dis- 
])ersion, the red rays suffering a larger rotation than the blue by 
reflection from a magnet as well as by transmission through a 
magnetised film of iron. 


Noriii.-il 


In order to examine the case of normal incidence ]3r. Kerr found 
it necessary to modify the ap[)aratus, as shown in Fig. 197. The 
wedge-shaped submagnet of Fig. 196 was dispensed with and replaced 
by a ))lock of soft in)n rounded at one end into the frustum of a cone. 
A small (jonical hole was drilled through the centre of this block, and 

it was then placed <lirectly over 
the centre of the polar surface, 
with its axis vertical, as shown 
in Fig. 197, the block being 
separated from the pole of the 
magnet by a wide ring of 
writing-paper. Above the block 
a thin plate of glass C was 
placed, on which the horizontal 
beam of light from the polariser 
fell at an angle of 45 and was 
reflected vertically downwards 
through the hole in the iron 



block. This beam, after suffer- 
ing direct reflection at the surface of the poh*, returned vertically, 
and passed in part through the plate C into the analyser A placed 
in position to receive it. The results obtained with this form of 
lassi)late. apparatus are complicated by the introduction of the glass plate 
for if any rotation occurs the light returning from the magnet to 


the plate Avill experience a further rotation during refraction through 
the plate, as explained in Art. 210. This disturbing effect of the plate 
seems to have been first recognised and allowed for by Professor 
Kundt. 

In the foregoing experiments the lines of force are perpendicular 
to the reflecting surface, and to complete the investigation Dr. Kerr 
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examined also the effect when the reflector is magnetised })avaUel to 
its surface. For Ihis purpose the electromagnet was placed upright Forw 
upon a table, and a rectiingular ])ar of soft iron, one of whose sides was 
carefully planed and polished, was placed across the poles of the electro- 
magnet, with the i>lane of its polished face vertical (the plane of the 
paper being horizontal), as shown in Fig. 1 98. 

With this arrangement, in which the magnetic force is approxi- 
mately parallel to the reflecting surface, it was found that when the 


light was ])olavise(l in 
the plane of incidence 
the mag!ietic rotation 
was negative — that is, 
opposite in direction to 
the Amperean current, 
which would produce 
the magnetisation — for 
all angles of incidence ; 



while for light polarised at right angles to the plane of incidence the 


rotation was negative for incidences between 90 and 75 , vanished at 


75"", changed sign there, and remfiined positive for all angles of 


incidence between 75^^ and zero. 


The particular case of perj)endicular incideiice on the side face was 
examined, and it was found that no optical effect was produced whether 
the plane of polarisation coincicb^d with the direction of magnetisation 
or made an angle with it. From this it appears that there is no 
magneto-optic effect when the jdane of wave front is parallel to the 
lines of magnetic force. 

The optical effect pi'oduced when light is reflected at the surface of 
a magnetised substance may be brought into harmony Avith that pro- 
<luced by transmission through substances placed in a magnetic field, 
by the supposition that the light during reflection penetrates a thin 
film of the reflecting pole, and sutters rotation within the su])stance 
while traversing the film. This point of view has been worked out by 
Professor Kundt, who examined the light i-cflectcd from the second 
face of a glass plate. The faces of the jdate were not parallel, l)ut 
inclined at an angle, so that the light reflected from the first face was 
well separated from that which penetrated the plate, and, after suffering 
reflection at the second face, emerged again through the first. This 
twice refracted and once reflected beam was examined when the block 


of glass Avas placed upon the poles of an electromagnet with the lines 
of force parallel to the reflecting face, and it was found that when the 
incident light was polarised in the plane of incidence the emergent 
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light was rotated in the positive direction for all ^gles of incidence, 
but that when the incident light was polarised at right angles to the 
plane of incidence the rotation was negative from normal incidence 
up to the polarising angle (5G *4), and was positive from the polarising 
angle to grazing incidence. 

That a change of sign should occur at the polarising angle in the 
case of light ])olarised at right angles to the plane of incidence, and 
not in the case of light polarised in the plane of incidence, is indicated 
theoretically by the formulie of Art. 210. 

The mathematical investigation, and the explanation of the elliptic 
polarisation in these experiments on the basis of Maxwell’s theory, have 
been given l)y Professor (L F. FitzGerald^ and others. The rotatory 
effect discovered by Faraday when light passes along the lines of mag- 
netic force, and the doubly refracting effect discovered by Kerr when 
light is transmitted across the lines of electric force, agree in this 
respect, that they both depend upon the presence of matter in the 
field ; they both vary in sign according to the nature of the substance 
occu] lying the field, and they do not occur in the free ether. 

264. Division of a Plane- Polarised Ray into two Circularly 
Polarised Rays. — The first theoretical interpretation of the phenomena 
of rotatory polarisation was given by Fresnel on the hypothesis that 
a rectilinear vibration may be regarded as the resultant of two opposite 
circular vibrations (see Art. 48, Ex. 2). According to this theory a 
plane-polarised ray may be regarded as the resultant of two opposite 
circularly polarised rays. If this be so a plane-polarised ray in passing 
through any substance may be decomposed into two others circularly 
polarised in opposite senses, which may^ or may not be propagated 
with tht‘ same velocity, according to the nature of the substance. If 
they travel with the same velocity then at emergence they will coni- 
liine again into a ])lane-i)olaiised ray, polarised in the same plane as 
before transmission, but if the opposite circular vibrations travel with 
different velocitit's then at emergence one will have suffered a retarda- 
tion relatively to the other with the effect, as we shall presently show, 
that the })lane of polarisation of the emergent beam will be inclined 
to the [irimitive plane of polarisation, and the rotation will be accounted 
foi*. 

To test this point, and place it beyond doubt that this decomposi- 
tion in reality' occurs, and is not a result of the mere manipulation of 
formuhe, Fresnel devise<l the following experiment. Several prisms of 
quartz, alternately right-handed and left-handed, were arranged in 
the shape of a parallelepiped so as to form an achromatic combi na- 
^ (J. V. Fit/.tJerahi, Phi/. Trans. 18^0, pt. ii. ]». 691. 
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tion. Thus iii F^. 199 the prisms ABC and BED are right-handed 
while BCD and DEF are left-handed, and in all the axis is parallel to 
the faces AE and CF. Now if a plane-polarised ray passing through 
quartz in the direction of the axis is really 
divided into two opposite circular vibra- 
tions which travel with different velocities, 
then on reaching the interface BC the 
(luicker ray in ABC will be the slower in 
BCD and rice versa, and consequently at 
the face BC one ray will be deviated 
fi’om the normal and the other towards it. There will thus be 
a separation of the rays which will be augmented at the faces BD 
and DE, so that by sufficiently increasing the number of prisms the 
sejRiration should be rendered visible. Fresnel found that this was 
the case, that two emergent pencils were presented, and that both were 
circularly polarised.^ 

265. Rotation of the Plane of Polarisation by Retardation of a 
Circular Component. — Having shown that a plane-polarised ray may 
be decomposed into two opposite circularly polarised i*ays, it is easy 
to show that the effect of introducing a relative retardation between 
the circular vibrations is to rotate the plane of polarisation. Thus 
if two particles M and M' (Fig 200) describe the same circle in opposite 
directions starting from the same point Y, it is clear that their velocities 
parallel to OY will bo equal and in the same direction, while their 
velocities perpendicular to OY will be equal but oppositely directed. 
Hence if the two motions be simultaneously im])ressed on the same 




Fi- 200. 




20 J. 


molecule its velocity parallel to OY, at any instant, will be double that 
of M or M', and its velocity perpendicular to OY will be zero, so that 

^ Th(* same results follow with ordinary light. In fact, the experiment Avas 
first devised to show the double refraction of iinjiolarised light (Fresnel, (Euvres, 
tom. i. p. 74:J, et(*. ). 
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it will simply vibrate liackwards and forwards al^ng the line OY 
with an amplitude of excursion equal to twice the radius of the circle. 
Now let us suppose that one of the circular vibrations is, by any 
cause, relatively retarded so that when M travels round the circle to 
Y the other has not yet reached it, but has attained a position M' 
(Fig. 201) at an angle 8 from M. Draw OP bisecting the angle MOM'. 
If the two circular vibrations now move with the same velocity (which 
will be the case when the light emerges from the active substance) the 
tAvo partichis will cross at P, and their combined motions impressed on 
a single mohicule will cause it to vibrate along the line OP. Thus if 
the original vibration in the incident plane-polarised light be paralhd 
t(j OY, and if one of its circulai* components be retarded relatively to 
th(^ other, by transmission through quartz, or otherwise, the plane of 
polarisation of the emergent light will be inclined to that of the in- 
cid(‘nt light at an angle p given by the e<piation 

where 8 is the relati\'c phase retardation. 

The same result may ])e arrived at very easily by means of the 
e([uations of the vib]*ation. The incident vibration y=2asino)^ is 
(iqiiivalerit to the two opposite circular vibrations 

—ur os sin w/ (ri^lit-haiided), 

. 1 *.^ _ ^V 2 = ^^inw/ (left-handed), 

and if the latter be retarded in phase by an amount d the equations 
of the transmitted vibrations may be written in the form 

- // ros ?/, = a sin w/, 

- (( <'os {u)t p 5), (w/ 4- 

Consecjuently we have for the transmitted vil)ration 

,v - a ('OS w/ - a cos {bjt 5) - 2(t sin ^5 sin {wl { .\5), 

// -- ft sin uj! a sin {wt -f 5) — 2(7, cos sin {wt -i- J5). 

These are two perpendicular vibrations of the same phase, which there- 
fore compound into a resultant rectilinear vibration, making an angle 
/> with the axis OY, which is determined by the equation 

tan p — Xj'if = tan 

Therefore, as before, /> = 1 8. 

An expression for the rotation p may be easily found in terms of 
the wave lengths of the circular components. For if Aj and A^ be the 
wave lengths of the circular components in the quartz, then if e be 
the thickness of the crystalline plate we have 

c /J jXj — 71.2X0, 
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where Wj and n., ^re the numbers of vibrations executed l)y the two 
components during transmission. The relative phase retardation of 
the two components on emerging from the plate is consecpiently 


5 — 27r(?ij - R-j) 



Hence the expression for the rotation is 


Tn the case of Iceland spar and other uniaxal crystals l)oth rays travel 
with the same velocity in the direction of the axis. In such substances 
we have Aj = Ao, and no rotatio?i of the plane of polarisation is pi-o- 
<luced. In (piartz, on the other hand, the wave surface consists, as is Wnye 
usually assumed, of a sphere and a concentric spheroid, but they do 
not touch. The radius of the sphere is great(‘-r than tlie majoi* axis of qniirtz. 
the spheroid, so that the latter is entirely enclosed within tln^ former 
and A| is not equal to A^. 

Kxjicrimcnt shows that p is approximately proportional ^ to 1/A“, 
we therefore conclude that l/A^- l/A^ is approximatcily proj)ortional 
to 1/A‘^, The formula for the rotation may then be written in the form 


P 

where a is the thickness of the su])stance passed througli, A the wave 
lengtli of the light in air, and k a constant depending on the nature of 
the substance. 

266. Decomposition of a Rectilinear Vibration into two opposite 
Elliptic Vibrations — Oblique Transmission through Quartz. — It has 

been seen in the foregoing articles that two circular N'ibrations of the 
same amplitude and opposite senses comj)Ound into a rectiliiujar vibra- 
tion, and conversely, it has been proved by experiment that a ])eiicil 
of plane-polarised light is actually divided into two opposite ciicularly 
polarised beams by transmission through ([uartz in a diicction ])arallel 
to the optic axis of the crystal. 

From a mathematical point of view, however, the circular com- 
ponents have no particular claim to be regarded as the only h;gitimate 
constituents of a plane-polarised ray. A rectilinear viliration may Ixi 
the resultant of a variety of systems of constituents, wdiich may be 
rectilinear, or elliptic, or other than elliptic, instead of circular. Thus 
the rectilinear vibration 

.r = a fos 


' In fact, if I 5.\„ 1/X, - I/X.- 5\|/\,'^. 
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is niiitliernuticc'illy equivalent to the two opposite elliptic vibrations 

- {a - /') -- h sin (w/ f 5) (ri^lit-haniled), 

/.Tosw/, /ysin^w/l5j (left-liJUul(Ml), 

for these, when added together, yield the original vibration. The 
choice of c()inpon(nits must therefore be settled by experiment, and 
Fia'snels (ixperiment (Art. 204) mai’ks the (dreular eomponents as the 
pi’oper coristituents wlnui light is transmitted through quartz in the 
dii(‘(‘tioii of the axis. 

In dii*ections inclimal to tin? axis of the cry^^tal, however, it was shown 
in 1S;>1 by Sir (4. 1>. Airy^ that the d(;compf)sition must be regarded as 
(illijitie, the elli[)S(‘ Ixicoming a circle in the particular case of transmission 
|)ai*allel to the optic axis. Thus when a plam'-polarised ray is transmitt(?d 
through roc.k-ciystal in a direction inclined to the axis, it is divided 
into two oth(!rs which are elli[)tically polarised ; the elliiRic vibrations 
in the two l)eing in opposite directions, and their greater axes coin- 
ciding in dii ection with the principal plane and the perpendicular plains 
respectively. Tdius the major axis of one elli[)tic vibration coincides 
in direction with the minor axis of the other, as in Fig. 202. The 

ratio of the axes is the same in both, 
but varies with the inclination of the 
ray to the optic axis, being eipial to 
unity ])arallel to the optic axis, and to 
zero for directions j)erpendicular to it 
— the elliptic vibration including the 
circle and right lim* as particular cases. 

VvA. -ui. 4'hus a circularly jiolarised ray may 

pass through (pi;irtz ifi tin; <lii-(‘ction of the optic axis without 
altei’alion, a, plan(‘-[)olai*iscd I’ay in the jierpendicular din'ction, and a 
given elli|)tic iviy in some intermediate direction. 

4’lu' phenonuMia presented by oldicpie transmission through (piartz 
have ;ill been (‘xplained satisfactorily by Airy on the assumption of 
this special deconij)osition, together with the suj)position that one of 
the compoiKMits is r(‘tarded I’clatively to the otlnn* during transmission. 

In order to expi’ess this conveniently we shall take the initial 
rectilinear vibration to 1)0 of the form 

.r ( 1 ) /. “) ros co/. 

It is evichmt that this may be replaced by the components 

cosw/, //, /.'sinto/ (riglit-liauded , 

.r., /.'^•osw^ A' sin co/ (Itdl-liaiKh'd), 

" 0. R. .\iry, 'I'm ns. ('n/nfiridijr Phil. Snr. vol. iv. )*]>. 77. TOO. 
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<aud tliese compoi^onts arc of the form re(juiro(l by Airy's ihooiy, for 
they are elliptic, of opposite signs, and such that the major axis of 
one coincides with the minor axis of the other while tlie ratio of tln^ 
axes is the same in b(Uh. 

Xow if the components (./•„, //.,) be retarded by an amount (S 
relatively to the components (./j, //^), the eipiations of the (miergimt 
vibration will be 

l.*OS oj/, ffy -/.’sillw/, 

/ i ()'. //., - /-sin'w/ i 

Therefore for their I'esultant we have 

.r - (‘osw/ i <M>s (io/ t 0) A cos (a*/ j <p), 

. o , ... .... . a ^ 

\‘^ 1 - 2/.'*- t'o-, 0 ! aii(lt;iii0 , 

] i /."cost) 

1/ -/.‘siiitc/ i t)) I>»‘os(a)/ ! \p'), 

1^“-- 1/ - .sin- /.<), ainlt;nii^ t.oi 

If / = 1 tho vil)i‘ations are cii*cnlar, and W(‘. have <l>~- xj. d'his 

a])plies to the case of propagation ))arallei to the axis. 

267. General Formula. — When convergemt |>lane-poIaris(‘d light 
is transmitted through a thin [)lat(‘ of (juart/ (“ut jXM'iamdicidarly to 
the axis, and then examiiuMl l>y m(‘a.ns of an analyser, the i.sochromatic 
curves obtaimnl exhibit soim* remarkable peculiarities which ai’o 
not [)!’esented in tlie case of crystals which do not jrossess rotatory 
power. To determine those pccidiarities it becom(‘s necessaiy to 
obtain an expie.s.sion for' the int(‘nsity in thr? field 
of the atralyscu' wlnm the light ti'avcr'scs the (piartz 
plate irj a. dir(‘Ction oirlique to the axis. 

Fait tlu‘ incident light ini ]»lane polarised, and 
let ()F (h"ig. 20->) be parallel to the principal plam* 
of the ])olaiise]’, DX arrrl t.)^ to tln^ dii‘(;ctions of 
vibration iit the crystal. Them if tire; anghj IM )X 
the iriciderrt ^ ibration, ladirg i^arallel to OP by 
Fi'esnel's th(‘orv, will give conr];onents of amplitudes n. cosa and e sin <i 
parallel to OX and OV respectively. 

Writiirg e — 1 j-/’, tlie vibi'alion ./■ = (1 i / ") cos cos c>/ ]Kn‘allcl to 
OX may be replaced 1>y the two opposite ellijitic vibrations 

(right -liaiKli'd ) ,/■, (■<>'> a < <»s a?/, //, /’ f<».s a .si a oy ) ^ 

<’t>s a 'SIS to/, 'O /• «-os a si 11 to/ y 

in which the ratio of the axes of one is equal to the ratio of the axes 



where 

Similai'ly 

when^ 
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of th(*- other, l>ut the minor axis of one is in the dir^lion of the major 
axis of the f)tlier, as indicated in Fi^. 202. So also the vibration 
//=z(l r sin </. cos r.j/ parallel to OV maybe I’eplaced by the elliptic 
vibrations 

(l(;rt-li;inil''(] ) .* 'i /• sin a .'-in w/. sinaco.sw^ ) 

(l i^lit-li.i n<lt‘'ly /. '>i n a .*'i n w/, /, -.sin a co.s w/ I 

In fia.ssin^ through the crystal one (the left-handed, say) of the 
ellij)tic vibrations is retarded on tin; otlun- by an ;nnount <% !>o that on 
(imei‘genc(^ the vibrations (1) are of the form 

/| ( (is a <‘os w/, //i /■ <'<).s a .sill w/ \ ^ 

<■.. /. -ros a rus ' w/ 0 .. //.j /cos a sin (tu/ o) / 

and eijiiations (2) become 

./•'i /sin a. sin (w/ o'. //, - sin a cos (w/ 5) I 

/• sin a sin to/. //'.j / “ sin a cos w/ j 

Ileiicij if th(‘ jirincipal plane of the analyser OA makes an angle 
with OX, W(^ ha.v(‘ for th(^ vibiation in that plaiuj 

Y i.c, i I I yo)vos(i i (//, » i/.y\ sin /I 

from which tin* gi'iu'ral expression for tin* int(*nsity in the field of tin* 
a,nalys(‘i' may lx* obtained. Let ns first consider the ease in which the 
Nicols are crossinl. 

268. Nicols Crossed. ---In the particnlai* case in which the polarisci- 
and analyser ari*. ci‘oss(‘d w(* have a ^ 1)()‘ , and tln^ calculation be- 
comes much simplified, 'riins the vibration in the principal plane of 
tin* analysi'r is 

^ L'/i ■ ' !l i '■ //’•_> '«'ostt - ! / yi sin a, 

*J/’ sin .',0 cos ( iof .to) ! (1 / - si n “Ja sin si n (w/ - },5 . 

Hence tin* intensity is given by the e([uation 

1 1 1 / - i ( 1 / - /- si 11 “ 2al si n- .to ( 1 ). 

W hen tin* incident light is a parallel Ix'am, and the thickm*ss of 
the plate uniform, the directions of vibration OX and OY will be the 
sann* at all jioints of the plate, so that a remains constant as well as tS. 
'The colour and intensity will therefore be the same at all points unless 
the plate possesses irregular structure. 

With a convergent beam on the other hand 6 will increase as we 
])roceed along any radius vector drawn from the centre of the field. 
Further, the two directions of vibration within the plate for a ray 
incident at any point X will be along and perpendicular to OX, as 



AKT. 268 OKNERAL INVESTKiATIOX 417 

(jxphiined in Art^ l\‘V2, so that these directions vai v as X rotates 
around the centre 0. The angle a will conse<iuently not be constant, 
and in tlie foregoing formula for the intensity it will play tin* part of 
the direction angle to the radius vector drawn to the point X, at which 
the intensity is expressed. Hence, in general, as X niov(‘s over the 
face of the crystal the intensity will vary by reason of the variations 
of a as well as those of <i For directions slightly inclined to the axis, 
/: - 1, and we have a])proxiniately 

1 p2). 

Conse(juently in the neighbourhood of the optic axis the intensity 
depends only on tlu^ value of e, and as M'ill be diilerent for the 
different colours, it follows that when white light is used the central 
spot will be coloured and will not be crossed by any uneoloured lines. 

In directions considerably inclined to the axis, we have approxi- 
mately /• = (), and th(‘ expression for the inbmsity bet'onuis 

T >iii-2a sin- ' T) 

The term sin 2(/. gives risi; to a dai’k rectangular (‘ross (FiV. 204) 
corresponding to (/.-(.) and a = 90 , 
while the t(n*m sin-’ pr()duc(‘s a 
system of conc(‘ntric circular rings, 
as in the case of an ordinary uniaxal 
crystal, alternately dai'k and bright 
when monochromatic light is used, 
lait with white light they will be 
iris-colour(‘d. The' pattern presemted 
in the field conseijiiently consists of 
a cross, together with a S 3 ’'stcm (»f 
<‘ol()ur(;d rings surrounding a central 
spot of tint dcpiMiding cm the thick 
ness of tin* })late. 

It should ))(*. (jbserved that the intensity^ us exj)r(;ssed by formula 
( 1 ), will vanish only when 3 is zei’o, or a multiphi of Itt, and for this 
reason tin* dark cross of the ])attern is not black. The illumination is 
simj)ly least along the dii*ections a = 0 anda etc., and greatest 

along the lines n — .{tt and r/. = etc. Near the centi-e of the field /: is 
sensibly e(pial to unity, and the intensity given by e(iuation (2) is the 
same in all directions around the centre. The dark cross consequently 
does not begin to appear until wc recede to some distance fnmi the 
centre, and its arms do not completely interrupt the rings in any 
region. They merely approach blackness at a considerable distance.* 
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from the centre where /.: is scnsilily c<imil to zero, and where the 
intensity is ^iven ]>y equation (.‘5). 

In th(; c.'ise of uniaxal non-rotating crystals the cross is black and 
traverses th(i ccntiii of the field, as shown in Fig. 1«S2. This happens 
Ixjcause the ordinary and extraordinary waves travel with the same 
viilocity in the* diicction of the optic axis, and consequently fS is zero 
at tlui cmitre of the fi(‘ld. Jn the case of rotating crystals, howev(‘r, 
the, two waves travel with diHenuit velociti(;s, even in the direction of 
th(; optic axis. Aeeoiding to Airy’s tluMiry the two she(‘,ts of the wave 
surfaeii do not touch each othci* in a rotating crystal. The radius of 
th(i sphcri; in quartz is greatin- than the, greatest axis of the spliei’oid, 
so that th(5 hitter is contained within tin' foianei’, and as a consequence 
e is not zero at tin? centre of the field. \ow in the case of non- 
rotating (UTstal the expression for o at a distance r from the centre is 
(p. ')9b) of the form e --////-, wh(;re in is a constant de])ending on the 
nature, of tln^ plate,. Hence in the case of a rotating plate the retarda- 
tion is of tln^ foian 

0 mv ' ! 

8,, being the retardation at the cimtre of the field where r--0. l>y 
Art. 257 it follows that vaid's inversely as A-, so that (S is a 
function of tini wave length and will not ^'anish siniultam'ously for 
the various colours. For this ri'ason whim while light is used the 
centi'al spot is never black but coloured, with a tint which depends 
upon th(‘, thickni'ss of the jilate. As in the casi? of a, non-rotating 
plate the dillerenci^ bi'tween the sipiares of the I’adii of two con- 
si'cutivi' rings is (,*onstant for liglit of a givim Avave length, but 
the sipiares of the ividii are no longi'r proportional to the natural 
numbers. 

Wdien the princijial plane of the polariser is ])arallcl to that of the 
analyser, the comjilementary pattern is i‘xhibited. In this case = 
and the vibration is 

Ilcnci* we find 

r (1 * /•- " - J t/.- -! {\ /•- 1- sill” "Jal >iir- .p), 

an expression which might have been written down from the valui' of 
I with the consideration that I and I' must be complenientarv, anil that 
the amplitude of the incident light was taken equal to (1 -i- /•-). 

If a doubly refracting i*honib be used as analyser, I and T repre- 
sent the intensities of the extraordinary and ordinary images re- 
spectively. 
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269. General Expression for the Intensity.’ W'hon tlio pi incipal 
pliuies of the Xicois are ineliued to eaeh ollua*, tlu‘ ealeulation of the 
ijitensitv becomes more complicated. 

SubstiLUtiipi; fi-om e(piatioiis (.*1) ami (1) of Art. 2b7 we liave 

V - (MK .'i Jcds wn a • <*ns a fos 0 /.’ sin a >iii o 

- sill ttV i/.’-’ (*()s a sin () /. sin a ; /■ si n a cos 5 { 

• sin -i Jros w/ /’ cos a sin (5 • /.-sin a. ; sinacoso^ 

• si n /■ cos a / cos « <-<>s f3 i sin a si ii o'i{ . 

Writing this in the form 

\ v\ cos to/ • lisillto/, 

the intensity is given by the (Mpiation 

I A- , IV-. 

where 

A -- c()s a i- /•- cos a '‘OS u - 7.‘ si n a si n (3 ) 

• si II ig.- t‘os a si n <) i- / - sin a -f si n a cus (3\ 
/-'sinasin,^ • co^ a cos cos t)) /‘sin; a ;‘)':sint3 

1 cos a cos : si n a si n cos (3. 

and 

1) c()s cos rt ,sj )| ,3 -J/ II a si ir’ .'.<3 

• sin,'/ -111 f( sin (3 ; li/ cos a si n" .',(3 . 

/ cos a cos p ^i II (3 ‘J/ -ill a ,i siii-’.',«3 : -i ii a si ii ^oVsi n (3. 

S([naring and adding tlu'si' (‘xpr(‘ssions, wa* liml tliat. I may b(‘ written 
in tin*- form 

I 1,/^ M/.-' > N/‘- M/‘ t L. 

Tlie co(‘tli(‘i(mt of /*’ is 

E ' si 11 a s! 11 • cos a cos /'i cos (3 i cos-' a cos'* si n ’ (3. 

si n' a si n'* cos- a cos-, i sin a cos a sin /:i cos p cos <3, 
cos- a :i sin 2a sin 2/'i sin- .E3, 

and the term indepiaident of /.’ is at oma* Siam to ]ia\e the samii value. 
Seeking the eoetheient of /'* wa.; havi^ 

M 1/ sinasneJ • cos a cos cos f3 sin fa ,:f,'-iii<3 

■ 1 cos a cos si 11 'a g, si n (3 si 11/(3, 

- 2 si n a si n o cos a cos fi co- o i 2 cos a co- ii sin- ./(3; si ii i ci g ) sin o, 

2 sill a g'cosfa ;:<jsin(), 
sill 2 ' Cl ;i) si 11 (3. 

and we obtain the same* expres.sion for tin; coellicient of /•. 

Finally the coellicient of /i- is 

X 2 'sin a sin. ■ c(»s a cos cos f5;'a‘os a cos .-f -• si n a si ii .-i cos (3 j 

-sin- a - ;-i siiro • 2 sin a cos ci sin c(»s sin- 15 -r I sin- ' a - siid -/(3, 

- 2 cos 0 (sin' a sin'- ■ cos'- a cos- ^ sin2ttsin2;'i Isin-ia ;;^;sin'-/5, 

- 2''<is'-(a- ‘i 1 si n'-’ .1(3 Jsi n'- a si n" ,'■< • cos'- a cos'- — si n- a 

-2co-->a .i sin- .p3 I 1 ros 2 a-o. 2 sin 2a sin 2.'-<J . 

‘ Sc(- note liv (i. (yicsnc\ illc, (.'/nitjiffs f.\.\i. |)|». .'»22*a21. 18'';'). 

2 o 
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Hence 

I ~ (/■* + 1 ) {r-(3S“ (a ;i I - si u 2a sin 2/i siir io} - /t( 1 4 /. -) sin 2 (a - /?) sin 6 

-k- A’-[ 2 fos- (a ' ft) - {4 c-os 2 (a - ft) - 2 sin 2a sin *2ft\ sin- A 5], 

( 1 j- <‘0S- (a - ft) ' 1 -f / sin 2 fa - ft) sin 5 

J t/. - r-os 2 (a - /•<) I (1 - /.“7' sin 2a sin 2ft ) siir ^5. 

Which may also be written in the form 

I - [(1 I- /•") cos (a - ft) cos Jd - 2/- si n (a ft) sin A5]- j- ( 1 - cos- (a -I ft) sin- 

Car. 1. — If Z:=0, we have 

I - cos- (a - ft) sin 2a si n 2ft sin- ^5, 

whicli is the oi'dinary formula for uniaxal crystals devoid of rotatory 
[)ower. 

(W. 2 . — If /:=! — that is, if the ray passes along the axis — 
we have 

I - 4 |cos (a - ft) cos .^0 - sin (a - ft) sin -^8\ - = 4 cos- {a~ ft } i5). 

This expression is a maximum when and zero when a-/:? 

indicates that the light emerging from the (piartz 
plate is plane-polarised, and that the plane of polarisation has been 
rotated through an angle - a — ici 

(hr. .‘b — When tlui Nicols are crossed (/. -/i = 90 , and, as in Art. 
we have 

1 /’-)-sin- 2a| sin- .15. 

270. Approximate Form of the Isochromatic Lines. — When 
th(' incident light is parallel the angles a and have the same values 
at every point of the })late, and the intensity is uniform. With a 
convergent beam, however, the angle a is Aariable, and, as already 
remarl\(‘d, is the direi^tion angle of the radius vector to the point 
under consideration. For given positions of the Nicols the angle 
a - 13 will be constant, viz. the angle between their principal planes, 
and denoting it by y, the expression for the intensity may be written 
in the form 

I {(1 i //-) cos 7 cos .^5 - 2/i* sill 7 sin .U}--!- (1 - /, -) cos- (2a 7) sirr i5. 

In this expression G and // vary from point to point, and at any given 
point is a function of the wave length, so that the investigation of 
the isochromatic lines becomes very complicated. An idea of their 
ap})roximate form may, however, be obtained by finding the shajie of 
the bright and dark lines for the case of monochromatic light, on the 
supposition that along any one of these lines k is sensibly constant — 
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that is, that the difterent points of a bright or dark lino are not at 
very different distances from the centre. In accordance with this 
supposition we have merely to express that I is a maximum or a 
minimum when (S is regarded as the variable. For this purpose Airy 
made use of a subsidiary angle y, determined by the ecjuatioii 

tail X = I tan 7. 


When this is substitute<l in the first term of the expression for I it 
becomes 

( 1 X “)“ cos- 7 sec- X cos*^ (x i^)> 


or, replacing sec- y, the expres.sion for 1 takes the form 

I ■ {(1 -I- A”-)- cos- 7 1 1 /t- sin- 7 } eo.s- (x 4 - (1 - /»*-)" <‘Os- (* 2 a - 7) sin- 

The points of maximum and minimum intensity along the radius 
vector corresponding to a given value of a are found from the 
equation = Writing the expression for I in the form 

I - I‘cos-(x f . 45 ) } (j)sin-4<5, 

and diflerentiating with regard to <S, we have 

Psin (2x I 5) -A) .sin 5. 

From this equation it follows immediately that 

sin ('ix I- 5) -I sin d P I q> 
sin('Jx i <5) sin 5 I* 

Hence 

IN i) 

t.ui(x I 5) = -taiix,-, 
or substituting for P and (i we have finally 


tan (x i S)-~ 


tan 


(1 I /i’-)-e<)S- 7 + I/- sin- 7 -I- (1 - / eo.s- (‘2a 
1 1 /t-j - eo.s- 7 I- 1/.;- sin- 7 - - ( 1 cos- (’2a 


7). 

7/ 


Writing - tan 12 for the right-hand member of this equation we 
have 

tan (x i — - tan S2, 

and consequently 

X I 5 - TT - it, 

where 12 is an angle which varies with a as the point under considera- 
tion moves along a bright or dark line. The jiolar equation of any 
such line may be expressed by substituting c?*- + for S in the fore- 
going (as in Art. 268), and we then have 


C7'‘^^-(7r -ft-x)- 5„, 
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whero \ is ii constant, when y and /• are given, and varies with a 
only. Hence, as tlie point moves along a hriglit^H' dark band, the 
radius veetoi* /* will inci‘(‘ase or deciease according as il decreases or 
increases. 'J’he rings will conscapiently deviate from the circular form 
]>y amounts <leperiding on the variations of 12. Xow il is greatest 
wh(ui 2a -- y - //77 — that is, in the four rectangular fiositions of the 
rarlius v(‘ctor corresponding to 

a .^7, a Uy i- tt •, a~ ^7 i *27r), a - 7 1 - ott). 

Ihit y (I. /i', and conseipieiitly the eijuation f/. = J,y is the same as 

(i~ /i, and this means that the ladius v(‘ctor‘ of a Inight or dark 
band will bi; l(‘ast along a jiair of rectangular lines such that at each 
point of tlumi the angle y between the pi'incipal j)lanes of the polaiiser 


P 

A 


and analyser is bisected by the iirincipal planes of the plate. The 
greatest values of r correspond to . the least values of il, and these 
oc(*ur when llu -- y ~ (u 4 .1)— — that is, in the four r(*ctangular positions 

a-M7 i .W), a— .].i7 i- :j7r), cti*. 

Hence the positions of the maxima differ from those of the minima by 
15 , and the general sliape of a bi*ight i>r dark band is a s<juar(‘-sha])ed 
curve such as that shown in Fig. 205, the greatest values of the radius 
vector corresponding to the diagonals of the sipiare. Close to the 
<(‘ntre /* is nearly e(jual to unity, and the expression foi' I will vanish 
when \ -1 i(S = (yy i 2, )7r. But at the centre \ = y, consecpiently when 
('".-=(2// f 1)77 - 2y, there will be a black spot at the camtre. Now, for 
])oin(s at a given small distance from the centre o is constant, 
ami I will be greatest wlien 2a y = /f7r, and least in the directions 
2a ~ y (// + 0)77 — that is, along the diagonals of the square cui’ve. 
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The spot at the ‘V)iitre will coiiseciuently ])c a cross whose arms ai’e 
along the diagonals of the sipiare. With white light this central cross 
will be coloured. At a considerable distance from the centre k 
approaches zero, and o becomes very small, and remains sensibly 
constant along any band, so that in the outer regions the bands 
become sensibly circular, as shown in Fig. *200. 

271. Convergent Circularly Polarised Light — Calculation of 
the Intensity. — When the incident light is circularly polarised we 
may represent tlie comjMjmmt vibrations parallel to the princi[)al 
sections of the thin plate by 

— (1 + //“) «'03 W/, // — :1c k'-) sill W/, 

if the amplitude of the incident light be ( 1 -i- Jc-) \^2. These com- 
ponents become respectiN ely, after transmission through the plate, 

(ri^Iit-hanOcd) .>■, --(.‘osw/, — // sin 

(l(‘l - A'" ( w/ 5), //.j -- /•.siu(w/ S) 

(left-luunlt'd) ^ 6), - - sin (w/ -S) ] 

{ri<^ht-liando(l) ^ - A’ co.s y/'o /c-sinw/ f 

Hence for the vibration parallel to the principal plane of the analyser 
we have 

V - cos [cos a;/'(l 1- cos d -{- /• cos 5 k') * sin o)t{k - sin 5 I- /* sin 5)|- 

1- sin /-i (cos sin 5 I sin 5) -f sin -/.-cos 5 - C(ks 5 - /-)} . 

Denoting the coefficient of cos oj/ by A and that of sin co/ l)y 1> we 
have 1 - A- + T1-, where 

A — /j' cos /i cos 5 k (cos /i cos o -l- sin sin 5 cos (i) cos -f- sin [-i sin d, 

R (cos [i sin d - sin ji) + /.’(cos/:f sin 5 - sin /icos 5 i- sin [^) ~ sin /G-os o, 

and the expression for I becomes 

I — ( 1 I k-y - 4/ (1 - //') cos ->ii sin- .b5 r ( 1 k^) sin sin d. 

Cnr. 1. — If /’ = 0, we hav(i, as in Art. 2.‘5 7, 

I - 1 1 sin sin o. 

Cor, 2. — If /• = 1, W(‘ have 

1 L 

that is, the light is transmittcMl parallel to tl\e. axis without adteratiori. 

272. Isoehromatic Lines —Airy’s Spirals. -In order to determimj 
the form of the bright and dark lines in the case of circularly polarised 
light the geiHual ex[)ressinn for I olRained in the prece*ding arti(!le may 
be transformed, as in Art. 270, by using a su])sidiary angle \ related 
to /i by the ecpiation 

1 T- k~ 

tail 21 
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Substituting this in the expression for I it becomes ^ 

I = ( 1 }- I'-r 2( 1 - A.'*) sin *2^ cosec x ^ X i^) 

-- (1 t /<•*/“ 2^ cosec X {cos (x - 5) - cos x} • 

Now if we consider a radius vector corresjumding to a given value of 
p, arul if we regard k as sensibly constant in })assing along this radius 
from a bright band to the adjacent dark band, then x 
sensildy constant within this range, and I will pass from a maximum 
to a minimum when x - (^ 2 )asses from 2inr to (‘in+l)7r. Hence, 
regai’ding y as a function of /i as we pass along a dark band, we will 
have 

X - 0 ~ i2n -f 1 jTT, 

or writing r/- + for 8 as before, we have for the ecpiation of the band 

fV“~-x-(2/M- IjTT - 5„. 

For a given value of a this n^presents a spiral curve in which r 
continually increases as y increases positively. When a is increased 
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by unity a second spiral is obtained which is the same as the first, 
rotated through two right angles, and when is changed into n + 2 
the first spiral is rei)catcd, and so on. The complete figui’e conse- 
((Uently consists of two simibir spiral curves, mutually enwrapping 
each other, their po.sitions differing by 180 ', as shown in Fig. 207. 

Close to the centre /v is sensibly e(pial to unity, and the intensity 
is approximately equal to (1 so that the central tint is sensibly 

white. The spirals consequently \vill not appear very near the centre, 
and at a distance from the centre they will be faint in the directions 
parallel and perpendicular to the principal plane of the analyser — in 
other words, the outer regions will be traversed in these directions by 
a dark cross. 
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AA^hen the qiyirtz plate is right-handed and the incident liglit 
right-handed the si)irals enwrap each other from right to left, and in 
the reverse manner when the sign of the plate or that of the incident 
light is changed^ 


1. Pliiiio-j)olarisc<l li^ht jiisses in surmssion tl)rong]i two (juarlz of (Mjual 

thi<‘kn»‘ss and oj»posiU* rotations ; show that tin*, intniisit y ottlu^ illiiniination in tho 
analyser, wh<*n tin* Nicols are crossed, is 

/ 2/.' t “ 

1 J(1 - //-)- y ^ ^ /-* **‘'^ ^ I 

2. Tile curves of zero inlt*nsity in Ex. 1 are ^iven by the e<(nations 

sin .U=:(), 

•2/.- tan .\5 i- (1 + /. -'I tan 2a - 0. 

'the former gives a system of <*one(‘ntrie circular rings, and the latter rejiresents 
four distinct spirals jiassing through the points wln*re the cir<*h!s meet the axes OX 
and 0\’ (Eig. ‘iOS). 

ArpijrATioNS 

273. Analysers. — The peculiar property which some suhsttinces 
possess of rotating the ])lan(‘ of polarisation r)f light may ]hi us(‘d as a 
means of detecting their presence in solutions wluni mixt*d witli other 
suhstajices whicli are inactive ; and not only do(‘s it allbrd a tpialitativaj 
test, hut also au (‘xact det(*rmiuatioii of the amount of active sul)Slanee 
])resenl, when we know tlie amount hy which the ])lane of polarisation 
is rotiited. 'rin* ap[)lication of this i>ro])(‘iTy to the analysis of solu- 
tions consequently involv(?s the exact measurcniient of the rotation 
of the plane of polarisation, and this involves primarily tlie accurate 
determination of tlie |)Osition of the plane of polarisation, d'his detei*- 
mination cannot be made with sutlicient precision by means of an 
analyser such as a Xicol’s prism alone, for with such an analyser the 
j)osition of the plane of polarisation of a beam is dcdei uiincd by placing 
the Nicol so that the liglit is completely (pienched, or else transmitted 
most copiously. Either of these positions can be attaineil with only 
moderate certainty, as it is diflicult to ascertain when the field is 
exactly brightest oi* darkest, for near the position of maximum 
or minimum illumination the change of intensity, as the Nicol is 
rotated, is small, and is scarcely appi*eciable for a small displacement 
in either direction. 

To remedy this defect analysers of special construction have been 
^ C<>loure<l drawings of these figures are given in Airy’s Memoir, 
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invented which involve the use of an adilitional pieijp of apparatus in 
conjunction with the analysing Nicol. This piece is so designed that 
the position of the plane of polarisation is determined by comparing 
the efjuality of two lights seen simultaneously and in juxtaposition. 
The superiority of this method depends upon the fact that we can say 
with much more certainty when two parts of the field are equally 
illuminated than wlien any part of it has attained its least or greatest 
brightness. 

274. Jellett’s Analyser and Saceharimeter. — The analyser 
devised l)y «]ell(‘tt enables us to determine the position of the plane of 
polarisation by comparing the C(juality of two lights seen at the same 
time and in juxta[>osition. To construct the lulditional piece a rhomb 
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of Iceland spar, about two inches in length, is taken, and its ends are 
sawn off at right angles to its length, so as to form a right prism AI^CD 
(Fig. 201)). This prism is divided by a plane through PQ parallel to 
its edges, and making a small angle with the longer diagonal AC of 
the base ABCl). One of the two halves, PQCD, is now reversed, and 
the two are cemented together with their surfaces of section in contact 
as represented in Fig. 210, which is obtained from Fig. 209 by 
rotating PQCD through two right angles, keeping tlie two pieces in 
contact at their common surface of section. 

Let us now suppose that a pencil of plane-polarised light falls 
normally on the face ABCD. The ordinary ray passes through 
undeviated and polarised in a plane perpendicular to A(> — that is, 
according io Fresners hyjiothesis, vibrating parallel to AC — while the 
extraordinary ray is deviated to one siile, and, if the rhomb ))e 
sutUciently long, the two will be separated at emergence. Hence in 
the Jellett prism ABQD'C' (Fig. 210), when light is transmitted 
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through it normally, the vibration of the oi'dinary ray will b(‘ parallel 
to AO in the part AOQB and parallel to C'O in the part C'OQl)'. 
Consequently if a cylindrical pencil of light traverse the prism so as to 
be eciually divided by the plane of section OQ, the extraordinary rays 
will be thrown ofl‘ in opposite directions in the two halves, and may be 
stopped by a diaphragm suitably placed. The ordinary rays, on the 
other hand, will be transmitted without deviation, and will constitute 
a cylindrical pencil equally divided by the plane of section, but 
polarised in planes inclined at an angle 2a = A0C', where a = AOr, 
the angle which the plane of section makes with the diagonal AC 
(Fig. 209). 

Now if the incident light be plane -polarised, the component 
parallel to AO is transmitted by one half, and the component parallel 
to C'O by the other, and therefore if we look through the analyser, 
the intensities in the two halves of the field will be ditlercnt, except 
when the plane of the section is parallel to the primitive plane of 
polarisation, or perpendicular to it. For one position of the analyser 
one half of the held will appear dark and for another position the 
other half will be dark, and the angle between these positions is 2a, 
while for a position midw'ay between them the two halves are e<iually 
illuminated. In this position the primitive plane of polarisation is 
parallel to PQ (Fig. 210). The experiment conse(pieTitly consists in 
e({ualising the intensities l)y rotating the analysei’, and as the position 
of e([ual intensity can be detected by the eye with much accuracy, the 
instrument aifords an exact determination of the [)osition of the primi- 
tive plane of polarisation. 

Jellett em[)loyed this analyser in his saccliarimetcr tf) determine 
the rotation of the plane of polarisation })roduccd by saccharine solu- 
tions, and he estimated ^ the -probable error in the result of a single 
observation with such an instrument to be only 0'02 of a grain in a 
cubic inch of the solution. 

275. Laurent’s Analyser and Saccharimeter. — In Laurent’s 
analyser - one half of the field of view is occupied by a plate of cpiartz, 
or gypsum, cut parallel to the axis, and of such a thickness that it 
introduces a retardation of lA between the ordinary and extraordinary 
rays. The otluir half of the field is em])ty or covered by a glass plate 
of sufficient thickness to absorb the weaves of length A to the same 
extent as the crystalline plate. 

Let APB (Fig. 211) be a semicircular plate of glass, AQB tlio j)lato 
of quartz, and AB the direction of its optic axis. 

Then if the plane of polarisation of the incident light be })arallel to 
^ Lloyd’s U'avc Theory of Lujht, p. 247. “ Journal dr, Physique^ 1S71 aiul 1870. 
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OP, it will be tiansniitted witliout alteivifieii throii^^h the glass and 
ernei'ge from it still plane-polarised parallel to OP ; but in the crystal- 
line j)late it will be divi(h;d into two components, one j)arallel to OA 
and the other pei pendicular to it, and one of 
thes(; will be rc^tarded relatively to the otlua' 
by a half-wave length. The icsult is that the 
light (nnorges j)lane-polarised from the crystal- 
line ])late, ])ut the ])jane of polarisation will be 
inclined to OA on the other side at an angle 
AO(^>=-AOP (Alt. 17, Oor. :!). The planes of 
polarisation of th(‘ mys einei-ging from the two 
halves of the com])onnd platen will therefore be 
inclin(‘d at an angl(‘ where a AOP. Oon- 
s(*((uently if a Nieol Ik; fixed before; the jilate; the two halves of the 
fi<;ld will in general apj)(‘ar un(;(jnally illuminated, but if the ]>rincipal 
jilane of the* Nieol be pai’alhd to All the illuminations of the two 
h;dv(‘s will be tin; same*. 

Since; the, thiekiK'ss of a ])lat(‘ i*e<juii(Ml to jiroduee a retardation A 
<l(‘|)(‘nds on tin; wa\e hmgth, it follows that Tiaurent’s analysei’ can 
be use'd only with monochromatic light. Jellett’s analyser, on the otlna* 
hand, is met, subj(‘et to this i-est rietion, but m;iy be used with wliitc; light. 

In Laurent’s sacelmriimTe'r tlu* light is sifte'd through a plate of 
hiehromate; of jiolash, which allows only tin* yellow rays to j)ass. It tlu'u 
falls uj)on the polarising NicoL to the seaond face* of which tin; (piarl/ 
plat(‘ is fixed. Aftei* transmission through the plat(‘ it j>ass(‘s thiough 
a tuh(‘ eoiitaiiiing the solution tinder inv(‘st igation, and thenci; through 
the analysing Nieol loan eyepiect* when* it is received by the observtu*. 

276. The Biquartz. — A sim[)le and faiily accural (* nu'ans of 
di‘t(*rniinitig tlu* plane of polarisation is 
aflbnled by tlu; bi(piarlz. This consists of 
two semicircular plates of quartz placed in 
juxtaposition, ('aeh In'ing cut at right angl(*s 
to tlu* axis. lu one the rotation is right 
handed, and in tlu; otlu*r it is h'ft handed. 

'Flu* two plati’s are of the same thickness, so 
that tlu‘y produce eipial rotations of a given 
ray, but in opposite directions. Thus if 
(^R)P (Pig. 212) be the direction of the 
incident vibration, it will be rotated to the right in the plate A PH, and 
by an ecpial amount to the left in the plate AQH. Now if the in- 
cident light be white the various simple colours will be rotateil through 
diflerent angles, and it follows that if the emergent light be analysed 
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by a Xicol, waves pf ilifloront refraiigibilities will be quenehed in tlu‘ two 
halves of the field, and they will conse<iueiitly appear of ditVerent eolours. 

There is one position of the Xieol, however, in whieh the two 
halves of the field may have the same colour. For consider the ray 
of which the plane of polarisation has been turned through a rii;ht 
an^le. In one plate it will be turned to the riirht, and the vibration 
of this ray will be parallel to 0(J'. In the other plat(‘ it is turned 
throui^h to the left, and the vibration will be parallel to OF'. 
Hence the vibrations of this ray will be i)arallel to th(‘ saint* dirt'ction 
in both halves of tluj tii‘l<l, viz. to a. line }H‘r[)en(lieular to FOt^). 

Thus if the principal ]tlane of the Nicol be parallel to F()(^) the Vv^ht 
of the same wave length will be (|uenched in both halves of the fitild, 
and the other colours will be prestuit in the same proportion in each 
half, so that they will exhiltit the samt' tint. 

l>y suitably adjusting the thickness of the tjUartz plates tin*, ray 
which is rotated through a right angle may be made* any om* wt* ph‘ast\ 
If it be that coi'res])ondiiig to the brightest jiart of the spectrum (the 
yellow) this light will be absent and tln^ common colour of l)oth halv(‘s 
will be the tint of passage (see Art. A minuti^ rotation of the 

Xicol in one direction will remit*!* one half of the Ht^ld blue and the 
othei' half red, and a disjilacmnent in tin* oj)posit(‘ direction will r(‘nd(‘r 
the formei’ half red and tin* lattei* blue. 'Tin* thickness of tin? bitpiartz 
which c.xhibits the tint of passage is about o-To mm. W ln*n this is 
s(‘cured the ])lam^ of polarisation of tin* inci(I<*nt light is p(*rpt‘ndicular 
to the ])rincipal plain*, of tin* analyser. 

\\ hen the. tint of jiassage is attained tin* substanci* under inversti- 
gation is ])la(a?d oitliei* b(‘twcen the po}aris(*r and the bi(juait/, or 
between the biquartz and the analyser. if the substain*c rotates the 
])la.iie of polarisation the tint of ]>assag(‘ will disa])j>car from tln^ iield 
of the analyser, and to restoni it the Nicol must be rotatc'd in the 
<lirection in which tln^ plane has been rotat<*d and through an equal 
angle. In ])racticc the light should fall noi*mally on tlui biquartz, and 
the axis of rotation of the analysing Xicol should bi*. jjarallel to the 
<lirecti(jn of the incident light. 1’lie greater part of tin) errors arising 
from these conditions not being accurately fulfilh'.d may be correctial 
by rotating the Xicol through 180 and taking a second reading. 

A method of greater accuracy is to subject the light to spectro- 
scopic analysis. For this purpose it is thrown on the slit of a spectro- 
scope by a lens so adjusted as to form a ntal image of the bicjuai tz on 
the slit. Two spectra are seen in the field, one from each half of the 
biquartz and situated one above the other. Each of these is crossed 
by a dark band corresponding to that colour extinguished by the 
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;uijily.sin^ Nicol. Ijy rotating the Nicol the haiidrs,. move across the 
spectra in (jpf)osite directions, so that the Xicol may ))e so adjusted 
that they arci om; above the otlier. When this is attained the light of 
tile same wave length has been (juenched in each half of the fitdd, and 
th(j princi[)al plane of the Nicol is parallel to the direction of vibration 
of th<! incident light. When the spectroscope is employed a single 
quart/ [ilate may be used instead of the bi<{uart/. For when solar 
light is used, and a spe^ctrum formetl which exhibits the Fraunhofer 
lines, the <lark band arising from the quart/ plate may be lirought to 
coincide with any one of the dark lines of the spectiiim. On intro- 
ducing a rotatory substance the dark band will be displaced across the 
Held, and to restoi’C it to its original position the analysing Nicol must be 
turned through an angle e<jual to the rotation produced by the substance.^ 

277. Poynting's Analyser. —The leading idea in the design of 
analys(‘rs for the [)urj)o.scs of saccharinu'try (as already illustratc<l in 
the tbr(‘going examph‘s) is to construct a pieces ot apjiaratus such that 
wh(*n a beam of plane-polarised light is transmitted through it, the 
light tiansmitted in one half of tlu^ field shall be ])olarisc<l in a plane 
which is inclined at an angle to the ])lam‘ of polarisation of the light 
transmittcal through the other half. This, in geneitil, is obtained by 
(;ov(‘i ing the two halves of the field with two pieces possessing rotatory 
power such that thc^ jHane of polarisation is rotated through ditlei’enb 
angh‘s in [)assing through them. 

'riu' most obvious method of (‘IVetaing this is to cover the two 
halves of the field with layers of ditferemt thickness of some rotating^ 
substance, for exanq)h‘, with two plates of quartz of dillerent thickness 
cut perpendicularly to tin* axis, or with strata of a rotating li(iui<L 
Tliis is the method eiiq)loyed by ITofessor Foynting.“ In the first 
form of apparatus a uniform circular plate of (piart/, cut at right 
angles to tin; axis, was divided along a diameter into two halves. 
One half was slightly reduced in thickness, and the two Avere then 
reunited so as to form a circular plate as before, with this diflercnce, 
that one half of the plate now exccede<l tlu‘ other in thickness. ^\ hen 
a, beam of plane jKdarised light is transmitted through such a plate the 
plane of polarisation of the light issuing from one lialf will be inclined 
to that of the light issuing from the other by an angle depending on 
the dillbrcncc of ihickne.ss of the two halves of the plate.*' 

1 M. r>rocb, Ann. Ac (Itimiccf Ac Phns. y,;’)', lom. xwiv. y. Ua, IS.')-'. 

■- .1. II. I’oyiitiiig, P/iil. Mttif. vi)l. X. |», IS, ISSO. 

’ 111 t)!’'!*'!’ to llii> jMigli' rrofi‘s>,nr Pointing )'Ugg<X''t> that oiu* halt ot the 

ylate ini'_^ht he made up ot t\\o wedgi-s, as in Hahiiiet roinpiuisator ; Art. 211 . ''O 
lliat il'^ tliickiu'ss could he altiTcd at ph a>uiv ])y .sliding one of th«* wcHges ovrr tlic 
other. 
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Ill the s(*e(>n(l form of apparatus a rotating liquid is oiiiplovetl, and 
the. arrangement Is exceedingly siuijile. The liquid, say a solution of 
sugai-, is contained in a cell through Avhich the beam of polarised light 
is transmitted. A ]>icce of ]>late glass several mm. thick is immersed 
ill tliis ('cll with its faces at right angles to the beam ot* light, and it is 
so arraiig(‘d that one half of tlie beam ])asses through tht» plate whih' tlie 
otlnn- half passes by its edge. The former half of tlu‘ beam, sinct‘. it passes 
through the glass, ob\ iously passes through a less thickiu'ss of the rotat- 
ing liipiid than the latttM*, and is consequently h‘ss rotated. Hence tin* 
light emerging from the two lialves of tlu^ field is jiolarisi'd in ]>larics 
which are inclined to each other, d'he angle between the planes of [lolaris- 
ation can be varied by var 3 ’ing the thickness of the interposed glass plat(‘. 

278. Soleil’s Compensator and Saceharimeter. — In the sac( ha 
limeter of ^l. Soh*il the rotation produced bv an\^ substance under 
examination is compensat(‘d by means of a plati^ of (piartz of which 
the thickness can bi^ vari(‘d at will. 'Eliis ])art of tin? a|>paratus is 
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called the re/y/y^cy/sa/e/*, and is similar to I>abin(‘A's compensator (Art. 
L^ t t) only in so far as it consists of two ([uartz wedges and (h f 
(shown exaggerated in Fig. 2 1 ‘5), of which om* can slide on the 
other along their common face s») that their joint thickness may be 
varied. Tii this coniiieiisator, liowever, both wedges ar<i (‘Ul, u ith 
their fac(‘S (tr and rf perp(mdieular to tlie axis, and they are both left- 
liaiideil crystals. The light traverses both wedges in the direction of 
the o})tic axis, and the action of the comjieiisator is consequent! to 
introduce any desired amount of left-handed rotation. In conjunction 
with this ])air of left-handed wedges a right-hand(‘d quartz plate? is 
used, so that when the thickness of is \ari(‘d, the combined (?lfect 
of <1 and nJ>rd is to introduce any desired aiiKmnt of lotation, which 
may be eitluu- right handed or left-han(h‘d according to tlie thickness of 
nhrd. Thus when the tlii<'kn(\ss of nhrd is ]»rop(‘rly adjusted, the right- 
hamh'd rotation jiroduce^el l)y will be exactly neiitralisiMl. For a 
greater thickne.''S of the combimid (dlect of and dhnJ will bo a 

left-handed rotation, while for less thicknesses the resultant elfec't will 
be right-handed. 
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Jii the .saecharimeter the light is polarised by a NicoTs prism PN. 
It then falls upon a ])i(iuartz B, and afterwards ffraverses the sub- 
stance S under examination. After emerging from the active substance 
it traverses a riglit-handed (piartz plate Q and then falls upon the com- 
])ensator ahnh'. Finally the a}»paratus is terminated by the analysing 
Nicol AN and a small ( Jalilean telescoj)e T, focussed on the biquartz B. 

In making an experiment the tube S is tilhid with water, ^ and tht‘ 
telescop<i is focussed on the bi([uartz. The micrometer screw by which 
one of the wedg(;s of the compens;itor is moved is now turned to the 
zero [)osition, and tlui analysing Nicol is rotated till the tint of passage 
is obtained in tlie field, 'llie water is now removed from the tube S 
and the rotatory substance is introduced. If the substance is active 
the plaim of polai isation is rotated and the tint of passage disa])pears. 
It is, howe\air, restoied by turning the micrometer screw of the com- 
pcmsator so as to alter its thickness in such a manner that the rotation 
produc(Ml by lIkj substance S is neutralised. If the substance is right- 
handed the thickness of the compensator must ])e increased, and if 
h‘ft-hand(‘d, diminished. The angle through which the micrometer has 
)>ceii turned in order to restore the tint of passage <leterminos the 
amount of rotation produced by the substance. 

This nu'thod retiuires the light to be white and the licpiid colour- 
l(‘ss in order to obtain tht‘ tint of passage. To apply the instrument 
to cases in which the light or the liquid is coloured, M. Solcil added 
an extra piece which lu^ (*alled the jmuhfrrr af (hr tint af juissiff/r. This 
part is plae(‘<l in front of tin* saecharimeter, and consists of a Nicol N' 
and a ([uai tz plate (}'. The incident light is polarised by the Nicol 
N", and after traversing tlu) rest of the aj)pa]*atus, the field of the 
analyser will in genei-al lu? coloured. By turning the Nicol N' a 
position can generally ])e found in which the plate Q' gives a tint com- 
plementary to the colour of the licpiid for the light emj>loyed. The 
colour etiect is thus neutralised and the tint of ])assage can be obtained. 

279. De Senarmont’s Polariscope. — In SoleiTs compensator, just 
described, the characteristic piece consists of two wedges of left-handed 
<[uartz ])laccil so as to form a plate of variable thickness. If, howev^er, 
the wedges are of opposite sign so that 0!ic of them is right-handed 
while the other is left-handed, the plate will be such that along the 
central line the plane of polarisation will be rotated as much to the 
right in one prism as to the left in the other, and the resultant rota- 
tion along this line will be zero. Hence when the Nicols are crossed 


‘ This avoids the necessity of readjusting the focus of the telescope when the 
rotatory li(piid is introduced, for if the lelescoj)e were focussed on the hicpiartz wlien 
the luhe 8 is empty, it would not he in focus A\hen the tube is filletl with a Hijuid. 
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this line will be black. On one side of this line the resultant rotation 
will be to the rignt, and on the other side it will be to the left, accord- 
ing to sign of the wedge of predominating thickness at the ])lace in 
question, so that on either side of the central dark hand coloured hands 
are symmetrically situated analogous to the bands obser^ ed in Hahiiu't’s 
compensator. When the analysing Xicol is turned the central band is 
displaced to one side or the other by an aniount det)ending on the 
rotation of the Nicol. 

This apparatus is known as Do Senarniont’s ^ polarisoope, and it 
affords a very accurate means of determining the position of the plane 
of polaristition of any source of light which is partially or wholly 
polarised. 


280. MacCullagfh’s Theory of the Double Refraction of 
Quartz. — The singular laws of the double refraction of quartz, 
and its peculiar property of rotatiiig the ]>lano of polarisation, 
were first connected in a general theory by Macl^dlagh.- 

In a common uniaxal cry.stal two waves are proj)agated in any 
direction, one according to the ordinary laws of refraction, and the 
other in a manner depending on the inclination of the wave normal to 
tlio optic axis. These waves are polarised at right angles and travel 
with different velocities. Consider a plane, wave passing through a 
cry stal in a direction making an angle 0 witli tin* oj)tic axis. 'I'ake- 
tlie wave normal for tlie axis of and the axes of >• and // in the wave 
front, the former being perpendicular to the optic axis. T'Ik^ axes of 
and // will b<^ paiallel to the direc'tions of vihiation in the, ordinary 
and extraordinary waves respectively (according to Fresnel’s liypo- 
thesis), and if and )j he the displacements tlui (‘(juatioiis of the two 
vibrations are 


il’y) 

iff- iff' \/:’ 


( 1 ), 


wlien% in a positive crystal (av-/>), we have 

A — and B - ffr eos" 0 //' si ir 0 




To account for the rotatory polarisation, and represent the twisted 
structure of (piartz (p. 433), MacCuUagh introduced dilferential co- 
efficients of the third onler into the e((uation of the vibrations, and 
assumed 


f//;- 

il'r) 

dfr 



fC 




( 1 ). 


^ l)ti Soiiariiiont, Ann, dnChi/n. (.3), tom, xxviii. p. 27!^, IST^O. 
- MacCiillat^h, Trans.' Jtoif. Irish Acadennj, vf>I. xvii. ISCC. 
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Tliese (Mjiijitions Jin; sjitisfied by 

l 


2ir , , . 'Itt, ^ 

i: /> ^ (rf - *■ ), q --- 7 ii ^ (/•/ - *. ■, 


if, <i‘ i> /•, \\'(i liav<i e^jiialities 

that is, if 


A 'iTrChjL 
li -iTrC///, 


which ])y tin; fonnulu; (2) l)cc(»ni<;s 


•JttC 


a, ((Uadratio in /•, of which one root is tht; iiei^ativ(} i-eciprocal of tlie 
other*. 

Dcnotiii;^ ihr; r*oots by /* and - 1 /*, we see that tliere are two 
elliptic vil)i*ations as (hnived by Airy. Thus we liavri 

‘Jtt . ‘Jtt, 

i-, //ros ^ [r^f : , //, ///■Mil ^ :), 

and 

/*,- A 27r(.7.’,7. 

This is an ellijitic vibration ])ro])auatt‘d witli velocity and liavin^ii; its 
axes in tin; ratio 1 : /*. 

The sc'cond valiui ( - 1./’) ^iv(5s the vibration 


win* re 


i-j /'• 


{rj 


V2 


'mu 


r.r A • ‘JttI ',7.7. 


'TIk' axes of tliis vibration are in the ratio - /* : 1, and it is pr-opagatiul 
willi a, velocity r.,. ( \)nstM|uently we have in j^eneral two ellijrtic 

vibrations trav(‘llin;^ wdtli ditlerent velocities and having tire same 
eec!eritr*icity, but tin* major- axis of one eoirreidos with the minor axis 
of th(‘ otlrer. 

Wlrtm the liglit passes in the ilirection of tin* axis of the ([iiar’tz we 
have* k - t 1, which shows that tliere are two rays circularly ])olai’ised 
irr o})})osite serrscs. Their velocities of pr opagatiorr are 

/*,- it- ‘J7r( ’ 7. ft- I ‘J7r( ' 7, 

or approximately 



Tire ordinary velocity a is consequently their arithmetic mean. 
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TiCt the quartz he a parallel plate of thickness r. The time retard- 
ation of one ray relatively to the other in passing through the plate 
will be 


i'l <’-2 o~f / it\ a~l ) tr'I 


Taking the velocity in air as unity, and the wave length A, correspond 
ing to / in the crystal, Ave have /: A : 1, and the phase dillerence 
on emergence will he 

- ‘Jttt 1 7r-f-( ’ 

^ - X »*X-^ • 

]>ut the rotation is half the phase retardation, therefore 

27r‘-/'( ’ 

which contains the experimental law of M. Iliol, viz. that the rota- 
tion is inversely ])roportional to the scpiare of th(‘ wave length. The 
sign of C determines whether the rotation is right -lianded or left 
handed, and the divergence from Hiot’s law (whihited hy some sub- 
stances might he accounted for by supposing that in these substances 
C is a function of the Avave Icfigth. 




1. If tlu* assuiiicfl (‘(niatidiis <if niolioii In* 


.'/-i . 

,u - ' 

if/' 




,ir- 


^ ' //-/ 


show tliat L' is (let crniiin'*! l»y lln* <|ua(lrali»* 




/ >iii- 0 
27r( 




//-y-- - 0. 


This (M|iiati()n iiulicMtcs that t In* ratio of tin? axes is not tin* same fur hoth t In; (jlli]»tif; 
vibrations, and (.;x[)lains tin* difr(*n*an«* la*t\N(‘<*n tin* ratios ol>si*rvi*(l hy Aiiy. 

2. Givi’ii 

o - O-tUsrea, A ^0 -6 1481, \--- -0000208 in., 

r -0-08087 ill., fy - 0-888, 

show that the* (juadratic for /■ is 


/r--2.oS /r.sin-^- 1 --- 0. 
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281. Selective Absorption. —WIhmi lii'ht is l)eing tr;insmitte(l 
through iiiiy suli.sDiiK f, ])ait of it is geuerally taken up by the luediuni 
or absorbe.d, juid tliis al)sorptiou is ilifterent in general for rays of 
(iillen'iit r(;(Vangibility. It is on this account that white light generally 
becomes colounul after trav(‘rsing a sutlieient thickn(*ss of any substance. 
Theie is no liody jierfectly ti’ansparent — tliat is, transparent to rays of 
(we.ry refVangibility, and, on the other hand, there is no substance, in 
tlie same s(‘nse, perfectly opaque. Air^ in sutlieient thickness colours 
the light of th(‘ sun, at first yellow ami afterwards red, and pure water 
produciis th(‘ saim* effect in a more decided mannei’, whihi gold in a, 
thin leaf transmits a faint greenish light. Metallic silver a})pears to 
allow the actinic i*ays to pass, and an ordinary stone wall is ([uite 
tra,!is[)arent to tlu^ long waves from a Hertzian vibrator (chap. x.vi.). 

Idle character of the absorption which takes place in any substance 
may la* analys(*d by submitting the transmitted light to examination 
ill a spectros(a)})e. ddie spectrum formed by the transmitte<l light will 
be crossed by dark bands corresponding to the colours which have been 
most i-apidly absorbed. Some substances exercise marked absorption 
in one or more parts of the visible spectrum, while others transmit 
freely the luminous rays, but ab.sorb certain of the non-luminous waves, 
ddius the sjiectruni of light transmitted thiough a solution of chloro- 
[jhyll (the colouring matter of the leaves of plants) exhibits dark Vjands 
in the red, yellow, green, and violet, and human blood produces 
marked absorjition bands in the yellow and green portions of the 
spectrum, Avhich are visible even when the quantity of blood is so 
small as to scarcely alfect the colour of the solution. Permanganate 
of ])otash (Pondy’s fluid) exhibits .sevei'al dark bands in the green part 

’ Tlu* tr;nisiniUc«l liL$hl is the residue whicli ]):issvs thnai^i^li when ahsorpliou 
projier, and inteiiial rcllei-tinii arising.; from irregular stnivTure of .siiiall siisjituidtMl 
particles, havt* played their part. The relation of ahsorpiioii to internal relleetion 
deserves consideration. 
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of the spectrum, w^eii the solution is dilute, and those are eharaeter- 
istic of the permanganates. With stronger solutions the dark hands 
broaden out, and ultimately unite to form one broad dark ))and, the 
Avhole region being now absorbed. And again, Brewster discovered 
that a solution of oxalate of chromium and potash produces a single 
narrow absorption band, which is so well delined that he suggested its 
use in the measurement of refractive indices with artilicial light, wlnm 
sunlight caiiiiot be obtained. 

For the most part, liowever, the light which has passed through an 
absorbing medium exhibits a single maximum of al)sorption. The rays 
in a certain region of the spectrum an^ most eliectively stopped ; but 
in the case of gases tile phciionKUia are very dillerent. The rays (;asi*s. 
stopped ])y them are characteristic and well delined, so that the 
spectrum of the transmitted light exhibits a certain number of line 
dark lines, distinctly sc'.parated from each other, (basics accordingly 
allow almost all the light to |)ass exc(;pt a few rays of didinite 
refrangiliility. 

When light of any wave length is interc<‘pted by an absorbing 
substance the energy of the cori*esponding ether vibrations is iinpaited 
to the inattcM*, and in general reappears as heat, as is manifested by the 
lise in tempeiviture of the absorbing substance*. The vibi'a lions of the 
ether are taken up by the matter mohicules, and these in turn vilirate 
and become centres of disturbance. What is absorbed tlien is energy. 

The matter molecules are intimately liound uj) with the ether, and the 
energy of the ether vibration is conve.rted (})ossibly) into energy of 
motion in the matter molecules. 

Now if we considei’ any system of matter molecules it will lu*. 
easily inferred that some ether vibrations will be much more pow(n-fully 
absorbed than others, viz. tho.se most competent to exciti* that vibration 
which the matter molecules execute fi’eely. It is well known that a Amilo^y. 
series of slight taps may excite a considerable oscillation in a c(jnimon 
pendulum, the condition being that the taj)s l^e timed to the period of 
swing of the pendulum. The same point is illu.stiatod in the. r(*.s(mance 
of organ pipes which are excited by vibrations of their own freij p(!i iod. 

So, again, if a number of ships at sea be disturlied by waves, (‘ach ship 
will have its own free })eriod, and if for some of them this happens to 
be the same as that of the waves, the.se ])articular shijis will be tlu'own 
into a state of violent oscillation. They will thus act as absorbei’s of 
the energy of the waves. If the ])erio<ls are not .synchronous the 
motion caused by one wave will be destroyed by another, so that the 
energy absorbed from one wave will be given out to sfime other, ami 
there will be no accumulation of energy in the ship. 
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It consoiiuentl}' follows that of the multitude (^f waves in a |)«Micil 
of wliite lii'ht those which will be most freely absoi-bed by any sub- 
stance will be tliose which synchronise in j)erio(l with the free vibrations 
Seloctioji. of tli(i matt(ir molecules. The molecul(.‘s absorb waves of their own 
period of vibration, and tluisc a^^ain are obviously the waves which the 
moIccuh'S will (‘xcit(; when th(;y become camti’cs of disturbance.’ It is 
cons(MjUently to be (expected that dillcrent kinds of mattei* should 
absorb wav(‘s of dillei'ent periods or rays of dilleient refrangibility. 
'Fhat they should, in fartt, select (pertain rays in })r(der(‘nc(‘ to (jthers, 
and this is what is known as ^rhrfin nhsuritHoii. 

In the case of soundin;^' bodies w(‘ know that some can take up 
and resound to vibrations of almost any peiiod, while oth(*rs coniine 
th(!ir vibrations to soim^ fundamental tone and its harmonics. The 
former class is illustratcal in the soundin<^ board of a ju'ano or the body 
of a, violin, while (‘xamph's of the latt<*r are an origan pip(‘. or a sti‘(‘tcli(Ml 
strinij;. So it is in the case of absorbini;- substances. Some*, such as 
black opaipK^ bodies, absorb the lumitious waves of evei v leni^th, and 
others, suc.h as <^cis{;s, absorb only waves of certain definite ])ei‘iods. 
When an ()j)a(pu^ substanc(‘, like; a ])ie(‘(; of iron, is heated, at low 
tcmpei’a.tu!‘(‘s it ejnits th(‘ Ioniser or dark lu'at waves. As the t(‘m])cra 
tnre. is I’aised the vibrations become more; int(ms(‘, the molecular 
a^^itation more (excited, and waves of shorl(‘r piU’iod ai’(‘ emitted, S(v 
that at a, cei’tain stay(‘ the waves of the red end of the spectrum 
appear and tlu^ iron mass assumes a dull red h(‘at. (kin'yin<^* tlui 
elevation of teinj)eral nre still further, vibiations ot‘ shorti'r and shoitei* 
pei iods are .superadd(‘d, till finally all the wave's of the visible specti-um 
are ('inittc'd and the mass has la'aelu'd a n'hifr heat. 

In the case of a gas, on the oth(*r hand, th(‘ molecules hav(‘ fiee' 
]>aths ; they are at distances fron\ each other which ai c larg(‘ compared 
with tlu^ dimensions of the moh'cuh*, and (xich, in making its (*\cursions 
Cases. ]>etween its successive impacts with tin' others, will vibiati* in its own 
fret' [x'l'iod of oscillation, 'riie waves absorbed by a gas will therefore 
be well defined and of et*rtain definiti^ periods, vi/. thost* of the free 
vibration peculiar to the molecule. Ami Iht'se, again, will be of the 
same period as those (*mitted by the gas when it lu'comes incandescent 
-- -that is, the spectrum of an incandescent gas will consist of om* or 
more well-defined bright lines, images of the slit, which coirespond 
exactly to the dark absorption lines which appear in the spectrum of 
white light which has passed through the gas when cold. Thus the 

' ToimiiJilino rapidly al»sorlis tin* ordinary wave — that is, it absorbs light wliieli 
is plano-polarisi‘d in a certain direction, and when heated, so as to l)econie in turn a 
souree of light, it radiates plane-polarised light. 
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spectrum of iiicjiiylosceut sodium vapour contains a brijjjht double 
yellow line, and the spectrum of white light which has })assed through 
cold sodium vapour is crossed by a dark double line in the yellow 
corresponding exactly to the bright yellow line given by the vapour 
when hot. The spectrum of a given gas may, however, vary consider- 
ably with changes of temperature and pressure. 

Thus hydrogen enclosed in a vacuum tube at atmospheric prcssuie 
exhibits, with a certain amount of continuous s])ectrum, four bright 
lines, thi ee of them situated iu the red, hlue, and \ iol(*l respectively, 
and the fourth, a faint one, iu the (‘xtreme violet. As the pressure is 
decreased they grow sharper and more <listinct, while the continuous 
]iart of the spectrum grows faintei* :ind dies away. If, however, the 
exhaustion he ])ushe<l further, the *i‘d and violet lines fade o\it and 
the grt'cn alone is hdt. On the other hand, if more hydi’ogen he 
compr-cssed into the tubes tin* luight liin‘s will he found to hroadeni 
out and grow faintei’, while the continuous s])(‘ctruni b(*conn‘s morej 
brilliant. So, again, oxygen at high temperatures- that is, with a 
strong sjiark — shows a numbeu’ of lu’ight. lines chie*lly in tin* violet, i)Ut. 
if the t(‘mp(?rature be* lower(*<l only four liin‘s arc* pres(*nted, — one* in 
the red, two in the grec'n, and one in the him*. 

Increases of tc'uiperaturc in geinn-al introducc's nc'w linens, and 
inciraso of prc'ssure causes them t<3 grow wider and luoaden out into 
a continuous spccti’uni. This is not cunti’ary to expecUition, for 
increase of temjierature corrcs])onds to increas(‘d molc*cular agitation, 
and inci’Case cjf jiressurc*, brings the molecule's closer together, so that 
collision beecjmes more frcMjuent. During collision the vibrations are 
consti’aincd and the emitted wave's arc? alterc’d. Tin* dc'jiser tln^ gas 
the greater is tin' propoilion of tinier spent in collision and tin*, h'ss 
the free path of tin* molecule, so that the frc'Ci or charactc'iistie 
vibrations of the molcunle grow less and less pi’c'dominant in tln*- 
ernitted liglit. The I’esult is that when the gas is compi’<?ssed to near 
its liquid volume the iirc'gular vihiations have gained tln^ fiedd, and 
the charac'tcristic lines of the gas have bioadencMl out into a continuous 
spectrum likt^ that of a solid or lic[uid. 

282. Coefficients of Transmission and Absorption. — When a 
beam of light of a given wave length is transmitted thro\igh a layc'.r 
of an absorbing substance a certain fraction of it is absorbed, and it is 
assumed that this fi'action is independent of the intensity of the 
incident beam. It follows from this that the amount of light which 
passes through a number of ecpial layers diminishc's in geometrical 
progression as the number of layers increases in arithmetical pro- 
gression. Thus if T denotes the intensity of the incident light, la 
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will 1)0 the intensity after tninsniissinn tlirnii.ij;li luyt thickness, where 
a is ii proper fraction and de])ends upon the nature of the suhstanci* 
and th(! n^fran^ihilitv of the li^ht employed. For a given wave length 
it will 1)(; (liliei'cnt for di He rent substances, and foi* a given substance 
a will vaiy with the wave length. Tin* intensity of the beam incident 
on the second unit of tliickm’ss b(‘ing F/, it follows that the intensity 
of the b(iani transmitted through it will be F/. . ft ^ F/“. Similarly the 
int(;nsity aftei' ti'ansniission through thi’ci*, four, etc., units will b(‘ 
I<c', F/‘, (‘tc., rcspeetividy, and the intensity aftiu- transmission throiigli 
a thick m^ss .r will be 

r la^ 

(juantity </ is teiamMl the rf>/;///V;/Vy// of fnt/isnti.^siifU. If the in- 
cident j)eneil be; not monochromatic, but be (*ompos(?d of wav(?s of 
various hMigths, of which th(‘, intensities ai(i Ij, J.„ I.„ etc., with co 
ellicients of transmission a,, f/„ a.., (‘tc., the intensity of the transmitt(‘d 
beam will be 

r Ii«i' I./i. * ! bay i- . . . lltt'. 

d’he. (plant ity, Juid tlu^ (pialilv, of the transmitted light will con 
S(‘(pumtly de[)(‘nd upon the primitive composition of the b(*am — that 
is, upon the natiin* of the source ; also ujion the nature of th(i ab 
sorbing substance — -that is, upon tlu*. various coidlicicnts a.,, etc. : 
and tinally u|)on tin* thickness trav(U‘S(*d. 

If, on l\u\ other hand, W(‘ (l(‘al with the absorption so that a beam 
of intiMisity I is changed by an amount (/I, when transmitt(‘d thiougli 
a layiM’ of thickne.ss //./’, v'e a.ssume that //I for light of a given wave 
length is j)rop()rtional to f/./, and also to 1, .so that we have 

f/i 

where is a constant dejxuiding on the nature of the substance, and 
on the wave length ol tlu^ light. This constant is teinu‘d the 
i'itrffu'h nt of nhiioritfiim of the substance for tlie light in (luestioii. 
Int(‘grating this e(piation we have at onct‘ 

log. 

wlu're I,, is the intmisity of the incident beam, and I the intensity after 
it has tra\ersed a thickness ./-of the substance. Whiting this ecpiation 
in the foian 

I I . 

I 1,/ 

we s(*e that the coetlicients of ab.sorption and transmission are con- 
nected by the relation a~r ^\ 

283. Diehromatism -Changre of Tint — Critical Thickness.— 

'The coetlicients of transmission being in g(‘iu‘ral diJferent for the 
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(lilierent colours, h follows that the emergent light will he coloured, 
the cohmr being genei'ally the same for all thicknesses traversed, and 
the tint merely becoming deeper as the thickness is increased. Thi'ie 
are, however, some media in which the c<dour of tlu‘ transmitted light 
varies with the thickness. Thus if ami 1 h‘ the initial intensities 
of the two colours which pre<lominate in llu‘ transmitted light, and 
a., their coetlicicnts of t ransmission, then their intensitii's in tin* trans- 
mitted beam will be l^(ij*'and (.a)nsei[iu‘ntlv, if we Inu t' 1,1., 

and it will follow that for small thickm‘sses will In* greater 

than but as the thickness increases these <[uantiti(‘s will bcconu' 

more nearly equal, till at last exact ec[uality will be obtained, and foi* 
greater thicknesses l.,<c,-'‘ will be great(‘r than d’lu^ thickness at 

which eijuality is reached is dctermimal by 

I , a , ' 1 j \ 

or, taking logarithms of both sides, we ha\ t‘ 

luLC. 1, 1, 

a, In^, O , 


which detei'mines th(‘ thickm'.ss at w'hich the chang(‘ of colour ta.kes 
])lace. For thi(!kn(‘ss h‘ss than this J, predominat(is, but for gr(*ater 
thicknesses I., pi’edominates. For (‘xample, cobaU glass transmits both 
blue and red light, but the blue to a less ext(3nt than tln^ red. For 
this I’eason, wheai the thi(*kness is (;onsiderabl(‘, tin' l)lm‘, rays of the 
spectrum are almost entiiely absorlu'd, and tin* coloui’ (d’ tin* ti’ans- 
mitted light is red. The* glass app(‘ars l)lnc on tln^ oth(‘r hand wlnm 
the thickness is small. 

284. Colour produced by Absorption. From the foi (‘going con 
siderations it is clear that absoi'|)tion must b(‘ a ])rim<*- agent in the. 
]>roduction of colours in natural b(»di(*s. When white light ))ass(rs 
through any substance some of its components arc; wholly or pai tially 
absorbed, and the transmitted beam is mor(‘ oi‘ less coloured in coti 
sequ(mc('. The tint (hqicmds on the natui-e of tin; missing i‘ays, and is 
the resultant of the rays whicli have been allowed to pass. Oidinarily 
])()dii*s are seen by light which has been scat team'd at tlujir surfaces by 
rugositi(‘s or inecpialities. Structural imapialitu's in th(^ inteiioi' also 
scatter the light which has ])enctrated l)(*n(;a.th th(‘ surtae(‘, so that it 
is reflected back and la^aches the eye, after having trav(;rsed soim; 
thickness of the material, weakened and I'obixid of some of its con 
stituents by absorption. 

An excellent illustration of the eflect i)f intcF-ior scatt(‘ring is pre- 
sented in the striking dissimilarity in ap[)earancc betw(;on a li(pu‘d and 
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its froth. Pui’e colourless wiiter gives a white foaiji, clear glass and 
icc may be powdered into white dust, and the white froth on beer 
scarcely cxhilnts a trace of the, deep c()l()ur possessed by the licpiid. 

In all these cas(?s tlui incident light suileis j)artial reticetion at the 
sui’face of each bubble or particles on which it falls. The intromitted 
rays ai’(; elinost all returned by partial rcdlections at a multitude of 
surfaces, ;uid emerge; again from the; substance in all dii’ections. The 
(;onscejuence is that such accumulations of pailicles or films arc highly 
oj)a(jU<; to light, and if they (‘X(;rcis(‘ no particular absorbing etVcct 
on ariy of the; sini|)l(‘ colours tluw will reflect all colours (Mjually and 
app(;:Li‘ inl(‘nse‘ly white ; such, for exam})h‘, is a cloud. If, hoAV(‘vei*, 
flu; inat(;]‘ial a])sorbs sonic of the; simple* e'eiloiirs meire jieiwerfully than 
eithers the; enie;rg(‘nt light will be* colour(*el, anel this we designate 
the; e'olour eif the heidy. It may, heiwe'ver, ha])])e‘n that the* sulisianee* 
abse)i*hs seimc e)f the* rays me»re re‘aelily than e)tlu;rs, anel ye*t in a 
fiiH;ly elivieh'd state* it apj>e*ars while because* ne*arly all the* light is 
reflee*te*el ve;ry cle>se to the; surface, anel ele)e*s not pass through a 
sulliciemt thie‘kiie*ss eif the* mat(‘rial tei se'iisibly tinge* the; scatte‘r(‘d 
light. This hajipe;ns in the; case of the freith eif be‘(*r just nientiemeel, 
eir wh(;n blue eir re‘el glass is linely pemnded, the* resultant ])oweler 
b(;ing ne*ai’ly white*. Se>me substances, he)wev(‘i’, abseirb particular rays 
so strongly that, passage* thmugh a veiT thin film may tinge* the* 
se*at te*evel light in a eleciel(*el manner. 

It is inte*restiug to imte* the variations in appearance proeluce‘d 
when a ceile^ured boely is jilaceel sue‘cessi vely in the elilVerent pails of 
a jHire spee*trinu. A white lily jdaceel in the; re‘el hieiks reel, in the* 
blue it appe*ars Blue*, anel place*el in the; gi’eeii it e*\hibits a gree*n eeiloui*. 
The* white lily cemtains nei fluid which absorbs any particular colour 
meire* re*aelily than any either. It ailccts all wave lengths alike so that 
it assumes the* e-eiloiu’ eif the light that falls upon it, anel in white* light 
it api)e*;irs while*. 

A coloureel llowe*r, em the either hand, wlu'u held in the ditle‘re*ut 
parts eif the* specti-um, will .apjiear eif the same ceiloiir as that part in 
whie*h it is helel, hut it will vary much in brightness as it is moved 
freim one [lart tei aneilher. Placeel in a e'oleiur which it eloi's not abseirb 
it will ajuie'ar bright, feir all the light that falls upon it will be reflected 
and traverse the fieiwer cells wilheiut sensible eliminutiou, but in a 
colour which it absorbs freely it will ajijiear almost black, for nearly 
all the incielenl light will be absorbe*d. 'Vhw^ a reel l>opl)y 'will sheiw 
a brilliant red when placed in the reel part of the spectrum, but it 
Avill appear dark in the green or blue. Its cells are filled with a fluid 
which absorbs the green anel blue, but which freely transmits the red. 
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Ihe etfcct of internal rellt^etinn, aiul sul)se(|uont al>sorption, in ])i'o- 
(lueing colour is well shown by placing a carefully tiltercd coloured 
li<|uid in a basin. "Fbe light falling oji the surfiua* of tlu‘ liipiid pene- 
trat(*s the interior, and after ndlectioii at tin* sides of the basin it 
emerges and reaches the eye, having sulVcird absorption, and tlu* 
coloun'd li(juid is seen. If, however, tin* interior of tlu* basin In*, 
])aintt‘d black, iif) light will In* retleeted at its sides, and const*« juent ly 
none will r(*ach the eye from the interior, and the li([nid will ap))t‘ar 
black. The upjn'r siirfaca*. of tlu* li<[uid ri‘lh‘cts all tlu* rays in tlu* 
same projxntion. Any selt‘ctive rellection of tlu* snrfaci* could bt^ 
detected by observing in it tlu* image of a. whit(‘ obj(*ct. This will 
appear cohuu-ed if the rays are r(‘ll<‘ct(“d in diflci-cnl ))ropor( ions. I>y 
spi'iid<ting a litth* Hour or p()w<lcretl (‘halk in tlu* solution, tlu* full 
('olour may now In* r(‘stored, for tlu* light which (‘nt(‘rs tlu* li(jinM will 
be rellect(‘d fiom tlu* white particles, and, (‘merging, will rc'ach tlu* 
eye, I’obbed of those rays which ar’e absorbed most c(>|)iously by tlu* 
sidution. 

b'etle(*tion then i^ tlu* |)r<».ximate cause of the colour (»f these 
bodi(*s, inasmuch as w ithout r(‘tl(*(‘tion no light w<nild r(‘ach tlu* vyr, 
btit absorj)ti(m is tlu* ultimate caus(‘, for it is thus that, tlu* rell<*t4(*d 
light is dc!priv(*d of sonu* of its c()nst itu(*nts and b(*comes colour(*d. 

At this point it will be (‘asy to muh'rstand the colour display<‘d 
by a mixture of ])igments. From what has Ixa*!) said tlu* mixtuia^ 
should [)resent a tint r(‘sultijig from the combin<‘d (‘licet of tlui c(»|ours 
tratismitted by all tlu* pigments, d'hus a mixtuic of bliuj and y(‘llow 
])aints appears gr(H‘n, not b(*cause greem is silnal(*d l)etw(*en blue and 
vellow in tlu* spectrum, but because gre(;n is tlu* only coloui* which is 
fr(*elv tiaiismitted })y both. 'riie bbu* pigiiu'ut absoj bs tlu* red, orange*, 
and yellow rays, while the yellow paint absorbs tlu* \ioh‘l, imligo, and 
IHue. ll(*ncc the greem aloiu* is suHeJcd to pass through both and 
emerge to tlu* eye after int(‘rnal redleetion. 

Manv bo(li(*s, how(‘ver, ])osse^s ^urfnrc rnluiii^ and setmi to s(*l(*et. 
sonu* rays for rellection in preference to others. Thus many of the. 
aiiiliiu* dyes app(.*ar om* coloui* wh(*n vieweal by r(;ll(‘ct(‘d light and 
another when view(*d by transmitted light. To o]>serv(‘ this a small 
quantity of a solution in alcohol may be* spr(*ad on a, glass ]>lat(j and 
allowed to e\ap()rat(*. A thin film of tlu* aniline is thus (l(‘])osit(*d 
on the plate, and this will present oiui colour when looked at and 
anotht*!* when looked thioiigh. A similar selection ajipears to tak(‘ 
place in rellection from metals, gold i‘eflecting y(*llow and copper r(*d. 
A large number of substances have be(*n found to poss(*ss this surface 
colour, appearing to refuse ccu'tain rays admission altogether. 
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The light transmitted through such a su])stance will consequently 
Ixj deficient from two causes. It will he deprived of certain rays by 
reflection at the surface and of certain others by absorption in the 
interior, and the constitution of this dou])ly sifted beam will determine 
the colour by transmission, or the body colour of the substance. 

On the other hand, the light reaching the eye by reflection con- 
sists of two parts, one the abnormal portion which has been refused 
admission and the other scattered in the ordinary manner after pene- 
ti’ating the substances a little below the surface and suflering absorption. 
This mixture deterinines the colour as seen by reflection, and when 
examined through a Nicol’s prism shows a marked change in character. 
'I'ln; oi'dinary refie(^ted part may be plane-polarised at a proper angle 
of incidence, and can be extinguished by the Nicol, l)Ut the anomalous 
part of the beam, as in the case of metallic reflection, and for similar 
reasons, is never planc-j)(darise(l, and will therefore be always visible 
through the Nicol. The result is that the colour of the vsurface will 
change as the analyse!* is turned. Thus fuchsine appears a rose 
(*olour by transmitted and green by reflected light, but when examined 
thi-ough a Nicol it appears a peacock blue. 

285. Absorption Lines in the Solar Spectrum. — When a pure 
spectrum of the sun’s light is obtained it is found to be crossed by an 
enormous numbeu* of very fine dark lines. These lines were first 
noticed by Dr. Wollaston, but they were sul)sc(iiiently rediscovered and 
investigated with gn^at skill by hVaunhofer, after whom they are known 
as ^‘Fraunhofer’s lines.” It is easy to understand how this want of 
continuity in solar light escaped notice till great precautions were 
taken to secure a c()m{)aratively pure spectrum. For if the waves 
emitted ])y the sun were all of one })eriod — that is, if its light were 
p(U*fectly homogeneous — then on transmission through a prism there 
would be no separation or dispersio!!, and in the spectroscope a narrow 
image of the slit would be seen ; while if the light contained only 
waves of two definite lengths, sa}^ red and blue, then two nairow 
images of the slit woidd be seen, one red and the other blue, and 
these Avould be separated by a dark s[)ace, the width of which will 
depend upon the dispersive power of the prism or the resolving power 
of the sj)ecti*oscope. 

With light composetl of many colours we will have as many 
coloured images of the slit an-anged parallel to each other, and 
separated by dark spaces corresponding to the waves which are 
not represented in the original beam. When the constituent waves 
of the composite beam become sufliciently numerous the various 
images of the slit will be in close proximity, and a stage will be 
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arrived at when they will unite to form a continuous hand or even 
overlap each other. This stage may obviously be postponed ])y 
increasing the dispersion — that is, by employing several prisms— and 
also by diminishing the width of the slit. 

The number of ditierent waves in a composite beam may, how- 
ever, be so great as to defy resolution by any apparatus which W(‘, 
can construct, and the spectrum will then ai>pear (piite continuous ; 
but we are not, therefore, to concliule that it comprises light of all 
possible wave lengths, but merely that its constituents are too numer- 
ous to be separated by our ap[)aratus. Consequently, whether a 
spectrum appears continuous or not will ultimately depend upon the 
resolving power of the iTistruinent employed. 

The existence of dark lines crossing the solai- spectrum shows 
us that the corresponding w’^aves are either wholly or largely absent 
from the light of the sun w^hen it reaches us, and the inference 
is that they have either been absorbed by some medium betweem us 
and the sun, or else they have not lieen emitted at all. 

Now the spectra of incandescent solids, such as iron, charcoal, etc., 
do not exhibit the numerous dark liin^s seen in the solar spectrum, arid 
if the sun be an incandescent mass wo infer that lu^ emits the missing 
rays, that they are intercepted ])y some absorbing medium, and that 
this medium is the atmosphere of cooler gases surrounding the inner 
nucleus of the sun.^ Thus the dark 1) lines in the yellow part of the 
solar spectrum indicate that the light from the inner part of the sun 
passes through a stratum of sodium vapour in the outer atmospln^re, 
for it is found that these lines correspond exactly to the absorption 
bands of .sodium va 2 >our, and that the corresponding rays are emitted 
by the vapour when incandescent. 

By com 2 )aring the other dark lines with the absorption lines 
])roduced in continuous S 2 )ectra by other vapours, or with the 

bright lines afforded by them when incandescent, the existence 

of many other substances has been detected in the sun, and the 

examination of the constitution of the heaveidy bodies has been 
rendered possible. The S 2 )cctrum of iron vapour consists of a 

large number of bright lines, and ()f these over four hundred have 
been identified with dark lines in the solar sj)ectrum, ami corresjKmd- 
ing coincidences of the dark lines with the bright lines given l)y many 

^ If all the (lark liii»*s were tin* (effect of ah.sorj)tion whih* passing through tlie 
<,*cirth s atmosphere or through .some suhstanc*e (jxistiiig l)et^\(M‘n tlu* earth and 
the sun, then the spe< tra of all the stars should exlii)>it ahsoi jjtif)!! hands at least as 
extensive as those of the solar s[)eetriim. Lines producml }»y ahsorption in the, 
earth's atmos]>here should be eommon to all sp(*ctra, arid sliould vary in intiuisity 
a'.'cording to the tlii(-dvness traversiul by the light — that is, at sunrise and mid-day. 
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other substances have been observed. Thus Angstrom and Thalen 
identified the following:^ — 

Ii’oii . <150 Marif'aiiosr . i>7 Ilyfiio^en . 4 

Calciiiiii 7r> Clirotiiiuiii IS Aliiiniiiiiiiii . 2 

Hariiiii) . 11 Xirkol . .*1.4 ZiiK; . . 2 

Ma^nM'siiiiii I (‘olialt . li> rn|»j»Dr . . 7 

Besides the examination of the resultant light from the sun as a 
whole, that emitted by any seh'cted portion of it may also be examined. 
An image of the sun an inch or two in diameter may be formed by 
means of a lens of eonsidei able focal length, and the slit of the spectro- 
scoj)e may lie adjusted to any desired part of the image, and the 
radia,ti<ms from that part may be sci>arately studied. This has been 
4lone by Jansscni, laickycn-, and many others, with the result that a re- 
markalile variation of appearance occurs, especially in the neighbourhood 
of spots ami facula*.- Sometimes some of the lines cori’esponding to an 
eleimnit ar(‘, seen bi’ight and straight, while otlnu’s ani faint or crooked. 

286. Width of the Spectral Lines — Radiation from Movingr 
Moiecules. — In discussing the radiation from an incandescent gas, we 
have so far neglected the motions of translation of the individual 
molecules. We have supt)OS(Ml that the molecules emit waves of 
cei’ta-in definite ])erio(ls depending upon their own period of free 
vibration. In this case the sp(‘ctruni of an incandescent gas should 
consist. of certain definite lines, each of purely monochromatic light, 
and tln^ a])sorption bands produced in a continuous spectrum should 
])e of infinit(‘siinal width. Taking into account tlui motions of transla- 
tion of the molecules wliile describing their free })aths, and applying 
.Doppler’s ])rinciple, it will follow immediately that the spectral lines 
exhibited by an incandescent gas as well as the absorj)tion bands in 
the solar spectrum shotdd be of definite width. This a])))lication has 
been discussed by Kbert,'* and the wln)le investigation with reference 
to interference has l»een taken up and extended by Lord Eayleigh.^ 

’ [ Kor tin* results of Kowlaiut’s ^n at work on the solar spectrum see “ Pre- 
limiiiarv Table of Solar Wave- I.en^ths,” xJournal, vol. i. ]>. 29 

(ISho), ami vols. following.] 

“ [At the Kxeter i\leeting of the Hriti.^h Association (1809) .lanssini (h'serihed a 
metliod of studying the distrihntion of any suhstanei* in the sun which j»rodiu‘es 
a bi illiant line in the s]>eetruin. A large image of the sun is formed on a movahle 
slit and a .s]>eetrum is produee*! hy a grating. A seeond slit, moving in eorrelation 
with the iirst, allows the bright line alone to aet on a photographic plate imme- 
diately behind it. In this wav Mr. (ieorge Hale, and more recently M. Deslandre, 
have been most successful in obtaining jihotographs of tlu* sun i)rodueed solely by 
the K line (see 4Iale, Afitrononnj ami Astrop/ifisics, vol. xii. (1893), pp. 241, 450).] 
Ebert, IVird. Ann. xxxvi. ]». 100, 1889. 

Lord Rayleigh, rhil. vol. xxvii. pt>. 299, 484, 1889. 
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Thus if r be the velocity of light luul if the velocity of the moving 
molecule, 0 the angle which its direction of motion makes with the line 
of sight, then the natural wave frequene}^ n is changed into n, where 

/ f* i' 

r 

The new wave length X' will be /* //', and will eonsiMjueuLly be eon- 
nected with the old wave length A - r //, by the e(|Uation 

V ^'cosO) 

r 

where if is small compared with r. 

As a first approximation // may be snp[)osed to be th(^ saim^ for 
every moh'cnle, and the limiting values of the fre(pieneii‘s will be 



The result being that the s[)ectral lim? which would otherwise? be 
infinitesimally nariow, and correspond to a single? wave* fre?([uency 
will ne)W 1)0 bre)aelencd e)ut intej a uniformly illuminateel band, having 
the abe)ve limits feu* the free|Uencies at its edge's. Thus by the me)tie>!» e)f 
the molecule's the e?mitteel light is renielei'e'el te> se)me e*\t<‘nt hete*re>gi*nee)us. 
The waves arc not e)f a single p(‘rie>d, but vary over a eeitain range 
elejpeneling on the* vt?le)city e)f motie)n of the molt'cuh's, anel conve'rsely, the 
light absorbed by a gas will not be? e.)f a single* elejfinite wave le'ngth, but 
will consist of a group or gre)ups oi waves lying between ex*rtain limits. 

AnoMALOFS DlSI'KltSION 

237. Abnormal Spectra. — Intimately connecteel with the elark 
absor])tion bands is tlie reaiiarka})le phenienneneni of ane)n)alous e>r 
abnormal dispersion, llitherte) we have* always spokeui e)f the? spe?ctium 
as pre'senting an invariable sue?cessie)n e>f e-olours ifi the f)relei‘ viole?t, 
blue, green, yellow, ejrange, ami r<*el. We have ine?ieh*jitally im'ntioneel 
that speettra obtained by [u-isms e)f diflerent substances ])r('S(*nt j)eculi 
arities characteristic of the material ejf the prism, and tliat spe'ctra 
produced by diflerent piisms cannot well be ce)mj>are?el e)n acce^nnt e>f 
the? irrationality ejf elispersion, as the irre?gularit 3 ^ in the* s[)i‘eaeling e)ut 
of the colours is termed. 

It has been ibuml that refraction spectra are not cennplicated by 
the irrationality of elispersiem alone*, but that in iminy cases the oreler 
of the colours is entiredy changed, and that sometime's the spectrum 
may not even present a ce)ntinue)us a])pearance, but may be bre)ken 
into parts isolated from each other by broad dark bands. 

Although anomalous dispersion may ajjpear at first sight to be a 
strange and unexpecteel phenomenon, yet, on duly ce)nsielering the 
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rnodij of pn^jia^ation of li^^ht in infracting media, we are led to expect 
it. For the refractive index of any medium, for waves of a given 
fre<jueney, is det(*rmined ]>y the velo(!it 3 ' of pro]>agation, and in general 
th(j vf^locity of propagation will vary with the wave length in a manner 
depijnding on the. nature of the medium. I'lius if the long waves 
happmi to travel faster than the* short waves in some media, we ai-e 
not justified in concluding that th(*r(i are not m(*dia in which the 
riiverse. may he the cast*. 'Fhe velocity tjf waves of a given frequency is 
influ<‘ne(Ml hy the inttunal structurt*. of the medium, and the constitu- 
tion of om; medium might he such that tin* violet waves travel faster 
than the red, while tin; reverse may ht; the case in another medium, 
just, as in out; nn'dium tin* red may ])e more strongly absorbed tlian 
tin? viol(‘t, wliih; in otheis the violet is more strongly alisorlied than 
tin; red. The so-callcxl irrationality of dispersion, and anomalous 
disp(!rsion, aie cons(‘<|uentl y |)h(‘nomena which ought to be expected 
just as we, should ex[)(;( t the dilferent colours to lie absoi‘b(;d in different 
jiroport ions by a- giviui medium, ami differently in different media. 

'Tin; exist(‘n(M‘ of fint/tiKiInt/s s(n‘ms to liave been first dis- 

(tovered by Fox 'Talbot* about ISlO, but the discovery does not seem 
to have been followi'd up. Tn 1800 AF. Ta? Koux- discovered that 
iodine, vapour [)oss(‘ss(‘d a V(‘rv ^‘markable alisorliing ))ower. He 
found that it, transmitted only the red and violet rays, and that of 
these; the re‘d are the more, refracted, contrary to what takes place in 
tin; ordinary case's of lefraction. At a temperature* of 700 i\ the 
indie*e*s for ioeline vapeuir e)f the red ami vieilet rays were fe)un(l by 
M. llurioir* to be 

lii, iMrjur», /*,. I'uiit 

In 1870 Christ iansen * dete*e'te<l the existence* of anomalous disper- 
sion in a,le*e)holic se)lutie)ns e>f fuchsine (eine of the aniline dyes). This 
se)lutie)n give's a marke'd absorption band in tin* green, so that this 
coleiur is eMitire'ly absent from the spectrum e>f the transmitted light. 
Of the remaining colours the !*ed, e>range, ami yi*llow occur in their 

natiu'al order — that 
is, the red is less 
refracted than the 
orange, and the 
orange less than the 
yellow. 'The \ iolet, howevei, suffers a veiy peculiar eleviation. It is 

* r.’iit, lne5, ciinl Sat’. KtH iihK njJi ^ 1 S 70 - 71 . 

~ Le Roux, .hdi. (/(’ Cltiniir ft </(’ tliinl sorie;'^, tom. l\i. ]». 28 "). ISeJl. 

■’ M. Uurioii, ,hniriH(i tit' r/tusitii/c, lirst st'iit's, tom. vii. p. ISl. 

^ < 'hristiau'ifu, /V/;/. Jthi. 1870 - 72 . 
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less refracted than tlie red, and separated from it by a dark interval. 
The arrangement and relative intensities are shown in Fig. 214, the 
spectrum is elongated to an extraordinary extent, the green is absent, 
the violet is least l efracted, and is separated from the other colours by 
a dark space. The jirism used by Christiansen consisted of two glass 
])latt‘s inclined at an angle of about C’. The dotted lines show the 
position and length of the spccti’um obtained with the same prism 
when filled with ])ure alcohol.^ 

The indices for the various rays weiv as follows ; — 

A I In !•: r o n 

; I ; 

Ku(*hsin«' Solution | 

(IS ]»or cont) , I'lnO 1 *r»02 1 'faH ... l‘Sl‘2 1 "‘JoS 1'>)12 ' 

Piii‘(“ Alcohol ' 1 ‘.‘UrivS not nn‘a.suic«l l'ar»7r> 1 l';>7'{a 

In determining the indices by the method of total r(4l(‘ction, it is found 
at normal incidence that the reflected light is strong!}" coloured green. 
The dai'k band in the gretm of the transmittt'd light is conscNpumtly 
accounted foi*. As the imadcnce is increased the s|)(*ctrum of the 
r(illeeted light shows first (besides the gr(‘im) blue, then violet, i‘ed, 
orange, and yedlow enter in succession. We conclmh*, theiefoie, that 
the green is totally retlect(ul at all incidences, and that of the other 
colours the blue is the least refract e<l and the yellow most. 

In working with a hollow prism containing a solution, th(‘ action 
of the solvent may b<i elimifiated by enclosing the prism in a vessel 
having parallel glass sides and filled with the solvent litpiid. 

Kuiult- has made an c.\tensiv(; sei'ies of cjbservations on anomalous 
dispersion, and has shown that it appertains to all bodies which j)ossess 
what is known as roinnr that is, whose cf)lour by reflection is 

dilferent fiom the colour by transmission ([>. 17*)). Thus fuchsine 
colours the transmitted liglit red, but the. light icflected from it is 
green. All bodies of this class totally refic'ct certain colouis of th(‘- 
spectrum at all incidences, and their solutions, (tven thougli very dilute^ 
show marked absorption bands in the same colours. Among tlui sub- 
stances examined by Kundt were the }>lue, violet, and grcmi anilines, 
solution of indigo in stitmg sulphuric acid, carmine, ]»ermaiiganate of 
})otash, and cyaidne. 

The greater ])art of the ob.scrvations wei’<i made by tlui method of 
crossed prisms. This imThod has becui employed by Newton in his 

^ [See also 2 >a}>»-rs l)y A, Pluger, avIio j.risni.s of tin? .soli* Is of vny small angle. 
40" to 140", in WieJ. Ann. vol. Ivi. p. 412; v^^l, Iviii. ]>. 070; vol. Lw. pj». 17], 
211.] “ Kiiinll, Ann. 1S71-72. 
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investigations on the refrangibility of solar light (see chap. v. p. 120). 
If two prisms of a substance, such as glass, which exhibits regular 
dispersion, be crossed, the spectrum afforded by the first will be 
displaced more or less by the s(;cond, but the displacement will aftect 
all the colours in a continuous manner, the violet most and the red 
least. If, however, one of the prisms exhibits anomalous dispersion, 

the displacements may take 
place in opposite directions, 
and be very different for 
the various colours. The 
disjilaced spectrum will then 
consist of coloured patches 
more or less isolated from 
each other. Kii;. 2ir)«hows a spectrum of permanganate of potash 
olitained by the method of crossed prisms. It exhibits five absorption 
bands in the gr(;en, and is inflected in contraiy directions at the two 
extremities.' 

288. Kundt’s Law. As a result of his experiments xM. Kundt con- 
cluded that in going n[) the spectrum, from tlu^ red towards the violet, 
the deviation is abnormally increased below an absorption band, while 
above the band the deviation is abnormalljMliminished l)y the absorption. 
Or in going up the spectrum the refractive indi‘x is increased where the 
co(dlicient of ahsoi’ption increases rapidly, and diminished Avhere the 
absorption rapidly diminishes. 

d’lius on eitlier siihi of an absorption ))and there is an abnormal 
change of refrangibility of such a kind that the refraction is iiternmcd 
Ix'/on'j tliat is on the red side, and diuHnishnl nhnn the ))and. An 
analogous interaction froipiently occurs in vibrating systems of nearly 
the same ])eriod. Thus if to the bob of a pendulum P, executing 

‘ [I’rolV'ssnr II. IJtH'ipuTfl {('nmpfes Unnhi.'t, vdI. i-xxvii. p. aaa, DuceinbiT T), hSaS ; 
juul V(»l. cxxviii. |». MT), .laiiuarv It), ISaO) lias iM-cuiitly exhibited thi* iiiioiiialoiis 
dispersioji nf sodium v.-ipour iiejir the 1) lim*s. Ho projected tlie ijiiage of the 
i i'.itiT of .'111 are light on a hori/ontal slit, jilaeed in the focus of a eolliiiiator lens, 
'fhe parallel heam then ]>assed througli a sodium llame in the form of a jirism 
with its refracting edge horizontal, and was focussed hy a lens into an image of 
the horizontal slit upon tlie vertical slit of a liighly dispersive sj>ectr{)scope. 
On either side of the two dark 1) lines the s])ectrum w.is sharply curved so that 
for wavi'-hmgths slightly exceeding those of Dj and IL the va]H)ur possessed 
an iiulex of refraction r.ipidly increasing near the lines ; and for wave-lengths 
slightly less than D, or D-j the index decreased when approaching the lines (see 
Lord Kelvin, r/iil. Matj. March and W. H. Julius, /Vet*, of the Jiojfa? Acod. 

of Sricnccs, Ainsterdani, or Astrop/nfsictA Journat^ vol. xii. j). 185, October 1900). 
In his interesting pa]H'r .lulius suggests that the extraordinary curvature of certain 
solar lines may be due to anomalous distiersion in portions of the sun’s atmo- 
sphere. j 
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horizontal vibrations, another pendulum p be attached, tlie eliect will 
be to increase oi diminish the period of P according- as the period of 
p is shorter or longer than that of P. That is, the elfect of is to 
increase or diminish the virtual inertia of V according as the natural 
period of the former is shorter or longer than that of the latter. If 
P tends to vi])rate more rapidly than p, then the eifect of p is to makt? 
it vibrate more rapidly still, and rhr trrst). llelow an absorption liand 
the ether vibrations are slower than those of the matter molecules. 
The etfect of the matter is coiisequently to increase^, (abnormally) the 
virtual inertia of tlie ether, and therefore the refrangibility. Abo\(i 
an absorption band the period of the matter is longer than that of the 
ether, and the tdfect is an abnormal diminution of the virtual inertia 
of the ether, and therefore of the refraction.^ 

'rK.ANSKOUMATlON OF ItADlATIONS 

289. Fluorescence. — In discussing the phenomena of absorption it 
has been pointed out that of the many constituents of a lieam of solar 
light some are absorbed more particularly by one body and some by 
another. In general the energy of an ether wave will be taken up l)y 
the matter if it is of the proper ])eriod to excite the matter molecules 
to vibration, yet some bodies apjiear competent to take up and absorb 
the energy of waves of all periods, at least of those lying within the 
limits of tlie visible spectrum. The g<*neral effect of absorption is to 
raise the temperature of the body. Thus light is taken up and heat 
is emitted instead — that is, Avaves of a short period are absorbed — and 
in their jdacc the longer infra-red or heat rays are emitted. This is 
obviously a case of the transformation of radiations of a high ])eriod 
into others of a lower jieriod. Energy is absorbed in the foi ni of short 
waves and is emitted in long waves, and this species of degiadation is 
always in operation when light falls ujion and heats material bodies. 
We shall see immediately that light Avaves of a short period, as those 
from the violet end of the spectrum, are absorbed by some substances 
and emitted again as light waves of a lower refrangibility. For 
example, the violet, or even the ultra- Auolet, may be s[)ecialiy absorbed 
and emitted again as green or red rays. This is degradation of the 
same sort as the former, and is termed Jluorrsn'nce, When light is 
absorbed by lamp-black and emitted as heat radiations, we fletect the 
transformation by our sense of heat, but in the case of fluoi'cscence 
the degradation is seen by the eye ; the change in period lias not been 

^ This |niiicii»le was used l.y Lord Kayleigli a> early as 187*2. See Phil. Mdf/. 
187*2. “Oil tlie Reflection and Ket'hietion of Liglit l>y iiiten.sely up.npie Matter.” 
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sufficiently frrvnt to pl.ice the vibration outride the limits of the visible 
spectrum. 

290. Calorescence. — The converse transformation may also be 
efl’ected, viz. the conversion of waves of lonj' period into those of 
shorter period. The Ion;; heat Avavcs may be coinerted into waves 
suiliciently short to afVect the ey(‘, ami may thus be rendered visible. 
This converse transformation, the rendering visible of tlie infra-red 
waves, is termed athursmifY, It may be demonstrated by concentrat 
ing the non-lnminous radiations by means of a cf>ndensing lens at the 
focus of which a |)iece of platinum foil is placed. Professor Tyndall 
first exhibited it in this manner by focussing the radiation of an 
electric arc on a slip of platinised ])latinum. The beam was sifted 
of all the luminous radiations by transmission through a solution 
of iodine* in bisuljrhide of carbon, so that only the obscure heat radia- 
tions f(dl upon the platiirum. In this manner the slip was raised 
1,0 ineamlescence and emitted light — tluit is, tlur visible infra-red 
i'adiations of long jreriod wei'e converted, in [rart at least, into the 
higher lurrriirous r*adiatiorrs. 

291. Fluorescent Substances — Stokes’s Theory. The pheno- 
meirorr of Huoroscemer,* was first obsei*ved ]>y Sir David Brewster ^ in 
;irr alcoholic solutiorr of chlor’ophyll, arrd Avas tt‘r‘m(Ml by him internal 
dispersiorr. He fouird that wheir a pencil of solar light ])asses thr’ough 
a gr-(*en ehloi‘0|)hyll solutiorr, the path of the Irearri is marked by a 
br’illiarrt r*etl liglit. It was therr noticed by llersclrel - that wherr the 
surt’s rays fall upon a dilute solution of sulphate, of (piinine the sur-face 
of the li(juid, whei’r* the light falls, exhibits a bi’ight blue colour, which 
jrturetr'alos to a small distairce withirr the li<juid. Herschel fourrd 
that this blue light was confirted to the surface stratum orr which 
the light fell, and that light which had once pi'odiiced this etfect was 
incajrable of developiirg it again irr other solutions of the same 
substance. 

Thus if the pencil of solar light, which passes thi'ough a cell contairr- 
irrg sulphate of <piitririe, be transmitted throirgh a second cell of the 
sanre solution, ther-e Avill be no developnreiit of the blue shimmer at the 
srtrface of the second cell wlici-e tlie light eirters it. That ])art of the 
solar beanr Avhich developed the blue colour in the first solution has 
been absorbeil there, and the transmitted pencil contains rro rays 
competent to excite it in the second. If the light 1 :>e coircentrated, by 
means of a lens, to a jroint in the interior of the lirpiid, the blue 
shimmer may mark the whole path of the beam, aitd be not merely 
restrictetl to a thin surface layer. The same appearances are exhilrited 
^ UrowsU'r, Kiglitli Koporl, ^L^soc. iiinl Phi/. Mmj. 1818 . - Herschel, loc.i'lt. 
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ill the greenisli surf.ice colour of caiiarv' glass (colouivil with oxide of 
uranium), and in the bluish surface tint so fre<|uently observed in 
some kinds of ordinaiy paratlin oil. Fluoresceiu*e is also tinely 
developed in solutions made from the bark of the horse chestnut. 

Sir (I. (d. Stokesd to whom the whole explanation of this phono 
menon is due, has shown that it is exhi luted in a greater or less 
degree by many substances, including white paper, bone, ivmy, cotton 
wool, etc. In retlecting on the possible explanation of llerschers 
observations it occurred to him that the blue light dispersed in the 
solution of (piininc might not be the blue rays of the incitlent beam, 
but might bo due to the degradation of the rays of higher refrangibility, 
which are mostly invisible, and the results of experiment completely 
verified the speculation.- 

To find what rays are most effective in producing tluorescence in 
any substance, it is only necessary to place a piece of it in the various 
pLirts of a pure spectrum of solar (or electric) light. The s[)ectrum 
should be formed with prisms and lenses of <]uartz, as this material 
transmits the ultra-violet radiations very freely. When the substance 
is moved from the red end of the sjiectrum towariis the violet it is 
found that at a certain [loint it begins to glow with colour, always of 
a refrangibility lower than that which falls u])on it. Thus wlnm a, 
sli[) of uranium glass is so tri‘ate<l thei’e is scarcely a trace; of colour 
exhibited until it is moved up to tin* blue part of the sjuaitrum ; here 
it l)(;gins to glow with its characteristii* yellowish light, and tin; etlect 
persists as it is moved through all the higher colours, and (;v(;n to a 
considerable distance bi;yond the limits of the violet. Tlie ultra-viol(;t 
waves, which an; too short to an(;ct tin* s(;nse of sight, ari; absorbed by 
the uranium glass, and aft(;rwards einitteil as rays of loner refrangibility, 
sufUciently slow to be dct(;cted by the <;}(*. 

Solutions of chlorophyll, suljiliate of cjuiniin*, and other liquids 
may be examined in the same maimer liy enclosing them in a small 
t<;st-tube. When a test-tube containing sulphatf; of i|uinine is hi*ld in 
the red end of tin* s[)ectrum nothing strangi; is o}>sei ved. In the n;d 
it looks red, and in the green it appears green, but in the blue and 
viol(;t a marked change occurs in tin; appearance. Tiie pah; ))lu(; 
shimmer exhibited in the sun’s rays begins to show itself, ami 
increases as the solution is moved towards the end of the spectrum, 
I’emaiuing visible even beyond the limits of the violet. Tin; red and 
green rays are inactive; it is the rays of higher refrangibility from 
the ^ iolet extremity of the .specti um that operate on tin; sulphate of 
(piinine. 

^ Dill. Trani'\ 


- Kx. 8, Art. 48.) 
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If the l)lue tlii(>r(*sc<*iit li^ht emitted by tlie (juiniiie be examined 
ill a spectroscope it will be found to coiitaiu rays from various parts of 
the spectrum. It is not a homo<^eneous bliu; liglit. All its constitiumts, 
howevrr, are f)f lower refi’ati^^ibility than the violet or ultra-violet which 
exciUid th(*ni. 

In chloi-o|)hvll the gr<‘atcr }>art of tin; fluoi'cscent elTect is ])roduced 
by tin; \'isiblc li^ht of the sju'ctrum, and not so much by the ultra- 
viol(;t, as in tin; cast* of sulphate of tjuinint;. Held in the icd (uid of 
tin; spectrum, tin* chlorophyll i^lows with a dee]) red. It has already 
b(*(*n statfd that the s[)ectrum t)f solar lii;ht transmitted throUi^h a 
solut>ion of chlorophyll (‘xliibits a marked absoi-ption band in the red 
betw(;t!n tin; lin(;s 0 and ( '. Tin; liuoreset'iit lij^lit emitted by tin; solu- 
tion wln*n held betwet*n tln*st; lin(;s is found, OJi analysis, to be of 
Iow(;i' |■(;fran^;ibiIity than tin* lii^ht absorbe{l. As the test-tube is 
mo\’(;d uj) the sj)e(;ti‘um tin; red ^low grows faint ei’, but again rises in 
intensity as each absorption band is crossed. In the blue and vioh't 
the r(‘d glow is mor(; continuous, and at the mnl of the violet it assunu'sa 
brownish tint, din; to tin; presence of some green in the lluor(*S(;ent light. 

292. Application — Study of the Ultra violet Spectrum.-- --( )jie 
im])ortant apjilication of Iiuorcs(*ent substances arises in the tiieans they 
allbrd us of mapping the solar sp(‘ctrum beyond tin; limits of tin; 
viol(‘t, This remarkable, prolongation of tin; solar sp(‘ctrum licyond 
the violet was (irst noticed ]>y Sir dohn Hcrschel in throwing the 
spectrum on turm(*i‘i(; pa[>ci*. Ilcrscln;! attributed this prolongation, 
which was yellow, to a peculiai* reli(*cting ])ow(*r of the [lapei*. 

Casting the com|»lcte solar spectrum on the surface of a transparent 
fhn)rcsc(‘nt substaiu'i*, various ellccts of the ditierent colours may be 
observed simultaneously. At the red end theiv* is in gt‘tieral no 
iluorescent elVect. Towards the blue and viol(;t, and for considerable 
distances lK\vond the eonfim's of the violet, the Iluorescent shimmer is 
emitted from the surface layer, and dark lines are visible in some parts, 
indicating absorption bands in the solar sjteetrum beyond the violet 
similar to the Krauidiofer lines which arc presented in the coloured 
part. Tlio Avaves at the.se i)arts do not exist in the .solar beam when 
it reaches us. They have been ab.sorbed in the solar or terrestrial 
atmosphere, or else thi*y have not b(*en emitted by the sun at all. 

293. Phosphorescence.- The Huorescent light which we have been 
discu-sing is emitted only Avhile the substance producing it is illumin- 
ateil. On inti*rcepting the light which falls u])on a solutiim of sulphate 
of quinine the blue shimmer from its .surface layer disa])])ears at once. 
Some substance.s, however, especially the sulidiides of barium, strontium, 
and calcium, persist in emitting light even after the incident beam has 
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been cut off — is, they shim' in the dark for some time after ex- 
])osure to the lii^ht. This phenomenon is called ff/ntsplm/riirrnrr. Jt. 
has, however, nothing to do with the luminosity i>f phosphorus, which 
is due to slow oxidation. It is merely iluorest*enct' lasting afttn* the 
exciting cause has been rcmovctl. The light absorbed during exposuri' 
is emitted as light of lower refrangibility, and eontiniU‘s to be emitted 
b}' many substances for long or short intervals after they are removed 
from the light and brought into a darkened chandler. The duration 
of the phosphorescence after the incident light has been cut olV is, in 
most substanci's, so short that it is impossible to dt'tecl it without 
some s[)ecially contrived method of investigation. To puisne this 
in(|uiry, llecquerel invent (‘d an ingi'iiious iihnsjthnmsmpi ^ by means of 
which we (*an determine with eonsi(h‘i-able accuracy the* duration of the 
])h(*nomenon after the direct light lias bec'n cut- olf. With this 
a[)[)aratus the? existemee of iihospliorescencc' to a gi(‘att‘r or less di'gna* 
has b(‘en detected in most substance's. 


'IhiKoltIKS OF DlSI'FltSIoN 

294. Dependence of the Velocity on the Wave Length. - W'e owe' 
to Xciwton the impoitant discoveiy that the' light of the sun is com 
positc*, that it consists of a systc*m of simph* colours, or, as wcj say now, 
of a great varic'ty of waves of ditferc'iit peuiods. The separation of 
solar light into its constitiumt simple colours was effected by Newton 
with the aid of a prism of glass. Thc^ dillerent cailours are dcivialed by 
different amounts in passing through the ]>rism, and the*- transmitted 
light, when received on a white s<*recm, [laints on it a coIouicmI band or 
spectrum. I’he propcity Avhich traiisparcnl substanccjs possess of thus 
s(*])aiating the various constituents of white? light is called (/isprr.^/on^ 
the* inequality in the refraction of the various colonis leading t-o thc'ir 
separation oi' disp<‘i-sion from om* another. 

Now the tc3aching of tin; wave? theory, and of the emission theory 
also, is that rays which are rc'fiactcd by diflercmt .amounts on (‘ntcuing 
any medium must travel through that medium with different velocities, 
th(‘ relation between the absolute refractive? indc'x .and the; velocity for 
any ray being, aecording to the* wave the<>ry. 


where is the velocity in free space — that is, in the ether. This 
velocity is, as far as avc know, the .s.ame for light of all (adonis. A 
condition which may therc'forc? be? introdnec'd intf) any th(?oiy of 



486 


THEORIES OF DISPERSION 


CHAP. XVIII 


dispersion is that it does not exist in free space, and^ is a phenomenon 
arising from the interaction of the ether and matter. 

The constancy, or approximate constancy, of for all waves ranging 
from the red to the violet at least, is inferred from considerations 
such as the following. Certain stars exhibit lapid changes in l)right- 
ness and are called variable sbirs. One of these, Algol, passes in 
three and a half hours from one of the second to one of the fourth 
magnitude in biightness. Whatever be the cause of these changes, 
whethen* it be due to cclii)se or otherwise, they ought to be accom- 
[lanied by corresponding exhibitions of colour, if the various colours 
travel through space with different velocities. Thus if the red light 
travels faster than the violet in interstellar space, as it certainly does 
in glass and coininon transparent substances, then when the star is 
growing faint it should be coloured blue or violet, and when it is grow- 
ing bright it should appear red. No trace of a coloured tint has ever 
been observed, although light rerjuires several years to reach us from 
this star. If the difference in the velocities of the red and violet 
amounted to the one hundred thousandth part of the value of cither, 
that is a variation of -00 1 per cent, an interval of at least an hour 
would elapse between their times of arrival and the corresponding 
changes in tint should be observed. We may therefore conclude that 
the waves corresponding to the various colours of the spectrum traverse 
the free ether with the same velocity, but it is not to be assumed that 
waves of every length pjiss with the same velocity. The foregoing 
observations indicate only an equality, or an approximate ecjuality, 
between the velocities of the very limited sets of waves which affect 
the eye. The long waves far below the limits of the red may travel 
with velocities very different from that with which the short ultra- 
violet waves are propagated. 

In the case of sound notes of all pitches travel with equal 
velocities, and the common velocity deduced by theory is a result of 
the supposition that the length of the wave is vastly greater than the 
displacements, or sphere of action, of the vibrating molecules. When 
the wave length is very small, as in the case of light, the conditions 
are very different, and we cannot assume that the velocity of propaga- 
tion will be independent of the time of vibration. Thus in the case of 
a stretched string, vibrating transversely, the velocity of propagation 
will depend upon the wave length if the stiffness of the string be taken 
into account. 

295. Cauchy’s Formula. — Starting from these principles, Cauchy ^ 
showed that the velocity will in general be a function of the wave 
^ Caucliy, Xonvcaux Exerciccs tie Malht'matiquc^ 183.5. 
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length. By proceeding to a higher order of approximation he arrived 
at the relation 


b c d 
+ + V*' 


which expresses the refractive index in the form 


M - A H- 


where A, I>, C, etc., are constants depending on tlie nature of the 
medium and diminishing rapidly in magnitude as we [)roceed to the 
higher terms. 

The formula shows that waves of short period are more higldy 
refracted than the waves of longer period, and that the latter approach 
a limited index /x= A. Within the limits of the visible spectrum it 
represents, when taken to three or four terms, the results of experiment 
veiy accurately, but fails to represent the facts when applied to the 
dark ladiatioiis beyond the red, as shown by the experiments of 
Prof. Langley.^ In media, ho woven-, which exhibit anomalous dispersion 
it is not true that shorter waves possess the higher refractive indices, 
and the formula takes no acc<junt of this class of phenomena, which 
point to an intimate connection between the production of dispersion 
and the existence of absorption, the former being perhaps in all cases 
the result of the latter. 

In (^auchy’s method of investigation the assumption is that the 
distances between the molecules arc comparable with the wave 
length, but in the modern methods which consider the direct inter- 
action of the ether and matter, it is the periodic time of the wave 
which is supposed to agree with, or approach, the period of free vibra- 
tion of the molecule, so that absorption takes place. 

296. Bpiot’s Formula. — The work of Cauchy was taken up and 
treated in a more general manner by Briot.- Taking into account 
more directly the interaction of the ether and the matter molecules, he 
obtained the formula, 

— k\- -h a -f- , I- . . . 

yot- X“ 

which consists of two parts, one a series similar to that of ( ^luchy, and 
the other the term kA-', which depends on the direct action between 
the ether and the matter. 

The matter is supposed to affect the ether in two ways. Firstly, 
by modifying its distribution in the body, and this gives rise to the 
Cauchy series ; secondly, by exercising a direct action on its motion 

^ S. 1\ L<angley, Ai\n. dr-Chimic ct dc Pbi/sif/ur, tom. ix. p. 196, 18S6. 

“ Briot, Esmi sur la Thturic 'niathcntaf Ique dc la, Lamlh'c^ ]*aris, 1864. 
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when vibi*;itiiig, and this int.n>flucos the term Tliis formula 

re[)i‘esents to a hi.t'h (lcgi*ee of aecuracv the dispersion of the luminous 
rjiys, and also agrees fairly with Langley’s investigations iri the i]irra- 
red.' 

297. Anomalous Dispersion. — To aceount for the existeie e of 
anomalous rlispersion, theories, based on the mutual reaction between 
the e,ther and niatt(ii*, hav(^ beam d<;veloped by Ib'lmholtz, Kettelcr, 
liOmmel, <‘te. Tin; forca^s taken into account art; the elastic r(‘actit)ns 
of the t;tln;i*, the (ilastie reactions in the mattta*, ami the tnutual forta^s 
arising from the iMt(;j‘ac.t ion t)f the (‘tlnu' and tin; matter. Kach element 
of tin; (;ther is subject to forta^s ai-ising from its own elastic reactions 
and to forces dm; to the action of the matter, whilt* each matter moh‘- 
cuh; is subjta-t tt) th(‘ elastic reactions of tln‘ matter, the action of the 
e.th(;r, and to frictional for<a‘s arising from tlu^ adjacent mattei*. 
Mxpicssing thes(; <ajnditions, dilfeiumtial lapiations aic; formed for the 
motiorj of tin; (;ther and also for the. motion of tin; matt(;r. AVlnm tin; 
(;ocHici(;nt of absolution is small, so that its square; may lx; iiegha'ted, 
W'iillnei* has shown that 1 l(;lmholt//s formula for the motion of the 
ether may lu; reduced to tin; foiaii 


This formula corresjxmds to a single absorption band pi*otluc(*d })y a. 
single; syste;m of me)le*eMdes. 'Vo ae*e;eaint fe)r the‘ existence* e)f se\eral 
bainls, as many systemis of mole*eades, \ ibrating in corresponeling pe*i’iods, 
must lx* int re)eluce*el, anel as many systems of eepiations inte‘grateel.“ 


‘ l\rllclrr tliat lln' fonuula 


.. 

aA- 1 a- i ^ 

rcjii’rst'nls tin* fact'' voiy a<*<“iirat«*ly. From Laiiolry’s (*.\ pri imcMt on i 
ho (It'tmiuiiK's 


A ()-ooe)sr)S, a-’ - ‘jvrjsN’,, I) i-iiio, o-ourji. 

[.hu/r/Kt/ ,/r nr, 2‘', tom. vii,, ISSS. ) 

- [Si'o Loi'd KclN'in, /Vo7. Mk/j., Mairh isaa, on tin* a pjilira.t ion of Si'llincicr's 
(lynainii.‘al tln‘or\ to lln* D lines «)rsoilium ^a|lonr. | 
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298. Introduction.- Tiie lirst attc^nipt to (lt‘li‘rniino the vi'locity 
of propairation of was made l>y (ialilco. 'Flio priii(‘ipl(‘- of t]n‘ 

iiu‘tho<l cmplovanl was as follows. Two obstMViMs, A and l>, are 
situated at a distance, and t‘aeh is fiiiiiished with a lanij) whi(‘h i‘an 
he rpiiek’ly sen'ened or uncovered. If A uncovers his lani[) it. will 
he seen after a c(‘rtain intt*rval hy !>, ainl this interval will nu'asuia^ 
the tiuie occupied hy the lii;ht in ti-avellitii^ from A to !>. If I> tiow 
uncovers his latni) it will h(‘ stam after an (Mpial intm’val ]>y A. Hmna' 
if I> uncoN'ers his lamp at tin* instant In* perceives that of A, tlnm A 
will perceiv(‘ that of 1> at a time after In; uin'overed his own, (‘(pial to 
twice the time reipiired hy li;L^ht to traveise. the distance* hetwei'n A 
and H, togetln'r with a small int<*rval of titin* dep(‘nding on 1>, 
namely, tin; time re<[uired hy 15 to p(*rc(‘ive tin* Hash of A’s lanti;rn 
and uncover his own. 'Fliis prrstmnl interval h(*comes of such wi'ighl 
(when eompai'ed with tin; very small lime ie<|uir(‘d hy light to 
traverse; such distances as tlnise which could he (*mploy(*d in an 
t*xperim(*nt of this chaiacter) that if any d(*tinite I'esult had h«‘en 
ohtaitied it woidd have, heen altog(*th(‘r worthless. 'Fhe fundann'ntal 
principle of this method, however, is corrcirt, and is the same as that 
on which one of the inost celehrated of mod(?rn nnUhods is based, 
namely, Fi/eau’s, oi* that which may in g(;in‘i‘al he t(;rmed rritpsc 

It is inter(‘sting to in;tice how tin; academicians might hav(i 
ohtaiin‘d an estimate r)f tin; velocity of light hy alt(*nding to tin; 
conditions on which the delicacy of their method depended. In the 
first place, having detci’mined that the velocity cd light, if not iidinite, 
was certainly very great, it hecomes a mattei' of j)rime importance to 
cdiniinate the personal int(‘rval arising from the slowness of perce.])ti()n 
and movement of the se*cond’ ohsei’ver l>. At tin; instant the light 
from the first station reaches the s(;cond, the conditions of tin; prohlem 
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» (3(111 ire that ;i rcitm ii Ih'htii of light shall leave the jecond station and 
travel to the first. Th(‘ most ohvions way of secui'ing this is to 
re|)la(‘(; thcj sceond ohsca-ver I> hy a refha ting surface, such as a 
))olish(Ml mirror, so that when A un(;overs his lantern the light issuing 
from it may fall Ujion tln^ mirroi- and lx*, reflected hacjk at tln^ second 
station without loss of linn*. Thus when A uncovei*s his own lantern 
In^ may ol)S(irv(; its iniaize hy relhiction in the min’or at the second 
station, and tln^ interval ])et.wcen tin; uncovei ing of tlie light and the 
|»(;rc(;|)tion of the image is the (juantity to he, estimated. 

The whol(! pi-ohlem is now rixliKaxl to (h'vising an aicurate method 
of (estimating this interval. Oiie ohvions source of (uror is a ])ersonal 
om‘, atteaidiiig th(‘ ohservea*, and aris(‘s in the nmaalain estimate of the 
intca'val Ix't wcaai the muscular etlort in rianoving the scriaai and the 
instant at which In; conside.is he lias ])(a-ceiv(‘(l the return flash of light. 
'J'o (;]iminat(; this tin* scaeen us(‘d to uncovei’ the light should in its 
motion lx* employed to cut oil’ the return rays. For (‘xainple, let the 
la,nt-i‘i-n he covered, and l(*t tin* ey(*, of the ohsiaaa*!- he placed close; to it 
and directed so as to l(x)k into the distant mii*ror. Tlu‘n if tin* scaeen 
lx; sudderdy mov(;d so as to uncov(;i‘ the lanteiai and cover the eye of 
tin* ohs(*rvei’, the return Hash will not he r(;ceived hy the eye if tin* 
time oceuj)i(‘d in moving the screen from the lanteiai to the eye* is l(;ss 
than tin; linn; r(‘(juir(‘d hy liglit to travi*! to tin* distant mirror and 
r(‘turn. 

The ]n*ohlem is now r(‘duced to the devising of some mechani- 
cal met hod of moving a scret'u, or a ti'ain of screens, across the li(;ld 
of view so that the soui-ce of light and the eve of the ohserver 
shall he covered and uncovered in succession. This was first dom; 
in IS 10 hy Fi/eau hy using a toothed Avheel, which rotated in 
the field of view in such a way that the opa(pie teeth ])assed before 
tin* (*ye and interc(*pt(‘d siiccessivt'ly the light em(*rging from tin* 
souive and that returning to the eyi* aftia* reflection in the distant 
mirror. 'Idiis metlnxl is ex])lained in the following article. 

FizKArs .Mkthod 

299. General Principles of the Method. In the method adopted 
hy Al. Fi/i'au ^ a. beam of light fioiu a source S (Fig. *J1G) is in- 
trcxluced through a collimatoi- fixed to the side of a telescope, and 
after relli*ction at the surface of a jilate of parallel glass inclincal at 
h) to the axis of the tube, the pencil comes to a focus at a jioint F, 
which is the jirincipal locus of the object-glass of the telcsco])e. It 

’ tl. Fi/>‘aii. ( s Ht'inlvs, ttuii. \\i\. j». !>0, IMlt 
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follows tlioroforo ^hat tlu‘ lii^lit (livergiri<; from F will omori;!' from tlu* 
t(‘losoopo in a parallel beam. This beam, after Iraversin*;- a distanee 
of three or fonr miles, falls nj^on a lens L, and is thereby foenssed on 
a ivtleetor Ib whieh is [)art of the snrfaca* of a spliert* having' its eentiH* 
of cnr\ature at the eentre of the hms L. 

On aeeonnt of this arranpnnent it follows that llu' beam of lii;ht, 
as a whole, after retleetion at th<" surface of the mirror, emiM‘L;'(*s from 
the lens I, in a j)arallel pencil, and, reti-aeini^ its fonm'r path,' is ai;ain 
brouirht to a focus at tlie p<nnt F. It tlnm (livt'ri^es fi-om F and falls 
upon the incliiual ;;lass plate, where it is in part r(‘lli‘cted and in pail 
transmitted. The transmitted jiortion is reeidved by an t‘V(‘piec(' F, 
and enters the eye of the observm*, so that an imajL;<‘ of the source S 
is seen in the held of view. 

The (‘V('piece F combined with (h(‘ object -ulass at the o])S(‘rvin‘;' 
station constitut(*s a telescoj>e, which may be r(‘f(M‘r(‘d to as tln^ “ observ 
ing " telesco[)e, and similarly the apj>aratus K’F at the distant station 
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may be referred to as the rellectini; collirnatoi-. \\dien the ap[)aiatns is 
jn'operly adjusted these two pieces should Ik* dir(*cted towards each otlnu' 
in such a way that an image of the objta't-giass of each is foi’me<l in 
the principal focus of the other, 'rids might lx; elf(*cte(l bed’ore tin? 
mirror U is [)lac<!d in position by attaching a,n <*yepi(‘<M* to tln^ tube* 
KL so as to f<jrin a triu* telescoi>e, whosc^ axis <‘an be directed as 
r(Mpdr(Ml towards tin* observing station. 'I'lds b»dng doiu^ the mirror 
K has to b(» placed in [position. In onbn- to do this with |)r(K;isii)n 
the following dc\ ice was resorted to by Messrs. N'oung and Forbes in 
the expeiiments described sub.seipnmtly (Art. db2). 'I'he minor was 
attached to a caj) which screwe<l on to tin* (md (d the tube, FF, and 
an exactly similar cap was tittod with a ])iece of ground glass, so that 
the gla>s in one ca]) occupicMl the j^ame, ]»osition as the mirror in tin,* 
otht‘r. The ground glass cap was tir>t .screwed on to the tidn* b’F, so 

^ It is to h(* ol)S<_a-V(*<l tli.it a ray r'litca iii!^ on** ball' of tb<* b-ns Ti is i(.*lnrie*<l all*-!- 
roti<‘ct ion at 11 tbrfJULjb tin* otb**r lialf. ^*» that the ]»alli fjt tli*- i"l]* ( t< <l /*/// n*jt 

*‘oin*-itle with tliat of tin* iiK-ident. 
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tliat tliij image was received upon the glass in [iroper jocus, tlie number 
of turns of the screw rerpiired to effect tliis being noted. The glass 
cap was then removed, and the mirror cap screwed on through the 
same number of turns. Tlni centre of the mirror must now be brought 
into coincidence with the cirntre of the lens Ij, and this was effected 
liy means of three screws at the back of the mirror. To test this 
adjustment a tulie aliout one foot long was jilaceil on the collimator so 
as to ])roj(ajt in fi'ont of the o])ject-glass, and a small ring was placed 
at the (^nd of this tube, the ring being supported at the ci^ntre of the 
tube by three sti‘ips (jf metal. On looking through this ring the 
observer ought to see an image of his eyi^ when tin* adjustment is 
])erfect, and the screnvs at the back of the mirror were altt*red until 
this was the case. 

'\\) direct the ndlecting collimator ItL so that its axis shall point 
to th(‘- obsiM'ving telescojie, it was found most convenient to look 
through its object-glass L at the mirror U (the head of the observei* 
being k(‘pt out of th<i path of the light as far as possible). An 
image of the distant station was them s(‘en in the mirror, and the 
direction of the axis was changed until the light coming from the 
obsi'rving telescopic was .seen in the centre of the mirror. 

A toothed wheel, connected to a clockwork drivmi by weights, so 
t hat it could be set in uniform and rain’d rotation round an axis parallel 
to the axis of the tel<*seope, is placed with its edge at F, so that as it 
rotates the light is alternat(‘ly intercepted and allowed to pass Ixitwecn 
its teeth, bet us sujiposii the wheel to be at rest, and that F is situated 
in the space betweim two te<‘th. In this case the beam is allowed to 
pass, and a bright image is seen in the field of view. Ihit if F falls 
u})on a tooth, the light reaching it from S will bo rothicted directly 
back into the eye. To avoid this the teeth may be blackened, or 
bevelled so as to refh'ct the light against the sides of the telescope 
which are. also blackened. If this is secured there will be no illumina- 
tion in the field except when the light passes through a tooth space 
and returns after reflection at tin* <listant mirror. 

Now if the wheel rotates very slowly the image in the field of 
view will appear and disappear successively as the spaces and teeth 
pass before F, but if the speed be increased so that several teeth pass 
per second, the succession of brightness and darkness will be so ra])id 
that, owing to the ])ersistcnce of the visual impression, a permanent 
image will be seen. Hence if the angular width of a space be a and 
the width of a tooth be /i, so that the combined width of a tooth and 
space is a -f /:?, it will follow that if the intensity of the image seen 
when the 'wheel is at rest be its intensity when the wheel is rotating 



AKT. 299 


FIZEAU’S METHOD 


193 


slowly (but rapidly enough to cause a coiitiiiiious impression) will 
be * 

1 " 1 

a f 

If the velocity of light is inHnite the illumination of the imagt‘ 
will remain constant for all speeds, hut if it is propagated in tiim* 
then 1 will depmid u})on the speed of rotation. Sonu‘ of tlu‘ light trans- 
mitted through a space will in returning fall u})on the adjacent tooth and 
be intercepted, and if the speed be great enough, so that wlum tin* light 
returns a tooth has moved into the position previously occupied by the 
space, then all the returning light will be intercepted, provided the icv.ih 
be at h^ast as wide as the s[)aces, and complete extinction will be ell‘ecte<l. 

What occui’s, theretbiv, is that at first a bright image* is obsei‘V(‘d, 
which diminishes in brightness as the spee<l of rotation is increasi‘d, 
and is finally extinguished if the width of a tooth be equal to or greater 
than that of a space. If is greater than a the light will remain 
eclipsed until the speed is sulHcdently increased to remove the obstiaict- 
ing teeth and bring tin*, space's into position for the retuiaiing light. 
Th(i image now rea[)pears and gradually grows in brightness as tluj 
speed is raised. It reaches a maximum and then fades away again 
into daikness, and so on in succession for high(‘r and higher spe(uls. 
If — or the teeth and spaces are e(pial in width, then for ceitain 
pai'ticulai’ speeds the light will be completely eclipsed, but will i-ea})peai‘ 
for speeds either less or greater. If is less than a the light will 
nevei* be wholly ecli[)sed, but will merely fall to a minimum and rise, 
again to a maximum in alternate succession. 

In Fizeau’s experiments the teeth and spaces wene of ecpial Avidth, 
each being a <(uarter of a degree, so that tluj wheel possessed 7 lM) teeth. 
In this case, if D be the distance between the toothed Avheel and the 
reflector, r the velocity of light, and T tin? time occupied in traversing 
the distance *JI), we have 



In this time the whtiel will have turned through an anghj o/F -- iVa/J', 
if a is the number of revolutions per second. Cons(M(uciitly, if a be 
the angular width of a space, the first eclipsij will occur when 

a — 27rX,T 47rXiD/''‘j 

where Nj is the speed of tlie revolution when the first ccli[)se occurs. 
If the speed increases the image Avill reappear* and gi*ow in intensity 
till it reaches maximum brightness at the speed 

2a— IttX.jD//'. 
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As the speed iiicicases further tlie illiiniiiiatioii will ^'ane, and a second 
eeli])S(i will occur when 

:ia »7rX;;l4/f. 

Similarly th() y>th eclii)se will uecnr at the speed where 

{'Ip 1 a IttX.,^, lO/r, 

fi’om which we have 

IttDX.,,,. . L>/I)X.,,-, 

1 tt ^ 

whei’e nt tt / i is tin; iinmher of teeth contained in the wheel, lieckoii 
in^ the first maxinmni brightness as tliat which occurs after the first 
(!clips(‘, it is ehsir that tlui />th inaxininm will occur at the speed 
given by the equation 

‘‘Ipa l^X.,,,I)/r, 

from which we have a corresponding formula for r. 

Fi/e;iu <‘ndea.voured to <l(‘tenninc the speeds at which tlu' suc- 
ciissive (‘clipses oc(*ui*re<l, but this was a matter of extieme ditiiculty 
and unc(‘rtainty. In the fii'st place, .the intensity of the light return- 
ing t(» the telescope, is gri^atly W(‘akcned by ti’ansmission through tln^ 
a[)piu*atus and by rell(;ction at th(5 glass plate (J, so that the image seen 
is necessarily faint t^ven when at its maximum l)]’ightness. Tt is again 
rmidered less distinct by the extraneous illumination in the Held of the 
teh\si*ope, caused by retU^ction from tluj teiith of tluj wheel. For when 
th(j whe(‘l rotatiis, the light when not ])assing betwecm the teeth is 
rell(‘ct(‘d from them liack into tin* field of \iew, and causes a general 
illumination of the whoh^ fi(*ld. It is tln‘reforii vi'ry d(‘siiablc to sup- 
press this r(*fli*cted light as much as ])ossibl(*, and to this end Mt'ssrs. 
\’oung and lM)rbes in i'(‘p(*ating the expi'rinu'nt b(‘\'ell(‘d tin* teeth s(» 
that the light ri*flect(‘d from them fell u[)on tin? l)lacki*ne(l sides of tin* 
teh'scope. They also smok(*d the whei*! itself, so as to diminish its 
reflecting jiower as mucli as possible. 

Ihit even when the distinctness of* the image is secured it is ver\ 
diflicult to det'ide at what instant it is com]>h*tely extinguished, it being 
much moiH* easv to say when two images seen simultaneously are 
i‘(piallv intense than when, any imagt* of varying intensity has i*eached 
its maximum or minimum brightness. I)ett‘rmina.tions deduced from 
direct observations of the speed ;it maximum or minimum brightness 
are conseijuently attended with consi<lera])le uncertainty. 

Working with a distance D — S():L*) im'tres, Fizeau found that the 
first eclipsi* occuired when the speed of revolution was turns per 

second, and the final residt for the velocity was put down at 70,!) IS 
leagues of 25 to the degree. This is taken to represent a velocity of 
about 315,000 kilometres ])er second. 



ai:t/300 CORXU's KXPKRIMKXTS n)5 

300. Cornu’s Experiments. — In iSTi M. (\)rnu * nunlt* ;i (UttM* 
minatioii of tlie veVx*ity of light by Fizoau's nn^thoil with groatlv ini 
jiroNod apparatus. AotMirary is very diilioult to attain in tho inothod 
of observation adopted by Fiz{?iin, since it is almost inij>ossible to 
determine when the image is exactly eclipsial. d’o evade this diilicnlt v 
i\I. (’ornu placed the mechanism of the tootheil wlieel in electriial 
connection with a e!ironogi-a i.ii, so as to mai'k twm’v hundred nA'olu- 
tions. At the same time a clock marked seconds, and t('nths of st*c(mds 
n ere recorded by means of a vibiating spring. oliscn via’ had also 

under his control a key liy means of which he could record any instant 
at which he wished to know the velocity. From the I'hronogi a[)hic 
r(‘C(jrd the s])eed and rate of change at every instant could bt‘ ol)taini‘<l. 
Allowing the speed to inen^ase, the illumination will siid< to a. em tain 
\alue and the speed is then signalhah After completi' (wtiiu-tion tlu* 
image will reajipeai*, and when it attains the foinuu’ blight ni*ss 
tlu‘ speed is again signalled. The sjieed corres))onding to zero 
bright ni‘ss is the mean of tliese two, and is found from tin* chrono^ 
graphic record. 

In M. Cornu’s experinuiiits the distanci*. D between tin* tw»> stations 
was neatly -3 kilonn'tres, so that In* was enabh'd to obs(*i-\»* i*clips«*s up 
to the thirti(‘th order -tliat is, to make lb teeth of the wdieel pass ])<*for(* 
the flash from the distant mirror returneal. 

'riie m(‘thod, h()wev(*r, is not V(*ry desirabb?, in that it is not capabh* 
(jf delicati* measurement in regai-d to the quantity directly (‘stimatt*d 
nanu‘ly, the brightness of tin* image. For the ecli[)si*s arcj not sudden 
|)heiiomena occurring at w<*ll-marked speeds, but an* so gradual that it 
is dith(‘ult to say ])i‘ecisely wlnm they occur, and (‘Vim in the nn'tbod 
ad<q>t(Ml by M. Cornu to (Aade this ditliculty theri^ must, still ri*main 
considerable uncertainty. Mis investigations, howev<*r, surpass in r(‘Iia 
bility and comprehensi vt*ness any t hing which was jirc'viously attempti‘d. 

The final value olitained for the veloi-ily of light, was 300, .‘)3() 
kilometi-(‘s per secoinl in aii’, and this corres|)onds to 3tl0, fOO kilometres 
in vacuo. d'his result is, In^wevin*, somewhat too high, for rec(‘n1, 
(*xperiments have established that the velocity is undoubtedly less 
than 300,000,000 metrt*s per secoinl.- 

* Cniuu, >1*' I ri'ttftii !'*' /^ov.s* {M*' mo! t‘>iu, xiii. 1S7<),. 

- A.s.^uiiiiiig tli.il \elo(.ity (IftrrjJiiiKjtl ly tlic toot Tin-tlieil •niglil to 
ln‘ tlic same as that, determined l>y tbo revolving mirror. [ At tlje ]*rr^ent. <lale a 
<l( t*‘iminati»m ol tlie V(*lorit\' of liglit i>^ being made at Xiee (Jl)',erva tory hy M. 
Rerrotin using Fi/eau’s origii\al appaiatus as modili»*d and nstsl hy (.!ornu 

tom. cxxxi. p[). 7,0-731;. ddie preliminary lesultsot InOO measures indieatr 
a veloeity of 29^l,iJ00 - 80 km., wldeh agrees far ]n_*tter witli tin-, value (haivcal Imm 
the revolving minor method than with ('ornn’s detfiinination.J 
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301. Brightness of the Image at any Speed. — If the iingnlar 
width of tlio splices ;ind teeth he a ;ind /i respectively/and if the intensity 
of thii iinai^e when the wh(*el is at rest he T„, its intensity when the 
wheel is rotatin^^ slowly will hear to the ratio e : {a + /J), for this 
is the ratio of tliii (piantity of light allowed to j>as.s per second when 
the wheel is rotating slowly to the <piantity W'heii it is at rest or alto- 
gether removed. l>iit if tin*, wheel rotates through an angle € while the 
light ti'aviTs over the donhle journey hetweQii the two stations, the space 
available for the transmission of th(‘ retniTiing light will he i(*diieed 
from a to <1 -- €, and the intensity of the image will he 


wheni e - f/h - ‘Jr/zT, when the wheel is making ii revolutions per 
second. 

If the numher of teeth he. in we have ni(a -r /i) -= 2-, and therefore 
€ -}■ /^), so that if a {a - 1 - /i) - /• we obtain 

I (/• — //o/T 'l„. 


lienee the intensities are represented by the oi'dinates, and th(’ 
speeds by the corresponding ahscissie of the 



right line 


i/ (/•■• 




tvhich makes an intei*cept OB = on the 
axis OV (Fig. 217) corresponding to zero 
(very slow) speed ^ and maximum intensity, 
and an intercept OA - /v ////T, which corre- 
ri>i. lm 7 . sponds to the first extinction. Thr(‘e cases 

are presented according as a is espial to, less than, or greater than /L 
If a - that is, if the teeth and spaces are eipial in tvidth, the 
initial intensity (for a low speed) is 7.1^^ - .IT,,. As the speed increases 
the intensity falls in proportion, and complete extinction occurs at the 
.speed 

/.’ _1 V 

' /// T li//zT 4/y/l) 


As the si)eed increases beyond this value the intensity rises propor- 
tionately, and again attains the maximum valiu* /I,, - at the speed 
X., •- 2\^. A further increase of .speed diminishes the intensity, and a 
second extinction occurs at the .speed X.. ~ 3Xp and .so on in succession. 
The variation of the intensity with the speed is represented by the 
broken line BA^B^A.,, etc. (Fig. 218). 

‘ That is, only last isiough to proiluco peisistciivu of the visual impression. 
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If a</i or /i < J., tlieii the first extinction occurs at the spetul t -- (/, 
or ()M = /i’ //?.T = (Fig. 219). The intensity Avill now reinaiu 

zero till e = /i, which occurs at the speed OX (I - /.)?' 2/y/l\ ^ The 
brightness again rises to a maximum ZT^^at llj corres])ondii)g to a speed 
e - a 4- /J or X = r 2y//D. The aritlimetic mean of the speeds OM and 
OX^, corresponding to the first extinction and first rea|>pearance, is 
equal to tlie speed at 
which the first eclipse 
would occur if the teeth 
and s[)aces were equal, 
and each + iu 
angular width. This 
speed, corresponding to 
A, (Fig. 219), the first jis. 

central extinction, is i OX) e t///I) - X,. The speed cone 

sponding to the first maximum ])rightness, is 2X^^ ; that at the 
second central extinction. A.,, is ilX^ and in general the maximum 
briglitnesses occur at the even multiples of X,, and the central 
extinctions at the odd multiples. 

Since ///f 2/ar)'r 1 /2Xj, the expressioii for the intensity at any 

specal .» ])efore the first 
ecli[)se is 

I 



j 

/; 

X. 

/;, n. 

/J' 

i 

(> 


/\, 

/S|| 

■/\; 




a!ul sinc(*, the intensity 
must )>e tlu^ same; when 
I'l;'. jii'. the speed is increased 

from to n- 2j?X"^ ± it follows that between the y>th and (y> 4- l)th 
eclipses we have ( - n) 


increasing {n - ' j), 


2/)N| - 
2N, 

(‘K" . 

/I 

niig to 

th(‘, case in 

wlii 

rative sign to that in w 

iukI (ji 

h l)th ecli[»ses. 

, wl 

I-I„l 

f , n \ 




j is (Icci 

•casing 





(hriglitiiess iiuaeasiiig). 


(hriglitiif^Hs docrea.',ing). 


When or the image is never totally eclipsed Init sinks 

2 K 
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from a inaxinmm / I,, to a iniiuTimm detorinined hy the c - and 

tin; conesjxinding niiuiniuni intensity is ^iven ])y the e<juation 

I " '"‘i,, •-'/ 1 1 „. 

a ; ji 

The intensity remains 
stationary, as re})i’e.sent(‘(l 
in Ki^^^ 220, till tin? speed 
attains the value e - n, 
from which it will in- 
cr(‘asc and attain a maxi- 
Timm when c a \ />*, and so on. ddie vai'iations of tlni intensity 
]>(‘tw(‘.e.n two eonseeutiv(‘ minima are. subject to the same laws a.s in the 
Idi'e.j^oinjj; eases. 

302. Experiments of Young* and Forbes. An (^lahoiat(‘ series 
of i‘xp(‘.i im(‘nts on tin' v(*loeity of liylit Avas (‘xeeuttal hy Pr. d. Younts 
and Professor ( 1. Porhes,’ usin<^ a modilied foian of Fi/eau’s apparatus. 
Th(i c.liief novelty of theii’ m(‘tl*.od is the introdnelion of a second 
relh'ctiny te.les(*op<‘ lMi'(f'iy. 2 hi) situated hcliind thi‘ iirst an<l nearly 
in the sam(‘ line, so that two imayes were scam close* toiz;(*ther (not 
of an iiicli apart) at tin* (‘dye* of tin* n^Nolvin;^ \\h(‘el. Tin* ratio of the 
distance's of tin* two rc‘lh‘ctoi’s from tin* tootlnal whcc'l Avas 1 2 : 1 
Demot iiiy t In'se distances hy |)and 1)', and the speeds at Avhich the 
cori'c'spondiny: inriyc's an* fii’st cclipsc'd hy and X',, it is ch'ar that if 
1> h(‘ i;rc‘ater than 1 >, tlu'ii X, will he* :;reat(‘i’ than X',, ^o that the 
iniaye from the farther rcflc'ctoi- uill he first (‘clijcsed and also tluj fiiM 
to reap|)c‘ar. W’hat happens tln'U is that as the specal of tin*, Avhei‘1 is 
increased from r<‘,st, cum* imam* 1 fade.s niort* raj»idl\’ than the othc'r 1, 
till the forniei' is ('\t inynished and tin* latte*!* la'iiiaiiis aloin* in tin* held, 
if the width ot tln‘ spact'.N is h*^s than tliat of the* tec'th. of two 

ihinys may imw c»e<ni'. Tin* imayc* 1 ma\’ reapp(*ar hchore the other 
I is c'ompletely e\ t iiiyni-^lied, tin* latlei' ma \' hi- ec-lij)sed before the 
tonne!’ i(*appeais, so that both imayes ai’i* e\ti!iynisln'd. In tin- foinn*!’ 
ease F on rea ))pea I’a nee A\ill inci’ease in hriyhtiie^s witli the speed, 
a!id 1 apj>i*oae’hi!iL: eelipse will continually dimi!iisli, so that a s])eed 
Avill he reaelu'd at which the two are ecjnal in hiiylitness ; avc* have 
tin*!! I 1 , O!’ 



-A-y 


The spei'd heiny increased, F Avill inci*e‘ase and 1 diminish to zero, and 
after eclipse Avill reappear Avliile I passes throuyh its ma.ximiim, and 


‘ Voimy aiiil FurFi-s, rhil. Tntns. }>t. i 1SS‘_>. 
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})t.\LCin to (liiiiinish. As I' iliiiiinislit‘s 1 will iiicrc'asi', aiid (‘(juiility will 
a,^ui?i l)i‘ )eavlied, wIkmi wo havo 


'{'■ ' av) '■■■('■ ' -..vV 


uikI in ^^(‘noral, if o(iuality ocoiii-s lu‘twooii the /Uh and [ j> Dili ('(•li}>s(‘s 
of doth, wo havo 


'- -s) '-('-'■■av,) 


If o(|uality he again oslahlislied aftoi* (ho iioxt oolipsi' of U —that is, 
after tho />th eclipse of T and the (/> ? I )th eclipse of I' sinc(‘ I is 
now d(‘creasing and V increasing, if (he sp(‘ed Ix' //', \vr liaN(‘ 


A,) 


Ia‘t and N j- yN,, then we ha\(‘ y I) I), and th(‘ fore* 

going (xjuations heconn* 


2N, 2:,N 


>' -N, 'h' ‘‘ ’ 'A,!' 


whicli l>\' suhtraclion gi\e 


'Iff • f> 2/; 1 J • 


Now if the distan(!es J) and l>' h(‘ so rlioscai tliat (licir ratio f/ is erjiia 
t(» -// ( -jf 1 ), w (‘ have 


<! • ji it I' If ft 

2\, 


which gives Nj in tcini- ol»^cj\<*d <jMa nl it i(‘>, a nd licnri* wa- ha\'<‘ tin 
V(‘locitv of light in tin* foini 


in the exjieriinents (jf \ oiing aijd torhes the ohservations weac, niadi; 
at the 12th equality, and n w'as almost <*xact]y <njual to 12 I 2>. d'h(; 

value of /’deduced was ,‘JO 1 ,!hS2,00t) metres jier .s<'cond. d'lie soure/; 
of light enniloyed was a Siemens electiie lam]>, and the sjieed was 
registcrtal electrically. ddie distances I) and J>' wane ‘3’1 8(S 1 d. and 
2) 4 1928 miles respectively. 
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Any want of achromatism in the lenses will impart a correspond- 
ing colour to the image, and atmospheric absorption will produce a 
similar effect. Messrs. Young and Forbes observed that one of the 
images was in geneial red and the other blue, but closer examination 
Coloured proved that when the ])rightncss of either was increasing its colour 
image. when its brightness was fading the colour was bli^e. This 

they concluded to indicate a difference in speed of the rays of higher 
and lower refrangibility. Tims if the blue rays travel faster than the 
l ed, then the red rays will be eclipsed at a lower speed than the blue, 
so that as tlie speed of the wheel is increased, the rays from the red 
end of the spectrum will bo first eclipsed, and the fading image will 
appear blu<\ On the other hand, when the image is reappearing after 
eclips(‘, the rays which travel slowest will be the fii’st to gain admis- 
sion through the adjacent tooth space, and the growing image will 
a[)pear red. 

To test this point experiments were made with the red light and 
blue light from the spectrum (of the electric arc) formed liy a prism, 
and from the average of the results the experimenters concluded that 
the blue rays travel about 1*S per cent faster than the red. This 
difierence is so great that, in the absence of other support, the eftccts 
ol)S(U’V(id have not been generally acce])ted as (lue to a difierence in 
the velociti(Ns of the various rays, but it is surmised that the colouring 
is rather due to some extraneous cause not yet fully determined. 

It is clear, howevtu*, that such a great difference as I ’8 pm* cent in 
the velociti(‘s of the red and lilue rays shoidd bo detected in the 
other methods of estimating the velocity of light. For (‘xample, in 
FoucaulFs metliod, to be presently described, the image of the slit^ 
should be drawn out into an elongated spectrum, but no such colouring 
or elongation has ever been observed. 


FoucAruT's Mktjiod 

303. Foucault’s Experiments. — As early as 1834 Wheatstone^ 
had employed a rotating mirror to determine the velocity of electricity 
and the duration of the electric spark. He further conceived that the 
same method might be used to determine the veh)city of light, and 
test between the rival theories as to whether the speed of light was 
greater in the more refracting or less refracting media. The suggestion 
was taken up by Arago,- but it was not until 1850 that the experi- 

^ Wlifiitstone, Phil. Trana, \t. 583, 1831. 

“ Arago, AiuiHoirc Hurciiu des Lvmjitifdes pour j». ‘JS7. 
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ment was designed in a form capable of giving accurate results by the 
ingenuity of M. L. Foucault.^ The principle of the method is as 
follows : — 

Solar light, transmitted through a recbingular aperture S (Fig. 
2*21), falls upon an achromatic lens L, and afterwards u])oii a [dane 
mirror R, which can be made to rotate rapidly round a vertical axis, 
the plane of the paper being supposed horizontal. A concave mirror 
j\r is fixed at a distance. The surface of this fixed mirroi* is s])herieal 
and its radius is equal to the distance RM, while its sjdierical centre 
is at R on the axis of rotation of the mo^'ing mirror. I.et us first 
su}>]H)se the miri'or R at rest, and so idaced that the light ndlected 
fiom it comes to a focus u})on the fixed mirror and forms there a 

real image of the slit The pencil reflected from M leturns along 
its former path, is reflected from R, ti‘avcrses the lens a seco!i<l time, 
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and comes to a focus at S, forming an image superi)osed on the slit. 
For the convenience of observation a plate of parallel glass is placcil 
near S in the path of the beam of light, and inclined to it at an angh'. 
of to \ The pencil reflected from M when returning to S nu^ets tin) 
plate where it is in part reflected, and forms an image of S at a, which 
is oliscrved through an eyepiece. A fine wire may be placed across 
the centrci of the slit parallel to its length, that is vertically, so that 
the image at <k is crossed by a dark vertical line, over which the 
fibre of the eyepiece can be accurately placed in making the 
measurements. 

Let us now suiqioso that the mirror R is caused to rotate. As 
long as the light from R falls on M then? will aj)pear an illuminated 
image at a, and it is important to remark that on account of the curva- 
ture of M and its arrangement, as already described, the image a remains 
fixed as R revolves, but when R turns round so that’the reflected beam 

* Foucault, (.''nnipfrs J!endns, tom. xxx. ]». 551, 1850; tom. Iv. jij). 501, 792, 1802. 
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does not fall upon M there will be no illumination at at If the rotation 
be very slow, brightness and darkness will alternately succeed each 
other at a, and when the rotation is sufficiently rapid the persistence 
of the visual impression leads to a permanent image appearing at a. 

Brightness. The brightness of this image will obviously be much less than when 
the mirror is at rest, the ratio of the tw() being that of the arc to a 
whole circumference. Hence by increasing the magnitude of M the 
lirightness will be increased in the same ratio, and if in addition the 
revolving mirror be polished on ]>oth sides the illumination will be 
doubled. 

Let T be the time retiuired by the light to traverse and return 
along the distance UM = 1), then iT=21). But during this interval 
the mirror It has turne<l through an angle (oT, if its angular velocity 
be ( 0 = 2>A7r, whei'c n is the number of turns per second. The axis of the 
pencil returning through the lens to a will consequently be rotated 
thr-ough an angle 2(oT, viz. twice the rotation of the mirror. The 
image a will consecpiently bo displaced to a', and the image of 8 to S', 
wheni SS' = aa' = .r suppose. The distance x is measured by means of 
the micrometer .attached to the eyepiece. 

Now the light returning from M is reflected from 11 and appears 
to come from a point situated at an equal distance behind K, so that 
the pencils forming the images at 8 and 8' appear to come from 
sources 8^ and 8'^ behind K, wherefore R8j = R8'^ = D, and the lines 
joining 8 and 8' to the optic centre of the lens pass through and 
8'j respectively. Denote the distances of the lens from the slit and 
revolving mirror by a and h respectively. Then since the angle 8LS' 
is veiy small, we have its circular measure 


S,S', 

a ~ h \ D’ 


and 


where 0 is the small angle between the two positions of the mirror. 
Therefore 

/M- 1) I))’ 

or 

_ 87r.//H)“ 

which expresses v in terms of quantities which can be measured. 

In the final experiments of Foucault a beam of solar light was 
reflected horizontally from a heliostat through the aperture 8. The 
sight used was not a fine wire stretched across the aperture, but a 
microscope scale which consisted of fine lines traced on a piece of 
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silvered glass at> a distance of mm. from each other. This scale 
was placed at S, so that the light passed through it and an image of it 
was viewed at a in the field of the observing microscope. What was 
observed therefore Avas not the displacement of the imago of the slit 
but the displacement of the image of this scale. The revolving mirror 
was a piece of glass silvered and polished on one face. This was sup- 
2)orted in a strong ring frame, and its diameter Avas 1 4 nun. The 
radius of curvature of the fixed mirror M was 4 nieti*cs, so that with a 
single fixed mirror, as in Fig. 221, the distance D in the foregoing 
formula would be 4 metres. In the actual experiment, however, this 
Avas increased to 20 metres by using five fixed mirrors instciad of one. 

For this purpose M Avas turned a litthi to one side, so that the light 
reaching it from the revolving mirror Avas not i*efiected back directly to 
It as already described, but to another fixed mirror of e(|ual radius. From 
this it Avas refiected to a third, and then to a fourth, and finally to a 
fifth, Avhich received it normally, and returned it along its ])revious 
path to the nn olving mirror, and thence to the field of the observing 
microscope. The lens L, Avhicli liad a focal length of I’O metres, Avas 
placed between the revolving mirror and the first fixed mirror (Fig. 222), 
and not, as in Fig. 221, betAveen the revolving mirror and the a})erturc. 

In order to determine the speed of the revolving miri’or, and to Tho speoM. 
control it during an observation, a most ingenious device was resorted 
to. A finely divided tootlied Avheel Avas placed betAvcon tho observing 
microscope and the reflecting glass plate, so that the image of its 
toothed edge appeared in the field of vicAv. This Avheel Avas driven 
by cloclvAvork at a uniform speed, Avhich Avould be accurately deter- 
mined. Noav the beam of light entering the field of view is not con- 
tiimous, but intermittent. It consists, in fact, of a succession of 
flashes, each flash corresponding to a complete turn of the revolving 
mirror K. If the beam of light Averc continuous, the teeth of tho 
revolving disc would be seen rapidly crossing the field at (i speed 
depending only on the rate at Avhich it is driven, and at any consider- 
able speed they could not be distinguished in passing. With the 
intermittent beam, however, the teeth are illuminated for a very short 
time once during each revolution of the turning mirror It, ai\d the 
result is that if the toothed Avheel turns through an angle correspond- 
ing to any Avhole number of teeth in the time betAveen two consecutive 
flashes, the position of the teeth in the field of view Avill ahvays appear 
to be tho same Avhen they arc illuminated, and the teeth Avill conse- 
quently appear to be stationary. If the speed of the toothed Avheel 
be greater or less than this the teeth Avill appear to ha\"e a slow for- 
ward or backAvard motion in the field of view. 
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The revolving mirror was driven by an air turbine so that its 
speed could be controlled, and during an observation this was so regu- 
lated that the image of the toothed wheel appeared stationary in the 
field of view. The speed of the toothed wheel being known, the 
number of teeth jiassing l>etween two consecutive flashes could be 
determined, and from this the speed of the lotating mirror was easily 
found. 

The observed displacement of the scale was 0*7 mm., and the final 
result for the velocity of light was 298,000,000 metres per second. 

304. Discussion of the Revolving Mirror Method. — In Foucault’s 
investigations the distance J) was so small (being only 20 metres with 
five fi.'Lcd mirrors) that a large angular deviation of the image was out 
of the question, and by reason of the many reflections there was 
necessarily a serious loss of light. In order to obtain a large deflec- 
tion with a given speed it is necessary to work with a large distance 
between the two mirrors, and as there is always light lost by reflec- 
tion and absorption in passing over a great distance it is necessary 
to attend to the conditions which render the image most brilliant. 
When the displacement of the image is large the reflecting glass 
plate is unnecessary and may be dispensed with. The image formed 
by the returning light can then be observed directly Avithout being 
weakened by the reflections attending the use of the glass plate. Noav 
the angular deviation of the return image, for a given speed of the 
revolving mirror, increases with the distance I), and for a given 
angular deviation the displacement of the image is proportional to the 
distance between the source and the revolving mirror, or, as it is 
called, the radius. Ileiicc for a large displacement of the image the 
distance between the mirrors, the radius, and the speed should each 
be made as large as possible. The second condition is obviously in 
conflict with the first, for the slit and the fixed mirror must be 
situated in the conjugate foci of the lens L. 

\Vhen the lens is })laced between the revolving mirror and the slit, 
as in Fig. 221, the (piantity of light returned by M to R varies in- 
versely as the distance D. Thus Avith a concave mirror of one 
decimetre diameter placed at a distance of one kilometre the light re- 
turned to the revolving mirror Avould not be as much as ^ooctr P**'*^' 
of the light reflected from it. This (quantity is further reduced by 
atmospheric vibration, ditiusion, and absorption, and Avith large dis- 
tances it is almost impossible to construct a mirror of such uniform 
curvature that the rays Avill foil normally on every part of its surface. 
In general only a part of its surface Avill satisfy* this condition, so that 
a portion only of it is effectiAX, and this leads to a further decrease in 
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the brilliancy of Jjie return image, lienee with a eonea^ e mirror of 
one decimetre diameter for each kilometre of distaiK^e only a small 
fraction of the of the light reflected from the revolvifig 

mirror is really utilised when the apparatus is arranged as in Fig. '221, 
On the other hand, when the lens is place<l between the revolving 
mirror and the fixed mirror, as in Fig. 222, it is easily seen that if li 
and M are in conjugate foci of li, then the light I’eflected fiom H w ill 
fall u])on M as long as 
the axis of the reflected 
beam falls upon the lens, 
how'ever great the dis- 
tance 1) may be. This 
aiT’angement, however, 
cannot be made, for it is 
the slit S and not the 
mirror li that must be in the conjugate focus of M : lu'vertlu^less, it 
may 1)0 ;i])])i‘oximated to by bringing the slit close to the revolving 
mii-ror, and the brilliancy of the return image will be incr(*ased 
accordingly — that is, approximately in the ratio of the angular 
diameter of the lens, .subtended at the cmitre of motion, to that of the 
mirror M at the same point. 

The advantages <lerivxd from increasing the distance D are 
attended by .serious defects in the retuiai image caused by atmo- 
spheric diflusion and vibration. For the light wdiich forms the image, 
instead of travelling accurately along a <lefinite line ML, betw^een the 
fixed mirror and the lens, is scattered through a certain angle. This 
leads to an ei ror in position of some j)arts of the image, w hich, when 
expressed in linear measure, will be proportional to the focal length 
of the lens. In other wwds, a limit is soon reached, beyoiul which 
the angular accuracy with w hich a micrometer wire can b(5 s(!t on the 
image of a star is not increased ])y increasing the length of the 
tehiscope. The result is that the biilliancy of fhe image- cannot be in- 
creased many fold by increasing the focal length of the lens wu’thout 
at the same time increasing too much this source of (a’ror. 

Another po.s.sible draw’back to the u.se of the lens in the position 
showm in Fig. 222 is that an image of it, or of some part of it, wuTl 
flash through the field of view with tivery revolution of the mii-i*<jr, 
and this wull lead to a certain amount of illumination in the field. It 
is obviously desirable that thi.s, as well as all other extramious illumi* 
nation, should be excluded from the field of view^, in which a very 
faint image is to be observed. 

305. Michelson*s Experiments. — The chief objection to Foucault’s 
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experimcTits is thut the dcHcction wus too small totbe measured with 
sufficiimt accuracy, and to remedy this defect Professor Michelson ^ 
modified the arrangement of the apparatus in such a way that the 
return image was displaced through l*L‘l mm., or about 200 times 
that obtaimid to Foucault. With a larger displaceimmt such as this 
the inclined glass plate couhl lx*. dis[»ensed with, and the return imago 
was obs(‘rved directly through a micrometer eyepiece placed on the 
same, stand as tin*, slit through which the light was transmitt(‘d. The 
eye.[)iec(i consisted of a single achnnnatic hms of about 2 inches focal 
hmgth. In the focus of this, and nearly in the same vertical plane as 
the fa(‘e of tlui slit, a single Ncrtical silk fibri; was stretched. In 
measuring tin*. d(itl(M*tion tlui cyejhecfi was so ])1ac»Ml that the fibre 
bis(ict(Ml tlui slit, and it w'as then moved till the fibre bisected the 
defl(H*ted imag(‘ of the slit.- 

'Fin; r'( 3 \’olving miiior was a disc of ])lane glass about I j inch in 
diame.t(;r and 0*2 inch thick. It was silvered on the front surface, so 
that r(‘fh!(!ti(ni took [)lace from om; sui*fac(3 only. The hms w'as jilaced 
betw'(‘(‘n the. two miiTors, as in Fig. 222, so as to s('cui*e gi’eat(*r ]>right- 
ness of the return image, and its focal length w*as 150 feed. The 
revolving mirror w'as plaecal 15 feet insider the principal focus of the 
h'.ns, and the distance betw’een the tw'o mii’rors w'as about 2000 feet. 
In the first set of exiierirncnts the fixed mirror was plane, being about 
7 iiieh(3s in diameter, a,nd a small telescope w*as attached to it (w’ith 
the lifie of eollimation at I’ight angles to the surfaca*. of the mirror) for 
th(3 purposes of adjustment.*' The lens w'as 8 inches in diameter and 
>vas not achromatic, but on aceount of its great focal length, as com- 
pared with its aperture, the want of achromatism was not ap 2 )rcciable. 
The “radius,” or the distiuice betw^eeii the slit and the revolving 
mirror, w\as about 28 feet. Iii making an experiment it Avas found 
necessary to incline the axis of the revolving minor slightly to the 
right or left, so that the light falling directly on it from the slit 

^ A. A. M iclicl.soii, ntfioni ii’ff/ Puittrs fiu' the A ntvrirjni Kphe me ns mtd A i( utieal 
Almmufc, vdI. i. jtart iii. p. IIT, L'^SO. 

- ll may be observed tliat in the ex|>euments of Mieliel^oii an<l Xeweomb the 
image of tin* slit was worked with rather than the iimige of a wire, or scale, pbu ed 
across the slit, as in the expt'rinmnts of Foueault. This was lu'eessary on ai’eount 
of till' great distaneo hetNseeii the inirrors, for an accurate image of a line could not 
he formed when the distance was considcraldc. Further, ^vht*n the distam'c is larg(' 
the transmission through the almos]>ln're remh-rs the image vin v unsteady, espei-i- 
ally about the midille of the da\. It ^\as only during tlie hour alter sunrise, or tin 
hour heloii* sunset, that a sullieieiitlv steady image of the slit could he (jhtained in 
these t'\[H‘riments. 

’’ 'riu‘ part itmlars of .nljiistment are d«‘-'erihed in Frofes'-or Mielud'-nn s papi i. 
/<)(•. t‘if. 
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should not be reflected into the eyepiece but .should pass (uther above 
or below it. AVithout this precaution the light of the slit would be 
flashed into the held view at every revolution of the mirror and 
would overpower that of the image to be observed. 

The revolving mirror was di iven by an air turbine c<)nl rolled by a 
cord leading from its valve to the observer’s table. To measure the 
speed of rotatio?i a tuning-fork, bearing on one prong a sttad mirroi-, 
was used. This was k(‘})t in vibration by an el(*etri(* current tVom 
fiv(‘ “gravity’’ cells, d’he fork was so plaee<l that the light from the 
revolving mirror fell uj)ou it and was rt‘fl(a‘t(‘d to a, piece of plain*, 
glass (placed in front of the eyepi(‘ce of the mii'rometi*r), inclined 
at 4 5 , and thence to the eye. Wlnm tin* foi'k and tin* n^volving 
mirror are both at rest, an image of tin* revolving mirror is se(*n. 
When the fork vibi*at(‘s this imag(* is drawn out into a band of light. 
Wh(*n tin* mirror revolvt*s this band breaks up into a numb(‘r of 
moving images of the mirror, and Anally, when tin? mirror makes as 
many tuiais as the foi*k inak(*s vibi*ations, tln*s(*. images ai‘e redue(*d to 
one, which is stationary. This is also the eas<* wln*n tin* numb(*i* of 
turns is a submultiple of the number of vibrations. When it is a, 
multiple (or simjflc ratio), tin*, only dillerein-e. is that then* are more; 
images. Hence to make the mirror ex(H-ut(^ a e(*rlain number ot 
turns, it is simply necessary to pull the cord attached to tin* valve to 
the right oi* to the left, until the image; of the revolving miiT‘or comes 
to rest. In this way it was possibh; to k(H*p tin; mirror at a constant 
sp(;e(l for three or four seconds at a time, and this was suflici(;nt for 
an observation. In a large number of the <;xperinn*nts the s[)(;ed was 
approximately 2r).S revolutions per S(;(‘ond, and the mean result for 
the velocity of light in vacuo was f)ut down at 

'r 2'.r.l,010dbr»0 kil«»iiH-tr»-s per .''rcomJ. 

In a subse({uent series of supplementary m(;asures Professoi* 
Michelson ^ determined the velocity of white and coloiu'c-d light in air', 
water, and bisulphide of carbon. In these exp(;riments tlie arrange- 
ment of the apparatus was the same as befoi'e ; tin; Axed mirror, 
however, was slightly concave, and had a diameter of 15 incln;s. 
Particular atteiithjii was paid to the appeaianco of tin; retui'ii image, 
in order to detect if it indi<*ated any diflerence in the velocities of tin; 
diflerent colours in air, such as was supj)Osed to ha\'e be(*n observe.d 
by Voung and Forbes. ’I’he actual width of the slit was (rll) mm. 
and the width of the return image was only 0’25 mm. Tin; colour' of 

^ A. A. nnuinin'nl furafitr fftr A lilt ii Eiiln mfris n inl \it ut h'nf 

Ahi\<i iiiii\ vnl. ii. j»art iv. ji, ‘2:i7, 
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the central portion of this image was always yelloji^ish, and occasion- 
ally both liorders were observed to have a pale violet tinge. Thei-e 
was conserpiently no indication of a spectral drawling out of the image 
such as would result if the different colours travell(?d wdth different 
velocities. A difference of velocity such as that obtained by Young 
and Forbes should have yield(Ml a s})(;ctral image of about 10 mm. in 
width. Finally, experiments wcr(5 made in which a plate of red glass 
covered one half i>f the slit so that one half of tlui return image was 
white while the other w’as re<l. The two halves of the image wcav 
found to be (exactly in line, and showed no break or displacement 
such as would attemd a diflereiua* of velocity in the different colours. 

The- w(n‘ght(ul nujaii of ‘MS observations on sunlight gave for the 
vehxa'ty in a vacuum 

while the wanghted mean of 207 observations on electric light gave 

r 2aO,S;tr) kilometo’s. 

306. Newcomb’s Experiments. — The most recent investigation of 
tlie v(*b)city of light by the revolving mirror method Avas made at 
Washington in tin*, years 1880-82 by Pi’ofessor Simon Newcomb,' 
and this determination is perhaps the most reliable and complete that 
has yet been recorded. 

Ill these experiments the (piantity directly measured was not the 
linear displacement of the retuiai image but its angular deviation. The 
plan of the apparatus is showui in Fig. 223, and it will be seen that 
the method followxil by Foucault and iMichelson of placing the lens 
between the tw’o mirrors was not adopted by New'comb. After due 
consideration the method of Fig. 221 Avas employed, the lens being 
placed betavcon the slit and the revolving mirror. The general 
feature of the apparatus is that tw'o telescopes wawe disposed wdth 
their axes at right angles to each other, one, F, termed the sending 
telesco])e, being used to cast a jiencil of light on the revolving mirroi*, 
and the other, L, the observing or receiving telescope, being employed 
to receive the return beam. 

Tho light of the sun, throwui from a heliostat, entered the slit S of 
the sending telescope, and after passing along the tube F w'as reflected 
by a ])lanc mirror at the elbow C through the ol>ject-glass J. It then 
fell upon the revolving mirror contained in the box //?, an’d w^‘\s there 
reflected along the line Z to the distant fixed mirror. The object- 
glass of the receiving telescope w'as immediately below J, and its tube 

* S. X(!\vcoiiil>, .IstroHo/iilcal J^tpers for the Auieriani Ephcmcris and XaiifiCdl 
Alintin(t<\ \o\. iii. ])art iii. p. 113, lSSr>. 
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was mounted in adjustable Y’s on a frame NN, which moved hoii- 
zontally ai’ound a vertical axis coinciding with the axis of rotation of 
the mirror. The farther end of this telescope was Htted with a pair of 
microscopes, p and //, for reading the divisions of the gi'aduatcd arc below. 

With the apparatus disposed in this manner it was necessary to 
elongate the revolving mirror to such an extent that the light, when 



Fi- 


cast U])on the upper part of it by the uj)per or sending t(dciseop(^ h\ 
sliould, after retlection at the fixed mirror, return, not to the same 
part of the revolving mirror, but to a part somewhat lowei- down, so 
as to enter the lowei* or (d)serving tel(‘scoj)f^ L. l>y this means tin* 
light, irregularly r<dh‘cted at the surface of the revolving minor when; 
the incident beam falls upon it, is prevented entering the observing 
telescope, and greater darkness of the field is thereby secured. 

AVith this arrangement almost all the extraneous light can be shut 
out of the field, and a very faint image of the slit can 1)0 observed. 
Further, by causing the mirror to revolve first in one direction, and 
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then in the other, deviation.s on opposite sides of the zero can be 
observed, and in this manner the zero error can be eliminated. 

In ordiT to strengthen the illumination of the return image, and to 
avoid loss from any slight displacement of a single mirror, two fixed 
mirrors wenj used side by side. The.se were concave, and each had an 
apei ture of about 40 cm., and a radius of curvature of about .3000 metres. 

The levolving mirroi*, shown in Fig. 224, formed one of the 
chief novelties of the apparatus. It consisted 
of a square steel prism, the vertical height of 
which was 85 mm., while the horizontal cross 
.section was a stpiare of 37*5 mm. side. The 
four vertical faces of the prism were nickel- 
plated, and each face in turn acted as reflector 
during tiu) revolution, so that the brightne.ss 
of the image was quadrupled. A pair of 
cii’cular jdates C was fastiJiied to the toj) of the 
mirror, and another pair 1) to the bottom, each 
})air holding a set of twelve fans. 4'hese con- 
stituted the fan wheels on which the air blast 
impinged, and set the mirror in rotation. 
ICither set could lie used siqrarately, so that the 
I'i;:. jji. I'lw i{(‘v(.ivin- min'or couhl be driven in either direction, or 
the two could lx* ])laced in action simultane- 
ously in siieh a way that one counteractc'd and eonti’olled tin*- oth(‘r. 

Tin* speed M'as determined direc^lly by a wh(‘elwork system geared 
into a small pinion fixed to the axis of the mirror. This pinion geared 
into a largei* whe(‘l,‘ on the axis of which a si*cond tiinion was fixed, 
'fhis in turn geari'd into a second wheel, which made one revolution 
for every twenty-eight revolutions of the mirror. 41iis whei*! broki* an 
electric cinaiit at e.ich revolution, and by this means every twenty 
eighth turn of the revolving miri’or was r(‘coi'ded on a chronogra})!! 
along with the bi*ats of a sidereal break circuit chronometer. 

In making an t‘xt)erim(*nt the observing teh‘scot)C was first set in 
a fixed jmsition corresponding to .'^ome desirable deflection of the 
return image, and the speed of the revolving mirror Avas then so 
adjustt*d that the return image entered the field of vi(‘AV and came to 
vest upon the micrometer wires of the eyepiece. In order that the 
observer at the eyepiece should be able to regulate the speed of tin* 
mirror, one of the valves T could be controlled by means of an end- 

^ It AVIIS toiiiul tliat the best metal Avheels Avere worn out almost at onee un<ler the 
high speeils at whieh the first wlieel was Ibreed to moA’e. For this reason it was neees- 
.sary to resort to raAv-hide as the material for the first wheel, and this proved successful. 
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less cord X, which passed through pulleys around the side of the 
instrument to the ?ront of the. ohserver s table. This valve beiiiij; shut 
the other was opened and the mirror set i!» motion. ^VlnM\ the s})eed 
reached the proper limit the image was seen entering tlie iiehl, and as 
it approached the cross wires the chronograph was startl'd. The cord 
X was then moved so as to slightly o])en tlie valve to which it was 
attaclied. This allowed a slight counterblast to act upon the otlu'r 
fan wdieel, and by this means the s]R'ed could be regulated with the 
greatest delicacy. When the image Avas steadily adjusted on the wires 
it was kept there for about two minutes, and the corresponding lecord 
on the chronograph furnished the speed of I'otation. It Avas remarked 
that the higher the speed the greati*r the delicacy Avith Avhich the image 
could be adjusted to the cross Avires. The observing telescope Avas 
then vset on some division oti the other side of the zero, and the miiTo\* 
Avas made to rotate in the opposite direction, and a run taken as bidore. 

The final conclusion from these experiments Avas that the velocity 
of light in air is 209,728 kilometres per second, and in vacuo 299,810 
km., with a probable erior estimated at 10 oi* oO km. 

Using only the results of those determinat ioris Avliicli Avere sup- 
posed to be free from any constant ei*ror, the coiu'lndi.'d Aclocity was 

liiA’ju'Uo. r 2'.e.cs»;0 Isiloinct res. 

Urofi'ssoF’ Newcomb giA^es the following table : — 

UeSI'LTS Oli'lAlXED K( Ml THE XeUKUI'Y OF LlOlI'l’ IN \\V('ro 


< >lisr) \ . 

\ *'1< mmI y ill 
l\ li“., 

Fnllr.uilt, ill I’.lli''. ill 1 Sill! ..... 

2!iS()f)0 

I'oviui, ,, 1^71 . 

1S7S . . . 

Fou■;.^uillL^^ liy ra>liiii 4 .... 

:u)e 100 
200P!iO 

VinniLC ami Foilics, ls,Sf)-si ....... 

:U)i;ts2 

Mwlit'lson, at Naval Aoadc.niy, ISTll ..... 

,, Clcvt-'land, 18s2 ...... 

‘2iejino 

Newcomb, at Wasliingtuii, 1S82 — 

(a) Usiii" oidy results supposed free from constant error . 

(b) Including all ob.servation.s 

2998110 

299810 
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307. Comparison of the Velocities in Different Media. — The first 
application of tlie rcvolvin^i; mirror method was not directed so much 
to a determination of the a))solute velocity cjf li^lit in air or any otlier 
medium as to th(‘, (•om])arison of the velocities in different transparent 
im'dia. The emission theory demandcfl a greater velocity for light in 
tin; more highly i’(‘fracting media, while the wave theiny i(M|uiied the 
reverse, and the hurning prohlem of the time was to obtain a dii’ect 
exjieriiiKintal test. Io>r this leason the earlier experiments of Foucault 
wei’e directed to (hUininine whetlier tin* V(;locity of light in air is 
gr(*ater or less than in wat(5r. If light travels slowm* in water than in 
ail’, then it is ch*ai’ that if a tube of watin- b(^ placed between the 



r(‘volving mirror and the tixed mii’ror, so as to be trav(*rs(‘d by the 
ri‘llected beam of light, then a longer time will be spent in the double 
journey bi‘tw(’en the mirrors, and the detlection of the return imagc'^ 
will bi‘ increasetl. On the other hand, the detlection will be diminished 
when the water is intei’posed if the \elocity in it is greater than in air. 
To test this ])oint, tlu'refore, it is only necessaiy to interpose a column 
of water and observe* lunv much, and in what direction the detlection 
is changed at any given speed of the miiror. 

'The ditfu’ulty of comparing the twe> detlections at tlu^ same 
speed is eliminated by arranging the experinu'ut so that the two 
return images are se’cn in the lield of \ iew simultaneously. This 
was the ])lan ailoj)ted by Foucault, and was etfected by placing 
the tube of watei’ T (Fig. between the revolving mirror It 
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iukI ii second fixed mirror M of flu* s;inie ciir\;iture as M. and 
haviiii; its centre at K‘. ^^dlen the revolving: niiiror is set in 
motion, a return imajj;e Avill appear as ]>cfoi‘i* in the field of vit*w hy 
reflection from M. This may he termed the air imap*. For the same 
leason there* is another letnrn image arising from tlu* light cast upon 
M' and reflected then*. ’This may he calleel tlu* water image. For 
small spe(*ds these two images will he sujH‘iposed at <<, hut wlu*n tlu* 
speed is iiicreast'd they sejiarate, the wat<n- image a", h(‘ing more* <lis- 
place*el than the air image «/, sliowing that light travels faster in air 
than in wate‘r. 

The image ediserveel was that of a tine vt*i tical wire* stie*te*he*<l across 
the slit paiallel to its length, anel in orden* that the two image*s shouhl 
he simiiltaiieMmsly in foeus, it was necessary te) [dace* a slightly e*e)n 
veu'ging lens \/ in front of the tube T. This ce>ire*ction was nee‘e*ssary 
because the lens L is so placed that 8 anel M are* in e*onjngate^ foci 
when the s])ace hetwe*en the mirre)rs is iilhal with air, e’onseepiently S 
anel cannot he in e'em jugate* foci e)f L when tlui water lube is 
inter] )e)seel. 

In this manner Foucault proveel that light travels faster in air than 
in w^ater, hut he made mi estimate of the ratie) e)f tlui velocities. This 

was deine in 1<SS:3 ]>y Freifesseir A. A. Michelse>n,* tluj a[)[)aratus being 

elis[)i)seel in the manner deviseel by Foucault. Td\e tube d' ceiutaineel 
elistilleel water anel w'as about 3 me*tres long, the elistance between the*, 
mirrors was about 5 nu'tres, and the “raelieis” 10 nu*,tres. Thei s})ee‘el 
was 'Job revolutiems pen* seiconel, and the*, rat io eif the velocity of light 

in air te^ that in wate*r was founel te) be 1 .‘b’lO. The* refrae*Aive inde^x 

of w’ater fen- ye*dlow light is 1 anel the eiilhne'nete betw'ee*n the*se; 
tw'O numbers was consielcreel within the limits of experimental 
<*rror. 

In the case; e)f caibon bisuljdiide* th<i refractive inde^\ foj- the mean 
Vcllejw^ lavs is 1 '(j I , and the ratio of the; veha-ities was founel to be; 
[■ 708 . This result is abeiut 7 [)e-r cent teu> high, anel the elise*re;|jane*y 
coulel not be re,‘gareleel as within the limits of (;xpe*rimental e*ri-or (see; 
Art. :M0). 

Fx])erinients wa‘re also made by Professor Miclielson on the; 
velocities of eliflerently e-oloured lights in carluin bisul[)hide;. For tliis 
[Hirpejse the; solai* light was passe*el threiugh a elire;ct vision spectrejscojie 
before it fell u[)eni the slit, and by turning the [nism thre)Ugh a small 
angle, either e*nel of the s[)ectrum could be; ob.se*rved. The; results 
indicate that the euange-reel light travels 1 or 2 per cent fasten- 
in carbon bisulphide than tlie. greenish-blue light. 

^ A. A. Mielielsul), Jur. rif. 

2 I. 
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W'av^k Velocity and Gkovp \'elo('“iTV 


308. The Velocity determined by the Methods of Rbmer and 
Fizeau.- — Shortly after the aiiiiouncemcnt of the results of ^lessrs. 
Yomit; and For])(^s, Lord Raylei« 5 h ‘ raised and discussed the question 
as to what it is that is really deterininc<l in (jhservations on the vidocity 
of lii^dit su(di as wo hav(i described. If wo coidd deal with a single 
wave and obsei'v** its ])rogrcss, we could determine its speed — that is, 
the wavi; veloia’ty. In the case of light, howtjvei-, we cannot follow 
the motion of a single wave. Here we deal Avith a group of wavijs, 
and nujasure thti velocity with which soim‘, impressed jieculiarity 
tra,vels. Thus in determinations by the (‘clipses of Jupitei‘’s satellites, 
or by h'izeairs method, the light is rendered intermittent, and the 
velocity obsmwed is that <jf a limited train of waves — that is, the group 
vidocity. 

ddie relation of the group velocity n to the wave velocity r will be 
found in a note appended to chap ii. (p. 57). If l:=27r'X we have 


so that i( is idiMitical with r only when c is independent of /; — that is, 
of tin? wave length, and this relation is generally sup})oscd to hold f(jr 
light traversing free space. The c<[uation shows that a complete 
knowledge of r completely determines ^/, but a complete knowledge of 
if does not <h‘tei*niinc /’ without th(‘ aid of some auxiliary assumption. 
The usual assumption is that r is independent of the wave length, in 
which cas(i if will also be independent of the wave length. If, how- 
ever, y* is not iiulependent of A, we may substitute some dispersion 
formula,- such as 

r -A i \U - i-C/.‘ ^ . . . 


IFsing tlu‘ formula and taking the wave lengths of the 

orange-red and green-blue lights to be in the ratio G : 5, Lord Rayleigh 
finds that the wave velocity would be nearly 3 pei’ cent less than the 


' [jonl Rayleigh, 25th Aiigu.st ISSl and 17tli Novianher 1881. 

- fit in vacuo r is indepciideul of \, and if the refraetive iinh x of air is given hy 
Kayser and Kunge’s formula m -a l r<'/r‘ (j». l.*)7), we have ■ 






/ 2W- ! \ 




‘V- C' 

a \ (f 



\ 

f 


as the ri'latiou between the group and wave veloeity in air. Inserting the 
niimerieal values fr(»m tlie page cited, ue find for X -500 niilliunths of a inilli- 
inetre c - ?*(1 -0‘000013). 'flms the difference in air would be ([uite ina[>[>reciable. J 
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velocity dcterm^ied by the eclipse method, the relation between // 
and r being 

r #/(l 0-02r8). 

309. The Velocity determined by the Aberration Method. 

In measurements depending on the aberration of light th(‘ velocity 
determined does not depend u[)on the observation of tlie rate oi pi’opag- 
ation (jf any ini])ressed peculiarity. It i.s conse([uently not the grouj) 
velocity tt, and, according to the usual theory of aberration, must be 
the wave velocity r. We have therefore fio reason (t. pritf/i to expect 
that the velocity given by Bradley's method should lu* the .same as 
that found by tin; methods of Tvomcr and Fizeau, unless the wave 
velocity ])e identical with the group velocity, which postulates that the 
speed is independent of the wave length. The close agreement of the 
velocity r found by observation of the coeflicient of aberration, and 
that (if) given by Fizeau’s method leaves little room for the suj)positio»i 
that if is different from r in air, and points to the conclusion that the 
velocity is independent of the wave length, or that all colours traverse 
interstellar spaces with the same speed. 

310. The Velocity determined by the Revolving Mirror Method. 
— In this nu'thod of deterniinijig the velocity of light, the fii’st re flee 
tion of the beam takes place at the surface of a revolving mirror, and 
on account of the motion of this mirror, the angle of iiicidence varies, 
while tlie direction of the incident beam remains constant. It follows, 
thet'efore, that the successive waves are thrown off at different angles, 
and cmisequently the reflected ])eam is a curved stream of light, in 
which the successive wave fronts are inclined to each other at an angh; 
depeiiding uf)on the spee<l of the mirror. 

This reflected stream as it travels through spact? sweeps f>ast the 
fixefl miiTor, and a segment of it is reflected ther(‘. By f)roperly 
adjusting this minor the reflected segment is jetuinejl in such a 
direction that it falls upon the revolving mirror and entiirs i\w eye- 
piece of the ob.serving microscoja*. An image is thus depicUal in tin; 
field of \ii*w, and its illumination arises, not from a conlinuons stream 
r)f light, but from a succe.ssion of flashes, each flash ])eing produced l>y 
a ladlected segment, and corresponding to a revolution of tin; moving 
mirror.' The image being productal by a succession of flashes, it 
would appear at first sight that the velocity determined by this method 
ought to be the same as in Fizeau’s experiment, namely, the group 
\ elocity >f. But Lord Kayleigh - has remarked that as the successive 

‘ It is to In*, iiotii'od that tlu^ .stn-aiii leaving tin* iwolviii;^ mirror is itself iiiter- 
initteiit. 

- Kayh'ii^h, vol. xxv. p. 52, 17th Xovemher ISSl. 
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wiive fronts are iiicliiieil to eiicli other after relleetioii irom the moving 
niii ror, then if th(j velocity depends uiion the wave len<^th there will he 
a idtatioii of the w;iv(^ fronts in the air din ing tlie tiansit hetween the 
two mirrors, so that tlui velocity determined hy this nuithod mii^dit he 
some fumAion ^ of r and n. 

It h as heen [)oint(‘d out, however, hy Ihofessor d. W illard (Jihhs - 
that although tlni imlividual waves rotate, yet the wave noinial to the 
^rou]) rcmiains unchan^^ed ; <»r, in other woids, if ^ve Hx our attention 
on a |K)int moving with th<‘. ;;roup, and tluMidore. with vidoeity e, the 
suce(‘,ssiN(^ wases all jiass thi-oui^h that point with the sanu' orientation. 
I hi ('oiKilmhis, th<ir<‘foi‘e, that the velocity detcianined hy this method 
is the jL^rou]'. \'(‘locity 'C 

Triiatin^ Micludson’s (ixpm-iments on hisul[>hide of eai'hon on this 
su])position he finds for the im^an of the 1) and E lim's 

.ri:,, 

K 

where is the \aeuum velocity, d’he (‘xpeiimental result ohtaimal 
hy iMichelson was I'Th for light in which tlui’maximum hrilliancy was 
h(*tw(‘en I) and E, hut neariu- to 1) than to E. The agreement is thus 
tole?*ahly (‘xaid, and would hii made more so hy taking a value neai’er 
1> inst(*ad of tlui mean of I) and Iv 

h'lU-AriVK Motion of xMattfk and tiif Ethfii 

311. Effects of Relative Motion. —W hen the ohsei ver is not at 
rest, hut is moving through the nu'dium in which a system of waxes 
is being propagated, or when the sourei^ itsidf is moving through the 
nu'dium, or more generally, when tlu‘ soiuci‘, medium, and ohsei ver 
are moving relatively to each other, certain changes may occur in the 
ohservcal elVects. 'Thi'se we shall now hriidly notice. 

It is known, for example, that when the observer is moxing 
through the air towards a soiirre of sound, oi' wlum the source is 
moving towards the observer, the frtMpuuicy (or pitch) of the note 
appc’ars to tlu' oliservi'r to he increase<l, wlu'reas, when they are moving 
away from each otlu'r, the rcveise occurs. Thus one* idlcct of ndative 
motion is a changi' in iheohservt'd f?’e<piencv. This is tln^ widl-known 
I)op[)ler (‘fleet, and if light be a wav(‘ motion in a mt‘dium, something 
of the same sort should occur wlum the source and observer are moving 
relatively to (’ach other. This change of fr('(|uency has heen already 

’ 'rile value (lediieed l»y Lord Kayleigli was r'/H. and tlie value Iduiid I'V I’rofe^sor 
A. Seliusier wa^ , ^ vol. xxxi'v. o. taa, iSStD. 

.1. Willard tobl's, Xittmr, vol. xxxiv. p. .'>>‘2. ISSiJ, 
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and calculated in Art. and may he examined spectrn- 

scopically. 

A^aiit, if the modinm itself ])e in motion, tin* waves will drift in 
the direetio?i of motion, so that the vc'locity with which thev travel 
will he ^i^reater in tln^ dii'cction in which the nn'dimn is niovin^^ than 
in the oj)posite direction. A motion of tln^ medium will thus cause a, 
chani,n> in th(‘ velocit}’ of [)ropa.i^ation. Furthei*, when thei-(‘. is motion 
of the soiu'co, nu'dium, or obscrv('r, the intensity may lu^ ditliMcnt in 
dili'erent directions, ))ut this may he (*oni j)ensated in some cases hy a 
clian^i^e in tlie radiating power of the source in dillercmt directions 
imj)osed l)y the inotion of tlie source. 

Finally, wlien the ohseiwcn* is moving i-(‘lativt‘ly to the sonret^ a 
chang■^^ may occur in the dir<‘ction in wlii('h the. wavt‘s apjx'ar to travel. 
This change in direction is known. as aherration, and on it is founded 
the UK'thod hy which Ilradley was led to an (‘stimation of tlie xa^locit-v 
of light (Ai-t. IS). 

il(Mic(* if light he a wav«‘ motion, ami if its mode of piopagation in 
tin* (‘tli(‘r h(' at all siniilai' to that of wa.V(‘s in an ordinaiT material 
imMlium, tluMi ludative motion of the sourc(‘, medium, ami ohs(‘rv(‘r 
should ])roduc(‘ (‘tl'ccts similai* to tlios(* mentiomMl aho\(‘, naimdy, 
chang(*s in frc(|U(‘m*y, velocity, intensity, and dir(‘clion. W’e. should 
lu^ai' in mind, however, that in reasoning on (his snhj(‘(*t W(‘. approach 
it with ideas d(*riv(Ml fi-om tin* study of material imalia, a, ml that in 
drawing our conclusions we ar(‘ imuady arguing hy analogy fi*oni 
j)hcm)niena which occur in media which we can exaanimi and control, 
to those of a medium of which we are almost wholly ignoivint. In 
addition we have no knowh‘dgc as to the. real nature of tin* jxM'iodic. 
change which occurs in what we term “the, n ihial ion,” whether it he a, 
motion, a,s ordinarily <'oncci\(‘d, or a periodic chang(‘ of s«)me prop(M-ty 
or condition of the <‘tlu‘i’. W e <lo know', howc.\(‘r, that the vchKtity of 
pro^tagat ion of light is greater in free, sjiacc than wduui j)assing tdirough 
a r(\gion in which inattei' i.^ diiriised, and that the velocity in a, 
S[)ace occupical hymatttM' is dilVci'ent foi- waves of dillereiit lengths. 
.\s to Avhetlu'r tin; ether itself is r(;ally modifiiMl hy the pi-(*s(‘nc(‘ of 
the niattcu* (for examijh*. if th(;re is a real change of density as Fresmd 
snpj)Osed), or as to whcth<‘r the change; is only virtual, Ixu’ng mei'cly an 
atVectioii arising from the intimmee of the mattc'r on the velocity of 
pro[>agation of Avaves through the ether in a space; in which mattei- 
molecuh's are* ditVus(;d, is .still a subject of speculation, d'he j)i-e vailing 
conception seems to liave been that the, ether within a ])i<;(!e of mattei* 
really ditle.rs in some qujdity from the ethe.r in free sjiace. If th(;re 
is a n‘al change of density in the ordinary senst* of the term, th(;n 
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tho (loot rifle of ;m incoinpressilile ether would present ;i serious 
(lifhculty. 

It is sufiieicjiit, howciver, tf) i‘e.e;;ir(l the inodificiitioiis imposed by 
mjitter to be merely virtmd, so the ell’ect of the molecules of 

m;itter distributed through ;i n.‘,Lrion of the (‘ther is to infliUMice the 
pi’opn^ation of WMves thi’oiyLi;li th;it re.t^ion in a maimer similar to that 
which would b(‘, pi’odueed by a real ebanye in those pro])(;rties of the 
medium which (b^lermiiKi wave propa^^ation thi-ou<;h it. Thus if a 
systiuu of floats or- otlu;r bodies lx* suspended in a (-(‘rtaiii region of a 
tluid, the |n-o|)aL!;atiou of waves thi‘oUi^h this region will ditle.r from 
tliat. in the frei'- re^iotis, and this amounts to a \ irtual ehani^^e in the 
eJastieity or density of the fluid in that reiiion. Thus the fluid itself 
may lx; really unaltei-(‘d by the pres(;nec of foreign bodies distributed 
through it, but. it may lx; virtually altei‘ed as far as wave jirt^pagatiou 
is (;one(;rm‘d. 

The fact befon; us at j)res(;nt is that the rate of propagation of 
wa.ves in tin; (‘ther is modified by the preseiute of matter, and the 
(juest.ion whi<;h at ouia; arises is as to Avhether tin; V(;locitv of ])]*opaga- 
gation of (‘th(;r waves in a r(‘gion oe.i-upied by matter is iuHueiRaxl by 
(Ik; motion of tlie matter through sjiaee. This (|U(‘sti<m we shall now 
couside.r in eoujunetiou witli tin* jihcuoimmon of aberration. 
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312. Aberration.-- In order to illustrate the principles of aberra- 
tion let us take the case of an observer A moving in the direction All 
(hh‘g. 22(1) with a velocity x, while a particle i' moves with a velocity 
r in the dir(‘i;tion IM), and let the lengths AM and PIJ represent the 
magnitudes of // and r respectively, then it is clear that A and M will 
reach M at the same instant and will collide there. In other words, 
the direction in which M must be lired in ordei- to strike A is not 
along the line MA but along a line MH, making a certain angle with 
MA. 'riiis is illustrated by the well-known fact that in order to hit a 
bird flying across the line of tire the gun must be aimed, not directly 
at the bird, but at a })oint somewhat in advance of it. On the other 
hand, regarding the subject from the point of view of tlu' observer A, 
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it is L-leai' that as^P moves alon^- PH, aii<l A moves alom;- AP, iIk' line 
joiiiino: V and A will he always |)aralle] lo its initial direciioii AP. 
Ilenei' what A oh't‘r\es is that P approaches him in a diii'etion p.iialh'l 
to AP and tinally stiikes him. 'Fhe dijeetion in which P aj)p(‘ars to 
approach is consequently ])aralloI to AP, while (he direction in 

which it would appeal’ to move if A were at rest Avouhl he PP. 'riiiis 
th(‘ motion of the observer alters the apparent din^elion of motion of 
the particle* P, and the angle APP> between tin* appaie'iit and r(*;d 
elircctions ot motion is l(*rmed tin* aberration. 

in ordei* to obtain a clear<‘r vi(‘W of tin* mattei- let us supposi* that 
a straight tube is laid fi'oni A to P, and h‘t this tub(‘ lu* carried by A, 
so that the dir(‘etioii of its axis remains li\(‘d that is, so that it moves 
with a V(‘locity of translation // in the direction AP (Pig. '2‘27). 'riu'ii 
it is ch*ar tliat when A occujiies the jiositions A', A", etc., P will 
occiijiy ])ositions P', P', (‘te., such that the lin(*s A'P', A'P", are*, 
])arallel to AP — that is, if the* obs<‘rve‘i* le)e)ks ale>tig the* tube* he* will 
always see* P em its axis ; or, in e)the*r wemls, P will ap])e*ar te) meive 
teewarels him aleeng the* axis e)f the*, tube*. 'Phis, then, is the* ajiparent 
eiiie*ctie)n eef notion eef the particle. 

An expre'ssion for the alua-ratieni t ai'isiiig fre)m the* nie>tie)n e)f the* 
e)bse*rve*r may low lee* wi itte*ii ele)wn at enieM*. Peer if the* angle*. PAP be* 
ele‘ne)teel by n e* ha\ e* 

// All "Uit 

r ri> Mlt 0 ’ 

there-feirc 
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The? ejuantity n /' is terme*el the* aleen ratie)!! e-onstant, anel it, is cleverly (he* 
sine! eef the maximum angle* eef a))e*rration, eer the tange*nt of the! abe*rra- 
tieeii, whe*n the eiirectie>ns e>f meetieeii are at right angles tee each eitlor. 

Inste*ael of regareling P as a me)ving jeartie-h*, we might re*garel it as 
a e‘e*rtain definite* ov ‘‘labelled” elemient of a wave; front a.dvane!ing in 
the* elirection PP ; anel further, if we think ed the! tube* APas a, te*Ie*se e)pe*. 
then Ave see that the eliiee-tion in whie:h a tejleseeqee! must be! pointe’el in 
eerdcr te) ree*eive! light aelvane-ing in the* elirection IMl, w’ill be! PP Avhen 
the! obse!rver is at re!st, but will lee AP when the e)bse!rve‘r is mo\ing. 
lienee Avhen the* motion of the* earth are)uiiel the! sun is takeiii into 
account, it should follow that the e]ire!e-tion in which a star is se*e*n shejiihl 
be elitierent at e]ifrere*nt time-s of the ye.*ar. In otlie*r woreis, the! motion 
e)f the* earth sheiulel cause the stars te) a])])ear to elescribe small orbits 
around their true positieuis, tliese oi-bits being small e*llipses e)n the 
e'fh'stial sphere-— stars on the* e!e'liptie* eicseribing right lines, anel st;irs at 
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tli(3 polo of tlio ecliptic (lescril>in^ small cii'clcs. This i.s the jilienonienon 
oiisoi'ved ])y Dradloy, ami the explanation put forwai’d is that it arises 
from th(3 orl)ital motion of tli(3 earth compounded with the velocity of 
lifrht. 

The gen(3i‘al explanation of the aberration of the stars in this 
mann(3r is so sirnph*, and tlui vahm of the velocity of li^dit deduced 
from it is so closer to that obtaimal by di]‘(;ct (‘\[)erini(;nt (and from 
observations on tlui e('lips(‘s of Jupiter’s satellites), that the truth of 
th(! ex}>lanation can scarcely Ik*, doubteil. (Jn the emis.sion th(‘oi*\% 
ind(3(*d, this ex[)lanation would appear to be particularly acceptable, 
but, when th<3 subject is examined a little more, closely, the explanation 
is not so simph*. as it app(*ars at first si^^ht. 'This arises from the pos- 
sible, drift which may occur when a wav(‘, (or a. lii^ht coi’pusele) is beiiiL:; 
p!‘o))a<j 5 at(Ml tln‘ou<;h movini^ mattia-. 

313. The Drift produced by Moving Matter.- In Fig. 227 we 
hav<*, consideiH'd AF as tin* axis (»f a fulu*, and this tula* has Ikk'h su|)- 
posed (‘mj)t.y, so that the, Aa'loeity of F r(*mains tin*, sanu? whethei* wi* 
sujipose it. nio\ing within tln^ tubi* or oiitsidi^ it. If, how'(^\(‘r, tlu* 
tube be filled with a medium in which F mo\'(‘s with a V(‘locity and 
if we suppos(' the imJion of F to be unallecti'd ]>y the motion of tln‘ 
nu'dium tilling tln^ tula*, th(*n eh‘arly tlu* inclination of tlu* tula* must 
la* a,lter(‘d to suit tlu* new \(;loeity r'. In othei’ w'ords, tlu* abeiiation 
will dejM'iul on tlu* nature of tlu* substama* tilling the tula*. 

in drawing this conclusion, how'e\(*r, w(* ha\(‘ left out of account 
an im[)ortant consideration, namely, that on account of tlu* motion of 
the substanci* tilling tlu* tube, may be dragg(*d in tlu* direction in 
wliich tlu* tula* is nio\ing, and that by reason of this drag (or drift) a 
eom[)en.sation may occur, so that the inclination of tlu* tula* (oi- the 
obst'rved aberiut ion) may n'lnain unalt(*red. Furtlu*r, it mu>t alsiv 
be taken into account that t he direct ion of motion of F may change, oi 
r(‘fraction may occur at tlu* siirfaet* of tlu* im*dium within the tube, so 
that we cannot say n /u’inri whetlier the aberration of a star should or 
should not bi* the sanu* when the tube is tilled with a givi'ii substanct* 
as wlu*n it is t*mpty. 

As a matter of fact the experiment has b(*en tiii'd by Airy and 
ll(a‘k, and tlu* ivsult is that tlu* aberration of the li\(‘d star.', i.^ 
obs(*rv(‘d to be tlu* same wlu'thcr the teh'seopt* hi* tilh‘d with wat(*r m* 
air. 'The problem, therefore, before us at pres(*nt is to account foi* 
tiiis fact on tlu* sup[a»siti(m that the light waves drift with tlu* matt(*r 
through whi(‘h tht*y art* nu>ving, and to iletei'miiu* tlu* law' of drift s(» 
that compensatiim may occur, and the aberration remain indepcmh'ut 
of tlu* medium tilling the telescope. 
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L(‘t AP bo tl^o (lirootiou of tlio axis of tlie loli'soopo and P P llu* 
direction of the incident lijjjlit in spac(‘. Then if the tel(‘sc»>])e wore 
niei’oly an empty tul)0 the elennmt of wave front at I’ would move to 
IV in the original diivction P'I\ But when tin' t(‘l(‘seope is tilled with 
a refracting medium the axis AP is normal to the lefracting surfact\ 
and therefore the angle of inciihmce is APIV, so that the direction of 
the refracted ray would lu‘ a line P(^>, making an angle r with AP 
when the telescope is sn])posed stationary. 

Now l(‘t PdV represent the velocity of light in a vacuum, and 
let A'lV i-epresent // the vidocity of tin* obsei vei- ; then tln‘ direction 
in which the tube must be 
])ointed when empty is Ad''. 

Hence if the dirc'ction of tln^ 
teles(‘op(‘ is to ivmain un- 
chang(Ml when tilled with a 
refracting substance', we must 
ha\(* AP ])a,rallel to A'P' in 
l*dg. ‘J'JS. ( 'ons(Mjuenlly, if 
this tigure' b(^ (MHistructed so 
that P(») r(‘})r<‘S(‘nts (on tin* 
satiK' seeh') tlu^ velocity of 
light in lh(‘ re'fracting substance* at re‘st, tlu'n, if there! is nee di’ift, I' 
will pi-e)ee‘(‘d thi’ongh the tube* as if the* me*elieun eee-enpying it we're! aV 
re*st, and will e‘e)nse!eju(*ntly ne)1 re'aeth until A has re'ache'el a point P> 
ele'termined by the' eejiiality A P> - - -- A'lV. But if tile* wa\e*s elritt, 1' 
will be* elragge'd with the* me*eliiim se> as neet. te) ti'ave*! along Pt^h but 
along some* j)ath PB in aei\ ane-e* e)f I’(y Wdie'ii IM> is sue'li tliatAB -:ee, 
tlie*n the* elrit’t is such that e:omple*te! e-ompensat iem li.is ta,ke*ii j)lae-e'. d'ee 
e xpre'ss this we* may e*all (^)B the ve'leee-ity eet elritt - that is, the' rale* at 
which I' is elragge'el in the* e{ile*e*t ion e)f nie)tiem. l)e*ne»ting it l»\’ H we! 
have* 

n //'. 

anel ceaisce jue'iitly 

n n' Ae,> ^lu r I 

r 

P)Ut eh'lioting A I’ IV— APB by / we* ]ia\e 

V 

'•m / n 

whe*re! \ is the vafinim ve*hje'itv. Peembiriing thej^e* e*e[uatioiis we* ha\e‘ 
at eence 

II /’ n u 
■-Ml 1 \’ /i.\ 



n - n 
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that is, 

, u, r H 

/X \ At- 

or fiurilly, 



I'lio law of drift (M>iis(Hjucritlv^ is that the otlier wav(‘s must be 
earried by the moving matter with a velocity n' in the direction of 
motion, and this velocity is less than the full velocity of the matter in 
the rjitio (jr - I ) 

'I'his is tin; law deduced by Fresnel on the supposition that the 
“<;thei* density ’’ is diffei*ent in dilVerent substances, and that the 
velocity of ])roj)a^atiori of light in any sul)stance varies inversely as 
the scpiare root of tin; ether density (Art. 207). Thus if the ether 
d(;nsity in free; space lie denoted by />, while that in a given piece of 
inatt(;r is />', tlnai as this piece of matter moves through space it may be 
jcgarded as carrying its contained ether with it as if fixed to it, wliile 
tin; (;xternal ether is dashed away in front and streams round behind, 
after the manner of a fluid in which a solid body is moving. Or, on 
tin; other hand, we may regard the piece of matter as moving through 
tJn; ether like a network through a licpiid, so that to a person moving 
with f in; matter tin; eth(;r would appear to flow in at tin; front of tin; 
body and out at the i*(‘ai’, the total (piantity of (;ther within the body 
remaining constant. From this point of view the ether outside the 
body may be regarded as fixed, while each unit of volume of the Ixidy 
cai'ries with it ;is permanently attached to it a <jUantity p - p with the 
full velocity it of the body. This is eipiivalent to saying that, the Avhole 
eiher within the body is not carried forward with the velocity of the 
body, but with a velocity tt' less than //, and determined by the 
eipiation.^ 


The equation for n' is therefore 

;)■ (' 


Henc(* if the ether inside the matter is moving with this velocity (//') 
r(‘latively to that outside, and if the light waves in traversing this 
moving ether are carried with it with the full velocity u\ then the drift 
will be such as Avould render the angle of aberration independent of 
the substance with which the telescope is filled. 

^ 'Phis iMpiatioii iiijiy also bo obtaiiiod by ooiisidoring tlio flux j>or unit area in 
the front of the body as pu, wldle that within the body is A'p'y therefore x-- vpip'. 
lienee the veloeity of the ether within the bo<ly relatively to that outsi<le is 

//.' u ./• p'p u. 
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AVhether the drift of the waves is tine to a motion of the ether 
caused hy the moving matter — that is, 1>y the ('thor heini; dragged 
with the matter — or whether, on the otlier hand, the ether is to be 
regarded as remaining stationary everywhere, while the matter moves 
through it, so that tlie wave drift is caused in sonn^ way by the action 
of the moving matter on tlie waves as they are passing tinough it, is a 
speculation on which it is well to keep an o])en miiul. W ith regard 
to this we shall now consider some of the experiments l»y which it has 
been shown that light waves di'ift when passing through moving mattei*. 
It is to be remarked, however, that these ex[)ei inn‘nts have always been 
put forward as proving that the ether itself is cai ried Avith the moving 
matter, and that the Avave drift is the i-esult of the motion of the 
ether. 

314. Fizeau’s Experiment. — The law of drift contained in Fres- 
nel’s formula has been directly Amrified b\^ M. Fizeau ' in a celebrated 
experiment in Avhich the moving sid)stance Avas water. A pencil of 
light from a narroAv slit S (Fig. 220) falls upon a plate of parallel glass 



(t, from Avhich it is reflected and j)asse,s tinough a lens L, fi*om Avhich 
it emerg(‘S in a parallel beam and passes through two a[)erturcs A aiul 
B. The vessel (M) is divided into two chambeis by a partition F, and 
a current of water can be foiced through it ent(;ring one chamber and 
leaving the other as indicated by tlui anoAvs. d’he ends of the vessel 
are closed Avith plates of parallel glass, and the light from the a|>ertures 
A and B, after passing through the A'cssel, is received by a lens 1/ and 
focussed on a mirror IVI. After refiectio?i from M it again travei-ses 
the vessel CD, passes through the apertures, and comes to a focus at 
S'. It is to be noticed that the light Avhen it enters the vessel thr*ough 
A leaA^es it through B and drr rrrsn^ so that the tAvo pencils Avhich are 
focussed at S' have each traversed similar paths, one from A to M and 
back from M to B, Avhile the other ]).isses from B to M and returns 
from M to A. If the paths traversial by these beams differ slightly, 
interference Avill take jdacc and the image S' Avill he. crossed by a 
system of fringes. Noav if a current of AA'ater be forced through CT), 
the pencil Avhich enters at B and returns through A Avill traAel with 

* Fizoau, Aan. de Chintic ct (h J^htiniqur^ .s<Ti«-s, tom. Ivii. p. 38r>, 1859. 





IIKLATIVK MOTION OK MATTKli AND KTHKi; 


CHAP. XIX 


r>2 \ 

tli(! ciiircnt ;ui(l the other pcnn'l will travel a_L:ainst the ciinviit, so that 
if th(! motion of the water has any etl'eet on tlie i‘ate of propagation ot 
th(i li.i^lit, the time of pas^ay4j of one j)em‘il will ditler from that of tli(‘ 
otlnn’, with the result that an extra }»hase dillerenco \\ill exist at S\ 
ami th(! inteifeiema; frini;cs will he (]i>j)laee(l hy a eorrespoinliiii;' 
amount . 

Ia‘t \' he the Neloeity of liylit in \aeno, r the velocity in water, 
ami n the v(tlocity ot“ th(‘ wat(;r, ami l(‘t the \<‘l(.)(*ity with whi<‘h 
th(^ waxes are eaiimal hy tin* wat(n* he n.i\ them tin^ velocity of tlie 
I'ay which travels with tlH‘ current will h(^ /• ■ ///■ and the v(?loeity 
ayainst tin; (Mirrefit will he /• ///, so that the dillercnn'e of tln^ times 
r(Mjnii(*(l hy tin; two |i(*ncils will he 

/ / 

/• // /• /• // r 

whcr(‘ / i^ the leiiyth of tin* \\at(‘r path, that is L’(d). 'This (let(‘rmim‘> 
tJi(‘ phase (lill‘ei'(‘m‘e int rodmaal hy tin* motion of 1 In' w at er, and the 
correspond my di^placeiiKMit of the fiinyes at S w Ijen imaisniaal L:i\a‘> 
( h(‘ value of 

M. I‘h/(‘aii (ditained a sensihhMlisplacamnmt of the frinyes when tin* 
velocity of the water was '2 metia's j)er s(‘cond. With a velocity ot 
7 metres the ellect was nicasiirahh*, and tin* I’esnlt supported the 
hirmiila pioposed hy hVesiiel, \ i/. that i‘ther wa\(‘s lia\ (*lliny in tli(‘ 
iiil eii( M’ (tf t iaiispar('nt media an* earried forward, hut with a\(‘locity 
le.ssihan the \(‘lncit\ ot the nn'diuni in the ratio (y’ 1) y where ft 

is 1 he icl ra(‘t i\ e index. 

'I'liis i*(‘sult has l>een turthci' conlirmed l>y the more ii'c^'iit woik of 
.Messi'". Mieln'l-'on and .Moih‘\.* 

315 . Experiments of Michelson and Morley. d’he >uhject of tin* 

li'iihn niuiiiui of tin* eai’tl] and the Inminifeious ether has also heim 
eNamiiied (‘xperimentally hy .M(''^>is. .M icheh'^oii and Moiley.’ Tln ii 
eoiiclu^ioii i> that if lln-r<' he any relati\(‘ motion hetween the earth 
and the adjaci'iit ether it miiNt he >-mall. Thus tiu* (‘tlnn* in the 
iieiyhhMiirhood »if (he «‘arth would aj)peai- m»t to he at re>t in >pace, 
hut to he cari ied aloiiy h\ tin* (*arth. 'The iheoiw df tln*ir expel inicnl 
is as folio w>. 

laM a p(*iicil df liyht SA ( I*’iy. L?;i(D, falliuy upon a j)i(*(a' of plane yla^*' 
A, he })artly rt'llcctial ahmy \\\ and partly transnutl(‘d alony A(\ If 
the rellected and 1 1 aii'-mit l»*d j)oitions fall j>erp(Midiculai'ly upon mirrois 
II and (' t hey will he r»*tm’ned alony liAandt’A. Hein e, if AD - AC, 

' Mrlli-lxMi .1"." r.-ni ,,r .S,-,, \\\l. [ .. 

1 SMi. 

Mirli(-Kon ;ni(l Mnrlc\. .t/./-/. ^n]. \\i\. p lie. 
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th(‘ iraiismittrd j)a^r t»f DA and tlie ndioctod ])art of ( \ will iiii t'rfr‘r<‘ 
aloiiu AD. la't sn])]>o.sc now that llie otlnn* is at rt'st.and that 
tilt* i*arth nio\H‘> in the dina-tion A( \ so that tlu‘ inii ror A is cariital 
to A', while tin* rotloeltMl li^lit ti’avols to the niii'i’or D and hark a^ain. 
In this case tin* lay SA will h(‘ ielh‘et(*d aloiiLC \\V wlu*r<‘ tin* nnyli* 
D.\ D i> c<inal to tin* ahia ration m. 

'Tin* ri*th*eti‘d ray returns aloni;' D'.\ , 
and tin* ani^h* .\ D A is t*<[nal t(» iho 
d'ln* t ran.>initlt‘il ray A(' rt‘tnrns alon^ 

(\\', and i> relleeted at A’ ahnn: Ad> . 
niakiuL^ ( k\'D = !ii) and tlirreton* 

still roineidiny; in dii'eetion witli tin* 
traiisniit trd jiortion of DA. 'Tin* vv 
tnrninu' i-ays D'.\' and DA' do not. 
how(*\'(*r, now nn‘et at (‘\a<‘tly the 
same ])oint A', hnl tliis dilVer(‘ne(‘ is of 
the sei'ond order and ne^liu'ihle.' 

Ia‘t r h(* the \’(*]ocity of liti;hl, // tin* \(*loeiiy of tin; (*aith, I) the 
<listaiice AD or AD, 'V the time occupied hy tin* lay in passing from A 
to D, and 'V the tinn; in returnini;- from D to A'. 1’ln n, sitna* D is 
imo\ iiiy: with \eloeity wi* have* /•'!' -- D • //'h, so that 

T '* . r '* , 

/* n / // 

and the whole time is ther{‘for(* 

T • T' ^ , 

d'he di-taiiee lravei-'t*d in thi:^ time i.^ tlierefoie 

■il' . lilM I " , 

I 1/ I 

nenh'ctiiii; term> of the t'onrlh ainl hiylier oi’d(*!>. I he Iciejlh o| tin* 
other path A Dh\ is oh\ionsly 

•Jl>( 1 '■. ) el»(l .ippi.o. 

-ince A A AD — - 'Je r, 

d'he ditlei'cin e ot tin* palli> A( 'A and .\ 1 > A <*i>nsei[U'*iitly 
1)//“ /■-. If tin* whole; a]»pai‘alu> he* now rotated through !'h tin; 
<litrerenee <»f path will h<* in tin* (»pposite diiaa-tion, and a ( li-plaeenn-nl 
<d' the interference fiini:e> eone-j)ondiny; to the letardatioii 

n ‘J I >//'■' < ~ 

‘ IFnr a in. nr d.-lail.-.l .i.-.-niuit ..1 tin* flr..i>. '<*■- I.i!ii:.n am/ 

jiji. n'l-.'id. (_'.iinln r.*t>0. i 
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slioiiM occur, 'rakini; n to l»e nioicly tlie v(‘locity.of the (‘artli iii its 
or1)it, wc lia,V(‘ ir r'-.- and ni(*a'^uiini4 !> in \vaV(* leiiirtlis of yellow 

liyht Miclielsoii ari'l Morley tdurid it was c(jnal to '1 10" (about 11 

nict ies) in I heir secrnid expriiun'iit . lienee, if the etlu']' )h; at rest — 

that is, if the |■clati\•c motion of the, earth witli !es}i(‘ct to it he n — we 

shoiihl ha\(‘ a di '| ilaceincnt of the friimc': efjiial to 

1 In- 1 0 ' <)• I (.1 ,1 ii 1 u i(!t h . 

The actual disj)laccm<‘iit (*h>cr\c<l wa> ccilainly less than the twentieth 

j)art of this amount and |)i“<»hahly than the fortieth ])art. 

Since th(i di>|)la('(‘nient h is ja‘o|>.)rtional to the s(juar(‘ of tlu' 
i'cla1i\(‘ \elocity the authors ot tin; experiment eonehid(‘ that tin* 
relative velocity of the, (‘aith and the (‘ther i" pi'ohahly less than one 
sixth, and e(‘rtaiiily le>s than one foui-th of the eartlTs oi])ital vidocity. 
ddiey e.onsepueiit ly r(\ti;ard it a.s tol(M‘ahly e(‘.rtain that if thert* is any 
r(jlati\e motion hetweeti the (‘arth and the (dher, it must Ix' small,- -so 
small, in fact, that th(‘ ordinary the<)ry of aherration heeoines untcuahh*. 

In eondiietiny the experiment the eliief ditlieult i(‘S eneount(‘red 
were the, distortion of tin* apparatus produee(I by rotating- it, and 
its extr(‘me sensitivimess to viliration. rin‘ latt(‘r was so yreat 
that th(‘ int erft*renee triu^es could not lx* ohs(‘r\(*d wh(*n working 
in the eit \, e\eej)t at hri»*t inteiwals, (‘V(‘n at two o clock in the 

morniny. 'rh(*s(*, ditlieultii's wa'in* surmounttMl by placiny the ap])aratus 
(Ui a massivi* stom* float iny on mercury, placi'd in ;t cast-iron trouyh 
whicii \Nas c(‘m(‘nt(‘d into a low brick pi(‘r. ddu* stotie rt*sted 

on an annular W(»oden float, smdi (hat iheri* was a elearama* of 

about 1 ('(’Utimelre between it and the sich's of the iron troiiyh. 
A j)in kept (Ik* float concent rie will) tin* ti’oiieli, and duriny the 

obM*i'\ at ions tin* a])paralus w'as kept in slow uniform motion, inakiny 
one r(*\olution in about six minut(*s. d'his motion wair^ slow' euouyh 
to ju'rmil r(*adily of the nect's.^ary olrservation^, and the sti'ains caused 
by brinyiny the system t(» rest at (‘acli obs(*rvation wert* thus a\<»ided. 

rill* neyati\e result obtained in the !<»reyoiny experiment, alt houyh 
briny in accordance witli the supposition thiil thv* ether in the neiyli 
bourhood of the eartli is at rest relatively to the earth, or that the 
ether outside a mo\iny boily is drayyed alony viscously or otherwisi* 
by that body, may, ne\ ertludess, be explained in soim* otliei' manner. 
For example, it has been suyyested by I’rofessor Fit/derald that the 
fori'i* of attraction betw'eeti two molecules mo\iny tlirouyh the ether in 
a yiven direction may depend on the auyle which the line joininy the 
mole(‘ules makes wdth the direction of motion.’ If this be so, the forci* 
‘ Tin's iilca has Iiccii abo pill t«ir\\anl Iw I’kiI'csmh fl. A. bdrimt/. and dt \ doped 
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will ii(>t 1)(* tlu’ >;niu‘ wlirn tlu‘ nu>KTuK‘s ai r nioN iii^ in ilu* (lin'd ioiM)t 
ihr liiK' joininij: them, as when tln\v ar*' niovini^ in tlu' ni'i’pendicnlnr 
(lir('dinii. r>y this means it is ])ns>ihh' that ;\ body whieli i> sjtln'iical 
wilt'll at I't'st may Ix'come slii^htly elli|)s()idal wlien moviny; or. in other 
uorcU, that thr lenyth ((f a i^ixc'n rod may depend upon the' anylt' 
whieh lli(‘ direct ion of its h'liyth maki'swiih tin' din'dioiiof it> motion 
thronyh space. 'This ehaiiye in the linear dimensions of Mieli('l>on and 
Morh'v's ajiparatns Avlnni i-otated through a riylil ani;‘l(‘ may he sin li 
as to (‘ompensat(‘ tin' displaecmeiit (d the fi*ini;i‘s (‘xjn'ett'd from tin* 
motion of tin' eartli thronyh the (*th(‘r. 

316. Lodg*e’s Experiment. 'I’he inlhn‘ne(‘ of movim^ mattc'i- on 
tin* \(*loeity of lii^ht in its in'iuhlKnirhood lias Ix't'ii (*\amiin'd hy Pro 
f('ssor (). d. liod^e' in a i('eent seri(‘s of (‘x perinn'iits. d’lie ajijiaratiis 
e(nisist('d of a jiair of eii’eiilar stei'l plati's f(‘(‘t in diann'ti'r. 
d’ln‘S(‘ ])lat(;s wen* mounted witli tlu'ir plain's parall('l and I inch 
a[)art on a vertic.'al axis, and W(‘i-e tln'ii s(*l spinniiii;’ at as hij^li a 
sju'ed as they would safi'ly 
stand without Myiiii;’ to 
pieces. If tin' c'tln'r in 
the sjiaei' h('tw('.(‘n tin' 
spinning: discs is dra< 4 y.('d 
around with I hem, then a 
pencil (»f lii;ht. t ravel lini; 
around hi*LW('('n the discs 
ill the direction of motion 
would he ex|)eet('d to 
trav('rse the spiici' with a 
j^reater \eloeity than a 
h(*a.ni tia\ellini; in tin' 
opposite' dii’i'ct ion. d’o 
t est this a ])ara llel Ix'ani ot 
liuht Avas di\ ided into two 
])arts hy a semi transp'areiit mii'ror (a piece of ylas^ .-iUere'd so thinly 
that it transmits one half of liiiht and relie'cls the otln'r half;, and tin* 
two halves of this split heani w(*re relleded hy h\('d mirrors in such a 
wa\' that tln;y passi'd in opposite directions round and round the space 
h(.*tw(*en the spinniite; discs, as shown in Fie. ihd 1 . d in* jilain^ of this 

111 ;i ^ .llll.llili' Ill'aiKiil' r'iili'h 'I'}n n, <l> !' • !> t'l rt ^,-ln H Uinl >7/0'.sv//» // l‘J, c^rln / H ■ 

iiii'i'ii III III ii'i'ijf I n /\ij/jii/’/ij h*ulfii, K. .1. mill, 

’ O. .1. huil,L;<', ■* Aherr.iti'»ii hiolil< in's, ' /'A//. Tn'n^. v<>l. cIk'vMv. j>. I'l’t. lsl»a. 
In tlii-^ jiMjtrr .v<'vc]',il jiroMrin^ fi'iniK ett'd wiili .iImti.iI ion .ind lln- iil.iii\c iiioiion 
(»!' matter and ctljcj- ao- di-rn--cd in detail. 
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is li(»rizuiit;il, and sIkiws the, sp.u'C l»(‘t \v(*(iu the discs .uniind 
wdiicli tlx* liriirns were rellediMl several times l>y foiii’ iixed niin’ors 
furminy a sijuai’e. d'ln* lH‘ams eould tlnis la* eausial to ti'av(MS(‘ a 
<listanee of .‘iO or 10 f(‘et hetwecai tli<‘ dise^, and tlnai he- allowed to 
ont(‘r a teh‘se<)|)e, wlieia; thi^y iiiteifered and produced frin.i^cs. 

At first a, displa<‘einent of tlni fringes was ohtaineil, hut this provial 
to 1)(^ spui'ions, hein;^ <-au.-ed hy the distiii*hinu ellecL of th(j air hla8t 
thrown oil hy tin* spinnin^y discs. Wduni due pr»‘ea iitions wm’e taken 
to aa'oid this spurious disphn'ennuit if was comdiahal that tlnu’e was 
no indication nf a shift due to a \ is<‘ous or other drai; of the (‘th(*r. 
Ilenci*. th(‘ vi'locity of h\yht in tin* sjiace just ontsid(‘ mo\in_i; inattiu- 
w'ould aj)peai* to lx* uninlluenc(*d ]»y tln^ motion of tin; matter — at h'ast 
in the case of a small mass such as that used in tlu'sc e\p(*i‘inients. 
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317. Introduction of the Geometrical Theory. h’ainhows ;u(‘ 
s(*c]i wIrmi tln‘ >UR slniK's h|k»m falling rain or on tin' s|)i‘a\ of a ('ascadc* 
or foiinlain. Sonu'tinn's only on(‘ how is oIjscmr rd, hut oft(‘ii two aii* 
srnn, wdiicli ar(‘arc>of (‘om*rntri<‘ cirrlrs, and liav(‘ t In'ir roinnion ( (‘nlrn 
on tin* liiR* joiiiiiii;' tlu‘ sun to tin* twa* of tin* ol>s(*iwt‘r. d'lu’sc Kow’s 
am >»‘(*n onl\ w lien tin* (»))S(*rv<*r's hack i.^ turned towards tin* sun, and 
they havn thcmforc fr<mi tin* (‘arli<*sl linn*s h(‘«‘n attiihul(*d to tin*- 
refraction and rc'tleetion of tin* sun's liiL;iit hy tin* falling tirops of 
walei’d 'riie inin'r how, whieli is called tin* />j’/ jj/ii jf/ is about I 1 
in ani;idar radius. It is \t*ry hrilliant atid pr<‘scnts all tin* colours ol‘ 
tin* solar spcctruin, tin* r(*d hnini; situated at its outer and tin* vioh't 
at its inner cd.nn. d'ln* I'adius of tin* (aitei* how is about o-J , und it. is 
tei'incd tin* sov/z/^/r/v/ It is niiieh fainter than tin* prirnai-y how, 

and ])i<*sents the same suee(*ssion of colours, hut in tln^ reveise, oi(li‘r 
ht*iny r(‘d at the iinn*r and violet at tin* out(*r <‘dL:;i*. The space 
hetwi*i*n the tw'o l)ow’s is notably dark<*r than the r(*st of tin* sky, 
wdiieh is pervaded by a iji;eiuM’aI faint illuminat itzn inside* the primary 
and outside tin* s(‘(*ornlaiy liow. 

' *■ Tills was uii(ler''t(nt(l liy snint* nt tlie aiil i«‘Jits, aini nt’ late ijkh'c 1'ii 11\ «iiM iis''e«| 
ami •• \]>lailie(l liy llic taiiimm Jiitniiins dr /hntn'm's. A i eh l>islM»|i (if Sinihttn^ in his 
honk I f'/Stt'irf /^i/ris, jdi lili>li«‘(l hy his liiiinl lia 1 1 nlus, at \ l■lli(•(• in (In- vai 

1 <11 1 . ami w ri tt<ii ahovc t w yrar-^ In- lore. Kor Im irailn then- how the ml mifji 

how is mail e in rouml drops of vain ])y two i clVac.t i<»iis of the sii ii’s li.^h I , ami one i( - 
tlcxion h«*t Wren them, a ;i(l t In- ex t mor Iw two refract ions and two soi I s of jelle \ i<»n'> 
hetweeii them in ea»di drop of water, ami ]tro\es his e \ j il iea,t ions iiy e\ peri nieiil s 
made with a ph ial full of w .i t er ami with i^l(»hes of ^las'. li I led with w a t er. and p]aee(i 
in the sun t(i make the eoloufs <>f tin- two hows appear in them. Tlie same exjdiea- 
tion y>o9-<"e/7os' hath pui'-ued in his and menth-d that of the exterior liow. 

lJut wllile thev Umh'l>tood Hot tlie tfUe oril^ill of eololOs, il Is neee-<sar\ |o pnisUe, 
it hele a little falther" Mewtoll, hook i. pai'l ii. Jil'op. i\. . 

tJm- of the ■“antient-' referre<l to in the ;dio\e extiaei was d'lieodoi ieji. who, 
about aijt iei patefl the woik of A. de noinini--. lim writiny^v \\(ie fnsi 

puhlisind in isll hy \'»-ntuii e d'ait'- A/'////, p. . 
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A. (1<; the ^^eoinctricai tlieorv' of tin* hows was taken 

r 

iij) and (le\ elojx'd hy heseartes, lait it was not until Xewtf)n had di^- 
(•ov(n(‘d the dillhivncn in lefran.Liihility r>t tlui s(i\a‘ial colours, and their 
eons(!(jii(;nt s(‘|>ar.d ion ])y radract ion, tliat tlie varied ta)lonr of the hmv 
<‘oidd lx; e\|)lain(;d. 'Fhe (*xj)hination of the eolours as it left thf 
liands of Newlo?i, ;ind the iL^f;oiii(3t ri(;al tlieory f>f th(‘ plnnioniena, allord 
only u lirst :i j)[)i()xiniation to tin; solution of the prohlein. I’he 
|)riniai‘\- and seeondarv hows, or, as we in:iy call thcni, tlie ])rincipal 
hows, ai-e ;«ee()ni)):inie(l hy othei- eoloiu'ed l)ands, oi‘ sj)nrioiis how.'^, 
close to tin; inner (xl^e of llie primary and tin* outer ediie of tlie 
secondary. Tlii‘se exti':i ]);mds ai'e <‘alle(l >ii jH'rim un rii nj ov ri/nijihiiii nfni'fi 
and their (‘\ planat mn is all‘oi(le(l only hy tlu* more rii;oi-ous 
aj)plieation fd' tin; wa\(; theoiy. 

d’he eomphde theory of tlie rain))OW is theit;foie not t(> ht‘ obtained 
from th(‘ sinijih' consid(;rat ion of ra\s, l)ut must ])e treatcxl as a ])]ieno 
menon to he expla,in(;d l>y thoytmeral j>rinciples of interferc'nce. ddii^ 
was first point (‘d out hy Voum^, and the (jiiestion was aftei’wards 
considei'ed hy hotter,' th(‘ soluti(m heiny eom])hd(Ml hy Airy.' It will 
h(* eoin’enient., liow(3ver, to considei' tlu' ))rim;iples of tiie ^yeometrii'al 
th(‘oiy ])efore |)roe(;(‘diny to th(‘ moie eomphde solution. 


318. Deviation of a Ray emerging* from a Refracting Sphere 
after any Number of Internal Reflections, ddn* ytjometi ieal tlniory 

of lh(‘ rainbow requires a 
kn()wledy(‘ of the manner 
in whieli a ])eneil of pai‘ 
ailed liyht is refraidod 
tln’onyh a traiispai-eiit 
s])here, and of the form of 
th(3 eimnyent beam. Let 
SA (I'dy. lu‘ a ray 

of light falling on a 
!( dracting sj»h(n*e AJU'. 
Let ? he the angle of ineideiiee at .\, and / the angh' of rid'raction. then 
tin' deviation ])rodueed at A is / Again, since OA Oil — ()(J, it 

follows that OLA OLO OOL /*, conso(juently the <leviation ])ro- 
duei'd ])y rt'llection at L is - l'/-, and the de\iation ])roduced by 
ix'fract ion at 0 is as before / /'. d'he eomj)lete deviation oi the ra\' 

OK emerging after a single internal relleetion is therefore 



1) -J . /•' : TT *j/-. 


I’otni. t'oiiii'. I'mi. Sin\ \(il. \ i. |i. in. 

\\v\ . Tr>o I',.,!. s,>,\ \ol. \i. j.. ::7e. 



Ai;i. ;ili> 


J)KVlATIi)\ riiOUrt'Kl) \\\ A SIMIKKU AL l>i:v>l’ 


y^^ 


:m»l it is ()]>\ i(»us as rotlt'ctioii inlriuluccs a deviation {rr -/), 

tlie deviation of a r.iv (mn'ruini;' aftei' n int<‘i-nal re(I('etion> will l»e 

1) li . , 1 ■ 


319 . Minimum Deviation. 'I'lu* foieuuini; ueiuial e\|)rt‘^‘>ion 
fof tin* de\iatioii sliows iliat it will \ai*v with tin* aii^le of ineidt'iiee 
We .shall now prove tliat tlnaN* is a certain incidence for which tlu' 
de\iation introdiU'cd is h'ast, a?id the rays which snller this least 
d('\iation an* tlio'^e with which we aia* most con(‘(‘rned in tin* tlu‘or\ 
(►t the hnw's. d’he <-hanu(‘ ol I> cot'respomliiii;' to a small \ai'iation 
of i is hy i‘( jiiation ( 1 ) 

//I) '2'h '1,.! 1 

and fora maximum or minimum tin* vahu* of I) is stationary, that is 
(H) (t, w Inch i;iv(*s 

.// // 1 e'r 


lint since sin / - // sin /', wa* haN(‘ also 

\ n/ 1 n (•( / //, 

and tii(‘refore ])y (_) 

/t « #• • • 1 < <>-. / 

From tliis we obtain at once 



whicdi d(‘termin(‘s tlie atii^le of incichmee at which tin* (h'viation is 
stationary. It may lx* easily inftjrred tliat this incidence corresponds 
t(» the minimum deviation rather than to the maximum. For in the 
cas(‘ of tin* ray jiassini;' t}ir()uii;h tlie cmitre, tin; <I(‘\ iation is n-, which 
is obvi<»usly i;’reater than that of any <»thei' ray. However, by difr(‘i' 
entiatini 4 ' a second time wa* (ind 


Ihit 




,r, 



,/r 

(/ 1 u !•( /• 



(I // ', ''111 / 


'This latt(‘r is always negative (// 1), a,nd conscijUent] y tin; si'cond 

dei‘i\a*d of J) is always po.-iliva* — that is, tln^ coria'sjiondini; xahn* (;f J) 
is a minimum. 

Siibstituling for /a in the pi-ecediiej; formula and taking // eijual to 
I, lb .’b I in succession, the correspondin’^ minimum deviations an* 
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320. Dispersion. Sin(<i the r(;fr;K'li\ i* index i.s <^n(‘at(M‘ foi- the 
violet lays tliaii for tlie I'ed, the deviation of the violet after anv 
nnndxM’ of i-efraetifUis will lx* ^^reatei' than that of tin; red, and 
W(; naturally infer that, the h*ast deviation of the red liuht enunyiiiiL; 
fioni a raindrop will lx* h‘ss than tliat of the viol(.‘t. "I'he same. 
e()nelusion follows fn)in the (xpiation 

I) /nr • 'll '1 // ' \ /’. 

lor I is the .^anie tor all the eohmrs and /* di‘ereases from tin* rcxl to the. 
viohit. 'I'he r(‘la,tion eonneetini^ a variation of the minimnm de\iation 
with tlie* ndiaetive index is easily det<‘rniim;(h foi’ W(‘ have 

<i\) // • 1 /h\ 

• .sill/v///. 

/! • 1 I sill /V// r(i.s/7/(/ ;1)\ (•( |iiai i(»ii 

II<‘n(M‘ iisini;- the rt'lation n e(>s / --(// i 1) cos /, Ave have 

^/II li >.111 /• '2 2 f ' // • \ r ir- 

Iff! COS/ f/ ^ 1 

'This expression Ixnni^ positiv(‘ (/ ■ IK) ) shows that the minimum d(‘via- 
tion increases with the r(‘fra,<‘tiv(‘ index. 

321. The Emergent Rays. Let Ar>('(FiL:. he a refracting 

spluu'e and (‘onsider a heam of paiailel rays falling ujxm it in tlu^ 



I’l-. 


direction SA. Let SAIU'K he that ray Avhic*h sutlers the least devia- 
tion hy the two refraiKions and a single internal retleetion. Tlu* 
deviation heing stationary at the minimum, it follows that in tlu‘ 
direction LK thtue will emerge a pencil i>f ap])roximately ]>arallel rays, 
and in this direction there will he great concentration of illuniinatiim 
if there is no mutual interference of the rays. Any ray incidimt 
hi'tween M and A emerges, after rotlectiim, from the arc M(\and 
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its is ^router than that of K(’ ; so also the rays which 

outer the sphoro hotwocn A aiul T (the taiii;o]it ray) Ic'avo it hy tlio 
arc 'r'(\ and the I'lnorLiini^ rays cut tlu^ ray CK, siiu*o they snHi'r a 
i^roatiM- (h'Niation than CK. 

Tims all the rays onna'icifii;- from the arc M'l” lie luMwoi'n the liiu‘s 
()M and (’K. Ihmct' tht3 light whicli ointMgos aftc'r siiHoring a single 
retlectio?! all lies within a cone of about 1- . and the hounding sur 
face of the cone contains the rays which have sntlei-(‘d the least, 
deviation. Outside this eone the eye will receiv<^ no light. In the 
4lirt‘ction Of], the edge of the eone, the illumination is vt'ry intense, 
an<l inside the eone the rays are divergent and th(‘ illumination 
feeble. 

The rays ennuging from the are OT'' touch a caustic ciirN c to 
which the ray OK is an asympt4»t4* atid which touches the splu'rc^ at 'V'. 



Fii;. ‘-Ml. I K'‘Hc<‘tn>ii. Fi.i'. - '2 Hrilt’ct mn.s. I.'iu. UfMiM't ions. 


rile rays emerging fiom tin* arc M(’ touch anothm* bianch N K, which 
is also asymptotic to K( ’ |)i-odnc(Ml ba<;kwai‘ds, and this branch mei'ts 
tin; sphere oithogonally at N — that is, it touches tlu^ »M‘ntial lay MX. 
These [U’o[)(M-t ics of the caustic are easily deiluced (Art. ‘ilM ), but we 
shall lirsl consi<ler the foiniation of the bi>ws. Ki(‘liniinar\ to this 
consideration an inspection of <liagrams (I'.’ll, sho\ving th(‘ 

minimum deviation I’ays and th<‘, emerg<‘nt pencil for 1, 2, internal 
reth‘ct ions, will la* useful. 

322. Formation of the Bows. - d'lu* gen(‘ral explanat icai of the 
various bou s is <*asily deduced fi<»m tin* foi'cgoing jiriin i jjh;s. bet 
O, ()|, ( ).„ rtc. (I'ig. L’.'17) be a series of 1 ‘aindi‘ops in tin; .•'a.nn* v^-rtical 
line, or successive positions of tin* sann; di'op, and l<‘t the ()bser\(!rs 
eye la* situated at K. Draw KD ]>arall(d to tin* direction of the imi 
dent light. 'Fin* line ’ pr«Mlue<*4l baol<wai”<ls will pa^s thiough the 
sun and will be tin* a.xis of the bows. Kaeh droj> emits light which 
has sutleri'd one, two, th.re<*, 4*te., int<‘rnal |■etl(•^•t ions, or, as wt* may 
call it, light of the tirst, second, and third, vAr . ordeas. Ia‘t us liist 
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(consider tli(i light of tin; hr.st This emerges IVoin each 

dro]) in a. cone, of winch th<* semi vej’tical ;nigle is about tl for the 
\ iolet and l.‘) for the r(;<l. 

('onsidrr the violet lirst and dr'aw KOj, making the angle (JjKC 
e(|ual to t.lie supjdenient of (he least d(*viation of the violet- that is, 
a,})ont M . 'Then t.h(Mlroj) ( ), will send its least deviated I'ays to K, 

and will eoiisequent ly appear veiy 
himinous. Any drop, such as (.) 
situat(‘d below Op will also stmd light 
to K, but. in this ease it will be troin 
the interior of the cone, the lays 
r(‘aehing M from () ^\■ill be diverg(‘nt, 
and th(‘ illmninat ion V(*ry faint, t )n 
the other haml, drops abov(‘ Oj ^^ill 
fail to transmit, any light of the tii’st 
ordei* to K, for the jioint K is situated 
entirelv outsid(‘ the cones emeriiinir 
fi*om ilnnn. 

If now th(‘. lint! MOj be made to 
revolve round KO, kta^ping the angle 
b(‘(w(*(‘n tinnn eonstant, it will gtniei’- 
a,t(‘ a, right eoiie of which EO is tlit! axis, and thejiointO, will deserilie 
a, eirelt*. Every dro]) on this circle will obviously transmit minimum 
(hu’iation light of the lirst ordt'r to E, drops inside the eirch‘ will 
transmit faint illumination, and drops outside it will send no light to 
(he t've. 

\Vhat W(‘ ha\e, cons(M|Ut‘nt ly, is a luilliant circle, thi‘ Npaet* inside, 
of which is faintly illuminal(Ml ami tin' outside dark. On aecount of 
(he st'usibh' dianu'tt'r of tin' sun the bright cii’cle will not be mert'ly 
a bright line, but will have a seiisibh' width dt'tc'rmined by tin' 
a|)j)aren( diann‘l(‘r of the sun. Tlie least d(‘viation of the red being 
about I .‘5 , i(, follows that (In' droj)s which transmit the red will la* a 
litth' higher up than thos(‘ which givi' tin* \ iolet. 'The angular radius 
(d' tin* red ('irele will be l‘) , and tin* otln'r colours will oecu})y inter- 
mediate positions. \\ e hav(' thert'fore a speet rum coloured band about 
1? in width, rt*d at tin* outer and violet at tin* inner edgi*. 

Sima* ('ach simj)le colour gives rise to a band of d(*tinit(* width, on 
ac('ount of tin* niagnititde ol'the sun's disc, it follows that overlapping 
and considi'rable mixtun* of colours is ])n'senti‘d in tin* rainbow’, ddiis 
may take {)laee to stieli an exti'iit that all trace of colour may become 
obliterated, or m'arly so. W’e have then the [)henomenon of the 
riuiihuu'. 'This may happen wln*n tin* sun shines on the raindrops 
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a thin rlotni in tlu‘ hii^luM- ivi;ions of tlu‘ at nn>sj)ln*rr. Tin* 
^kv 1“^ tlion vlM’v Itriiflit for ono oi- two doLfiot's arouiul tin* >nn, ami 
thr <lianK*t(*r of tlu* (•irnctiM‘ sournc of li^hl i> \ riy much iiumcascd. 

Let us now consider tin* liirht which sull'erstwo inti'rnal r(*th‘ctioim. 
'Tin* inclination to tlu* inciclent liuht of the lea>'l dt'\iated r(‘«l ray i^ 
about dl and that of the violet about bl (s(‘(‘ Kii;\ Lb'lb). lli*nc(*, if 

the aiiyde CKO., is c<jtial to 5 1 , tlie droj) (L will S(‘nd inli'iisc* led 

liyht of tile second <n'd(‘r to tlu* (W <*, and di'ops a lilllt* abow* (), will 

transmit l lie ot In*!* colours. Wb* will lhusha\t‘ a sc<M)nd bow, ])!'oduc<*d 

b\’ tin* li^ht of tin* second ord(‘r. 'This bow will bi* broader and 
fainter tlnoi tin* jiriniaiv, for the lii^ht is wa'akened by the s»*cond 
int(‘rior ri*lh‘ction, and the dis|)ersion is also yr(*at(‘r, tui account of tin* 
lenytlieiu'd ])ath within tin* droj). Drojis b(‘h»\N O.transinil no s(*cond 
or*]<‘r liyhl to K, ami those above ( L illuniinatt* K faintly. It ci)ns(* 
<|Uentiy follow's that tin* s]>act* b(*twe(m tin* two bows is dark comj>ai-(‘d 
w ith tlu* spac(*s inside* the ])riinai*y ami outside* the* s<*e*onelary. 'riu* 
wielth e>f the* se*condary bow is abeait , its outer edye* is violet ami 
its inin*r re'd. 

In the* saiiui inaniu;r wa* have* bows arising tVoni thr(‘e, four, e»r 
nioie* internal leflee'tions. ddie thirel ami fourth lieiws arej siliuite*d 
be*lween the* e)bse*rver and the sun, so that tei be* se*a*n the* rain slumld 
be*, view'e’d with tlie eye elirectenl tow'ards tin* sun (see* f’iit. ibbb). 

'Flu* britthtm*ss eif the sun's liyht is, howeve*!*, sutlicie‘nt to l•eml(*r tluiir 
faint illuniinatiem uimbse'rvabh*. 'Flu* tilth 1 m)W', howe‘V(U-, oe*e*nrs in 
the same part of the sky as the* lirst and second, and would be* se*<*n 
by an e>bscrve*r with his leack turiu*d teiwarels the* sun but for its 

cxtre'im* faintiu'ss. Its liitht is se) mue*h weake*ne*d by tlu^ live* re‘lh*e 
tions, and dispersion, that it is i'ar(‘ly, if e*\ e*a-, eie*.teiUe*d, 

I ntersect ini;' rainbows are* also senm*tinu*s ob^^m veal. d'lu*y re'ejuire* 
for their production twe) sources of jiaralle-l rays, such as tin* sun and 
it'^ iniaye b\’ re;lle*ctiou in a lar:L;'e slu'e't o| calm Nvateu' be'hind tlui 

e>]»se*rve*i'. 'Flu*, usual system) of b«>ws is tornn*d by the* elire;e-t. liL^ht. of 
the* sun, anel the* se*e*oml systeun, inte*rse‘e-t iny tlu'm, ley tin* re‘ll(*e*t e*d 
liybt, W'bich proe*e*e*ds, as it were, fremi tlu; imaye* ol tin* >uii be‘m‘atb 
the w'ater. 'Fhe se-ceeiiel system is like* the orelinary syste*m, but i^ le^s 
biilliant, anel the. b(»ws ha\(* tlu;ir ce)mmon cemtre* as mudi abe)ve; the* 
bori/.e)!! as that of the* elireM;t system is be‘low it. 

Lunar be)ws may also be se;em un<l<;r fa \ ouraJelc e.*ire*umstanccs. 

'Fhe*v are*, ]ie)We*v(;r, faint and the*ir cejle)urs are* not erasily elistinyuisheel, 
e*xc»*pt the meee)!! be lull and otlu*r eonditioii'^ fa\onrable. 'Fliis, 
toge*rher with tlu* fact that they oe-eur eenly at night, remlers their 
e,)].)se*r\at ie»n rare*. 
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MiicJi foolish (liscussifin seems to h:ive Ixmmi raised hy the (juestiori 
whether two persons, or even the two eyes of the same person, see the 
same, rainbow. From what has been said it is ])lain that the systmn 
of raindi’ops wliich tiJinsiiiits rays of mijiimum deviation to one point 
eannot lx; the same as that whieh semds them to another. I'he rini; of 
dro[>s sending It^ht of least d(;viation to F lies (ai a cone of which 
Fi is tlie, N'ei tex, K( I the axis, and tlnj semi-vertical angle ecpial to the 
siipplenumt of tin* least deviatiori. Tin* ([iiestion might as well be 
ask(‘d as to wfnTher two persons see the same, object by nnians of llu^ 
sanni rays of light. 

A similar (piestion is, (kin a rainbow be seen by reflc'ction ? — that 
is, whetlier a bow apparently ndlecte<l in still water is tin? innufr of 
that, seen directly in the sky. In this case the reflected bow is not 
tin? image, of that Siam in the sky, but is the reflection of that which 
would b(? seim by an eye vertically below that of the observer, and as 
much b(‘low the suiface of the water as his eye is above it. 

323. Supernumerary Bows. 'Fhe geometrical theory established 
by hescaj’tes and Xewtou was for a, long tinn* acceptixi as allbi'ding 
a eimiple.te. and satisfactory exphuiation of the phenomenon the rain 
bow. (loser observation, bow(‘\'ei‘, show(‘d that in addition to the 
|»riii<‘ipal hows ali’i'ady des(‘ril)(*d, thei’i* are other eoneomitant (‘olouri'd 
hands, or alt(?rnat ions of hrightni'ss and darkness, and of tln'se tin? 
elementary theory gives no account. 'Those additional bainls an? 
freipiently seim neai* tin* inner edge of tin* primary bow and less fre 
ipiently at- the outer edge of the secondary. They are called siifur- 
ii If or Aexv, and an* best, defined in'ar 

t ln*ir summits. 

^ onng ^ was tin* first to propose an (*\[)lanati()ii of thesj* spurious 
l>ows on the theory of int erfei(*nce, and Mr. Potter - afterwards juoved 
that the complete llieory of tin* r.ainbow is to be obtained not froin 
tin* geometrical theoiy of rays, but from tin* ]uinciple of interferetu-e. 
Voinig remarked that the «'IIieaeions I’ays <*onsistetl of two superposed 
sets, parallel in diri'ction on emergence, but tra\ersiiig ditferi'iit path> 
in the drop. 'Thus tin* rays emerging fi'oin the drop near the ray CF 
(Fig. consist of two sets, \ \/.. those whidi escape from the lower 

arc ('’T'and those which escapt* from the up])er arc ('M. 'The formei- 
will oh\ i()nsly he ])arallt*l to some of the latter, and as they traMd 
over ditleri'iit jiathsin the drop ijestrnctive interfeiviice is to b(‘ 
ex})ectod wdien they ar«‘ in opposite phases. Near the direction of the 
minimum dexialiou FF w'e should expect not merely a singh* maximum 

• /'/n/. Tr'/,is. p. S. 

- C'liffi-. /*//-/. 7'nfti<. vol. \ i. p. in. 
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of luiL^htness, but a maxiinuiu arcoin[>aniLHl by altiM iiations of brii^lit 
and dark bands. 

To com[)U*to the solution we re(|uire tlie form of the wave (‘ineri>insj; 
from the drop. This was effected by Mr. l*otter/ who first trac(‘d llie 
caustic cnvelope<l by the emergent rays and tlien developed tlie wave 
front as its involute. Idle final investigation and the determination of 
the intensity at any point was given by Airy.- 

324. Caustic of the Emergent Rays. — bet TK (Kig. -J.dS) be one 
of thi^ cnierg(Mit rays, I) 
its tleviation, and P tlu* 
point where it inter- 
sects theconsecutivi^ ray. 
ddnm P is a point on 
tluM'austic. Dimote OP 
by /), tin* I’adins of tin? 
circle by a, and draw 
( ])(n'])ondiculai' to ( M 
We hav(‘, if ()l\) = y, 

hi”. 

()(,) If sin / p .sin 7 ! J , 

and sinc(‘ P is tin* intersection of two consi‘cuti\e lays, /» rmnains 
(‘•instant, while* i and y (thangc* to / ffi and y i e/y, ( liei’cfoi t* 

n (;«»'' /< •*'iS 7'^”/' 



or by means of eeiuation (1) 


Put 


'rhcrefoi-e 


i/\) 


ily (f ro.*^ / till! 7 
i/l fi ro.'. 7 Ian I 


1) e / y, , //(tt ' 2 i \. 


, 1 , 



\ 



y I 




(-a 


sinc(_! sin / -- fL sm / . 

Now it is clear tliat tiun-efoi-«i by {'1) and (.”») 


tan 7 \i l.in / ! I n 1 


rn< / ^ 

(./ /• j 


and ther(‘f(n’c by ( 1 ) and ( ( ) 
(t ■'in / 


(! . *! 'ill / \ 1 • »-()t -7 

' ."in -> ' 

/ . , u'- CM', -7 ^•U', -y• 

" V ' ."111 -/ • 

> 1 ;/i CM'. /• // • 1 C' IS i I 


O), 


■ ' 1‘Mttcr, n/. 

- .\iry. ^'hiiiIk I'iiIJ. Truit'^. \m 1. ^■i. p. -77'.*. 
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The Viiliu; of /> ])ecom(‘s irifiniU; wIkmi 


1'hjit is, \vh(in 


fj. 4 ‘OS /• n >. \ ) cos i n. 


n ■ 1 

rOs ( V ' 

> //" -* 'In 


TIk; (lircetioii of tlu; leiist (l<;vi;ite(l niys is theicforc asym])totic to the 
e;uistic. A;^ain, if I !i() , we have /* - e, so tliat the caustic meets the 
<h*o|) at- the- ))oiiit ’['\ wlieia; tlie lit^ht (‘nieri^es taii'^^eutially (Fit;’. 

Iti tlhi case- of a siiiL;i(i inU^rnal relhaitioii \v(j liave // - 1, aiul if we 
tak(5 fi - as is the case for watei*, w(*- find tliat /> is also eijual to (t 
when f 0- -that is, the caustic meets the drop at the point X where 
the lii^ht falls noi nially on the sjihere. 

'The curve for a. sini^le. internal lellec-tion is shown in Fi^^. 

'riuj lays (‘m(‘ri;in^ fi'om tin* are ("'F" touch the Inanch Fd'", and thos(* 
enna'^in^ from (\M touch the branch X F, while the i*ay of least. de\ ia 
tion (JM meiits both blanches at infinity. 

ddn; form of tln^ wave front may be derived from the caustic, for 
t lui i'ay« are normals to the wa\(; front and tan;^(;nts to the caustic, 
'idle wa\’e front is tlnaefore an involute^ of the caustic. For the 


branch XF this will be a curvu5 OK’ (Fig. ibdt)), and for th(‘- In-anch F'F' 
a, curve Olt'. ddu; asymjitotic ray OK will be normal to both OK and 
OK' at O, and the point O will be a point of inflection, the tangent at 
which will be ]M‘rp(;ndicular to the ray Cdv 

325. Intensity at any Point -Airy’s Investigation.-- -In order to 
d(‘t(‘rinine tlu‘ intensity at any jioint we reijuire the equation of the- 



surfac(‘. «)f the emergent wave. Let K()K' 
(I'd’g. 2.d!f) be a section of the Avave front by 
the plane of incidence, OX the least deviatecl 
ray, and 0^' the inlleclional tangent to tlie 
cuiA'c at O. d'aking OX and 0\ for axes of 

refei-eiice, we ha\ (* 0, and == 0 at the 

origin. ( 'on.^Mpicntly lu'ar O tlu' form of the 
curve will be sutlicieiitly represential by the 
iMpiation 

A// \ 


and in calculating the intensity at any [)oint 
near the axis OX wt' need only consider a portion of the wave in th(‘ 
ueighbourlumd of the origin. 

Let I' be any point near the axis OX, so that its ordinate // is 
small compared with its ab.scissa .r. Let S be a point on the wave 
fiont, s the arc OS. ddien if the vibration })roi)agated to 1^ by 
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the eleiiient ;it O 1)(‘ . sin (o/, tlnit transniitted l)y the element at 

S will Ik* . sill (c)^ + a) where (S is tlu* phase cliirerenei*, and the 
‘•oniplete distiirhanet* at 1* will lie 

I i^io/ ■ 

‘ A 

for near <) tln^ curve elosely approximates to tlu* axis ()\’, [uul f/s is 
t‘(jnal to ////. It remains to eah-uhite e. 

Iii*t the ('o-nr(linat(‘s of S hi* /■ and //, those of I*, ^ and //. 'Fhen if 
rS /■ w(‘ have 

/-' ■ > '/ rj “ ft- 'Ifn] ■ 1)' i A-//*' '2\irt. 1-.*-“. 

suhstitntiii^i;* A/r for from tin* e([Uation of tin* cnr\(*. lu*j)laeinit 
-t if- hy /r and neyh'i'tiny /f\ since* // is small, wt* have* 

/' (//- 2?;// , //- 2Ai://’‘’'h 

/ »//' fl~ -U//’' >r'i- \ 

^ \ /»- 2/J“ />“ 2/)‘ 2/*‘ 2p'’ / 

>;// /•- '>/“ .. I n /»“ //' ) A.- ^ ; 

f, J/. 1 f> ’ 

Now /y is small (‘onipari*d with 4-, so that /) ^ ’r i ’J., and tin* 

expr<‘Ssion for /* ln'cnmes 

. . . V- V'l . ir , ( V . \ •; 

A.r 

2 '- ^ lit 

ajipi'oximately. 

The term in\()Ivin<^ tin* scicond power of the variable may 1 h* 
removed bv writiim 


ainl we tln-n have, writin;^ r for the absolute tc'ini, 

1157/ l/:{Ay_ . 


neglectin’^ 1 oA, which is of tin* oi'der //' ./•, in com])arison with Ig//. 
'File expression foi- tin* lesiiltant disturbance is thei‘(*fo]*e 

/ ' . I , li^r/ rj\ . \ 

I " • ,\ i ) I 


and tlie intensity is pr»)portional t(j 


rr: 
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Th(; second is zc*ro, ;in(l tlu* first is twice as ^reat as if the 

limits wcHi zero and infinity, consc<iuent]y 



This int(;gral may 1)0 written in th(3 form 

I (•f)S //••* -f /// //•;// //•, 

/ I) - 

where 

"■■■(“)* 

I h(i values of this integral have Ixam calculatt*d l)y Airy for successive^ 
values of m by a metliod of approximation analogous to that adopted 
by Freisnel in th(i (^valuation of his integrals. 

As /// inere^ases, the int(‘gi‘al attains a maximum, and then pass(*s 
in succession through a. s(*ries of minima and maxima, the first maxi- 
mum beung much gieater than any of its successors. The zei-o value 
of iify which corres])onds to tf = 0- — that is, for points on tln^ lim^ OX — 
do(\s not them give a maximum, but the first maximum occuis at a 
point where^ has a jiositive value greatcu* than Z(‘ro. 

It follows theiudore that the first bi iglit band — that is, the rainbow 
— is !iot situat(‘d exactly on tin? lino of h^ast (h‘viation, but is attained 
at a deviation a little? great(‘r, ov the angular raelius of the' primary bow 
is a little less than that inelicate'd by the geome'trical theory, anel 
itisiele the bow we have se?ve]‘al alternations ejf brightness anel darkness 
that is, su|)ernumerary or s|)ui*ious banels. 

'riie angular distance's betwe'e'ii the spurious banels anel tlie [)rin- 
e*ipal bow vary with the elianieters of the |•aindr^ps. For the inte'gral 
which eh'te'rmine's tlu? inte'nsity I’caches a maximum t)r a minimum 
for eh'linite' values of /;/, consequently the corres})oneling ratio ;y ^ 
which eletermines tin* pe)sition of the ])and varie's directly as (A)'. 
But twe> drops of diih're'ot diametei's, (t and gis'c i*mergt*nt wa\(‘s 
of which tlie seetions are similar, and if /’, //. v'. lx* homologous 

points on tlu'in we should have' 
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luMioo // ^ varies inversely as //i - that is, the smaller the drops the 
farther apart aie the sujxn'numorarv hows ; and this (‘xplains N\hv they 
aie only W(‘ll deliiUMl iukw their summits, for as the drops di'seend 
they yrow in mat^nitiuh', .and eonseipiently the lowm* })oi*tions of tht‘ 
how (h‘vi.it(‘ h‘ss and h'ss fiom tin* i;vomet rival position. 

'rin‘ same reasoniiii^ applied to the seeimd j)ian(‘ipa.l how shows 
that it also is ,aceomj)ani(Ml hy spurious hands situ.atiMl at its outer 
edi^c and hesi defined at its summit. This how .also doN iates from 
the ^i^eonu'trie.al position, its i-.adius laani;- somt'wh.at L;i(‘.ater th.an tli.at 
.assigned hy th(‘ (‘lenuait.ary theory. 

326. Miller’s Experiments. — Airy's th(‘oretie.al Kvsults h.ivt* been 
eonfirme<l hy the (‘xpeia’mtmtal inv<‘.sti^ations of Mi‘. Milh‘r.‘ A 
pviua'l of sunlight was admitted in .a hori/cuital direetion through a 
ii.nrow V(‘rti(*,al slit, and fell upon .a thin vca’tie.al ji‘t of wat(‘i’. \'iew- 
ing th(‘ sti‘e.am through a Lcdescojx* (or with tlu‘ n.aked (we) ))ortions 
of the prim.ary and seeond.aiT hows, and a l.arg(‘ numlxa* of tlu^ 
spurious hands eould he setai forming a s(‘ri(‘s of vmtieal eolonrial 
fring(‘s .arrang(‘d side hy sid(‘. 'Flu* di.am(‘t(‘r of the w.att'r j<‘t w.as 
about of an ineh, 'Flie mixtun* of (a)lours rendercal it dillicadt to 

fix uj)on tin; brightest ]).arts tin* hands. 'I'he imaan of eight- ohs(*r 
v.ations was .as follows ; 

li'idiiis of ji.iil of |ii iiiKin Itow 11 .lli' \ 

,, first spiirious l)o\v 10' ‘27' I 

Kiuliiis <tt‘ liny,dit' Nt part of >( roii<larv l)o\\ r>l oH' | 
first spurious 1 m»\\ r>a 57 I 

Aceonling to the <d(‘mentary th(‘ory wv should have- 

Kadiiis (if laii^litost |iarl of |irim.ii v liow 11 5a'‘!i | 
sfcoiKlai’v liow 51 I 

In eouelusion it may he retnarked that tin* light of the lainhow is 
[tartially polarised. This polarisation was iiotieed hy I>iot as e.irly as 
LSI 1, and is to he expected as a conse<pience of tlnj rcthation and 
ndractioii suffered hy the light in the drops of i‘ain (Art-. 173). Tln^ 
extent to which the light of .any how is polarised ni.ay la; easily cal- 
culated hy resolving the incident vibration into two com[)onents — one- 
polarised in the jtlane of incidenca;, and the other perpendicadar to it, 
and then applying the foianula* of Arts. 20S, 20!). 

‘ Milli i'. VUiK Ti’niis. Mil. vii. ji. 27/. 


polarised. 



i^WWTVAl \\\ 

K LK( ' I’l ; (►. mac; n kt i < ■ i : a i > i a 1 1 ( > n 

327. Ether demanded by Electric Phenomena — An Electric 
Charge a Charge of Energy and an Electric Current a Flow of 
Energy. — 'I'o account foi* tiu* ])i‘0|)a<»atiofi of heat, and light — that 
of I'adiaiit (‘nergv -wc, liaxa; postiilattal the existcaice of a iiHaliuin 
filling all .s|)ace. I>ut tlu* transference of tln^ eneigv of radiant heat 
and light is not. tlui only evidence we ha\’e, in favour of the existcru'c 
of an etluM*, Electric, magnetic, and electromagnetic phenomena 
(and gravitation itself) point in the same dii’(‘etion. 

It, is a matter of common o])servation that attractions and l•epul- 
sions tak(i |)lacc between electrified bodies, inagn(‘ts, and eii'cuits 
conveying electiic currents. barge* masses may ))e sed in motion 
in this manin'r and ae^piin* kinetic eiK'igy. If an eh'ctrie curre^nt 
be started in any circuit, corresjeoneling iiuhiml currents s])i‘ing up 
in all neighbouring conductors ; yet tln'ie*. is no visible connection 
ludwecn the circuit and tin* conductors. 'fo orginate a cui’rent in 
any conductor leepiires the ex|)enditure of i‘nergy. How tlu'Ti is 
the energy propagat<*d fi*om tin* ciivuit to the conductois ? If we^ 
belicM* in tlu^ e(nitiuuity of tin* proj)agation of eneigy that is, if 
W(‘ belioNc that when it disa[»peais at one place ainl reappears at 
another, it must hase* passed through tin* intervening space, and 
therefore have existed there somehow in the meantime — we are 
forced to [)ostulat(‘ a, vi*hicle for its con\eyance from })laee to place, 
and this vehicle is the tdher. 

\N’hen a body is electrified, what we must fii’st ob.s(‘rve is that a 
certain amount of energy has been speiit : work has been done, and 
tlie result is the elect riiietl state t)f the IkmIv. The ])i ocess of electrify- 
ing a conductor is therefoi't* the storing (jf energy in some way in, or 
around, the conductor in some medium (the ether). The woi'k is .spent 
in altering the state of the medium, and when the body is dischargt'd 
tlu^ etlu*r ivturns to its original state, and the store of energy is evolvt'd. 





KLK(T1?I(' WA\ KS 


Siiiiibii lv Ji sii|)])ly <>t' <‘iH‘rgy is r<M|niiV(l to iii;iint;iin :\\\ oK'ctrir imu timU, 
and tlit‘ jilKMiniiKMia arisini;' from tlu* curnmt aia' manit’cstat ions of tin' 
])rescn(‘(‘ of this riuMy^y in tin' I'tln'i* around tin' rirruit. Fornn'rlv an 
nh'drifii'd hody was sup[»os»‘d to liavt' sonu'thinL;’ falh'il I'h'i t l icit v 
residing upon it which caust'd tin' t'h'rt ri(*al phenomena, and an ('It'ctric 
cuiaenl was r(‘L;ard<'d as a Ilow of <'leetrieity t ra vi'lliiii;' aloiu; ihi' wiic', 
whili' tin' eiu'i'uy which appc'aied at any part of the circuit (if con 
sich'i'cd at all) was ^u]»posed to ha\e he(*n ctmvi'Ncd aloni;- tin' wirt' 1)\ 
the eurriml. The t'xistencc' of induction, howexer, and eh'ctromai; 
iH'tic actions hetwc'i'U hodit's situated at a distanci' from each othei-, 
lead us to look ut)on tin* nn'dium around the eonduet<»i‘s as playiiiL; a 
\'ery imjiortant jiart in tin' d(‘\ (‘lopnu'iit of llu' pln'iionn'iia. It is, in 
fact, the stor(‘hoiise of the eneryv. 

I poll this liasis Maxwell founded his theory of eU'etricitv and 
niai^rn'tism, and (h'termined tin' distrihul ion of tin' I'ln'rLte in tin' 
xarioiis parts of tin* held in li'rms of tin* I'h'ctrie and ma^in'tii* forct's. 
The ether around an (*leetrili(*d hody is ('harmed with (‘ner.uy, «‘*Md tln^ 
('h'etrieal phenomena are manih'stalions of this (‘in'ri;y, a.nd not of an 
imaginary eh'ctrie tluid distrihut('.d ovt'r the eonduelor. When w(‘- 
spi'ak of tlie eharg(^ of an eleetrilic'd eonduetor wi' ri'fer to tin' charge 
(»f (‘iiergy in the ether around it, and whett wt' talk of tin' ('leetrie flow 
or current in a circuit- we refer to the only Ilow w(‘ know of, viz. the. 
how of energy tlirough the electric fiehl into tin' xvire. 

328. Polarisation of the Ether Eiectric Waves. — Tln^ woik 
s[)enl in tiroducing the elcctr'ification of a <!onductor is sjxmt on the 
('-ther atid ston'd tln'n', jirohahly as (‘nergy of motion, d'o d(‘.not(' this 
W(' shall say that the (‘tln'r around the <'onductor is y>cAo 7 >v'//, this wor<l 
heing em}}loyed to denote.' that its stale or somi; of its jiropei ties liavi* 
licmi altered in sonn^ matuier hy the work done, on it that is, hy the 
('iiergy stored in it. In the <ase of a, condiietor possessing what is 
ti'ianed a })Osirivc chargi', the ether aroiimi it is polaris(‘<l in a, certain 
manner and to a certain (*xtent (h'pending on the. intensity of the 
charge. If the (diarge he negative the polarisation is in tin* opposite 
sense, the two binng ridated, perhaps, like right handed and Icdt-handiMl 
twists or rotations. 

^sow consider the case of a hody charged alt(ii-nately, j)ositiv<;ly and 
negatively, in rapid succession. 'Vhr, ])osilive. charge im'ans a posilivi^ 
tiolarisation of the ethei’, whii’h begins at the condiictoi' and tiavels 
out thi'ough s])ace. W hen tin; hody is discliarged the et h(!r is onci* 
more set fi’ee and resumes its forim*i- condition, d’lie negative charge 
now entails a modification of tin' ether or polarisation in the ojiposite 
sensi'. 'The result of alternate chai-ges of opposite' sign is that the 
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(ither lit ;iriy point Ixicoincs polarisiid alternately in opposite directions, 
while wav(is of opposite judarisatioiis are j)ropa;;atod tlii’on^h space, 
(jacli carryin,Li; enci-;:^y derived fi-om the sources or a^enl supplyiii’^ the 
eh!ctrinca,tion. Jhn-e, then, we have a periodic distnrl)anco of some 
kind occui’iin^ at eacli point, accompanied hy waves of energy travel- 
ling outwards from tln^ conductor. 

1’lie phmiomena of interference lead to the conclusion that light is 
the I’lisult of a jxu’iodic disturliancc, or vibration, of the ether, but as 
to the nature of the vibrati<jn — that is, as to the exact nature of the 
})(U‘iodie change — or what it is that ehang('s, we possess no know- 
ledge. Fi'om the foregoing Ave see that alternating electric charges 
are acconijianiial l)y corresponding changes of stat(‘, or vibrations, of 
the (ither, a.nd if the charge be varied ])eriodically and with sutlicient 
1 ‘apidity, we have; a vibration at each ])oint analogous to, and perhaps 
identical with, that which ociairs in the propagation of light. 

This, then, is the ch'ctromagnetic theory of the luminous vibration. 
In the older or elastic-solid theory, the light vibrations weie supnosed 
to b(‘ actual oscillations of the elements or molecules of the ether about 
tlu‘ir positions of rest, such as takes place when waves of transverse 
disturbance a, re jiropagated through an elastic solid. Such a limitation 
is, howev(‘.r, unwarranted. All we know is that the change, disturb- 
ance, vibration, [lolarisation, or whatever we wish to term it, is periodic 
and transverse to the <lin‘etion of pi’o])agation. The electromagnetic 
tlieory teaches us nothing fuilher as to its naturi‘, but rather asserts 
that whatever tin; change may be, it is the same in kind as that which 
occurs in tln^ etlun* when the cliarge of an electrilied l)ody is altered or 
reversed. Jt I'cduces light and ln*at Avaves to tlie same category as 
Avav<‘s of electric jiolarisation ; the mdy <juality of the latter re(juired 
to constitute the former is sutlicient ra})idity of alternation. These 
speculations have receiAdl the strongest conlirmation by the recent 
impoi’tant ex})eriments of ITofessor Hertz. Before de.scrilung them 
we shall consider the mode of discharge of a condenser. The 
theoretical investigation Avas giAxm by Sir William 'riionison * (Lord 
Kelvin) as early as 1853. 

329. Oscillatingr Discharge. — ^^'hen any elastic .su])stance is sub- 
jectetl to strain and then set free, one of two things may happen. The 
substance may sloAvly recover from the strain and gradually attain its 
natural state, or the elastic recoil may carry it past its jiosition of 
<‘(piilibrium, and cause it to e.xecute a series of oscillations. Something 
of the same sort may also occur Avhen an electrified condenser such as 
a Leyden jar is discharged. In ordinary language there may be a 
‘ Sir WillijMii TIioihnoh, PhiK Mnij. .liiin‘ 
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continuous tlow of electricity in one direction till the disduir^e is 
completed, or an oscillating <li.scharge may occur — that is, the tirst 
How may he succeeded hy a back-i'ush, as if the tirst discliaige ha<l 
(O'errun itself and something like recoil had st*t in. The jar thus 
l)<H‘omes more or h'ss charged again in the opposite sens(‘, and a secoml 
discharge occurs, accompanied hy a. second hack-iaish, tlu‘ oscillation 
going on till all th(‘ energy is either radiated or ii'^i'd nj) in heating tin* 
conductors. 

L(‘t he the charge of the jar at any instant, (' its capacity, K tlu‘ 
r(‘sistan(“i* of the circuit, and L its coetlicient of si‘lf induction. Tlnai 
if r l)t‘ the intensity of the current and K tln^ elect romotiv(5 forca', we 
have tile (apiation 

K IK ;,(U) I/';. 


In this cast^ (\ and h 


Th(‘i(‘for( 


, //"(> <) 


'Fhe solution of this e(|Ualion is 

t- 

where //. and /// are- the roots of the e(piation 

•• In 


W'ritiiii 


we li.ive 


H / It- I 
21-=^ \ 11-^ ri; 


/ If I 
Ii;' ( i; 

]\l' 2 \i ! a, /»/ It « 


i) r, -HAraf I 

where A and 15 are constants (h‘t(ninimMl hy the initial conditions, vi/. 
that initially we have — itud I — U, which givi; 

A ; IJ <il,„ and A/j, ; 0, 




Hence at any time we Inne 


,Lr'i- 
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Coiis(Mjii(‘ntly the ouiTC'iit iiny insfant i.s 


‘'7 nf 

// 2i'\.a 


ir f/ 1 m' real that is, if \v(‘ have 177 41 ^ C — the (juaiitity Q 
will ^I’adiially (iiminish to zero as the tine* inert'ases. 

It, liowe\(‘r-, we ha\e 17 4 L ( ', then •/ will h(‘ imaginary, and 
Avi it ing 

/ 1 

" II.-- 

the above foiinuhe })eeoiiM‘ at oiuai 


and 




■ns a f 


■jLrt' 


sin a / 


I ji.siiiaV. 

( La 


In lids ease tlu* current starts fi‘om Z(‘ro and i‘is(‘s to a maximum ; 
it then falls to /ero and Ikmoiih's revcust'd, aft(‘i“ which it passes 
t hrough a sm ins of oscillat ions. 'Fhe discharge* thmcfoia* doe^s not 
take j)la(‘C in a single flow fr<un one coating to tin* other, l)iit a ]>ack- 
rush s(‘ts in, and a seuaes of e*urrents, or oscillations, oceui’ alt ernatedy 
in o|)})osit e diree’t ions. 

'The cuireiit attains its maximum iut(‘nsity wlum 

I'l.a’ K iii.i\imuiii (‘iiii’ciil . 


'The zei'o \ahn‘ of the' eurnmt is reacheel wlum 

a / ifTT 


• /(‘i‘n run ml . 


and cons(M|U(‘nt ly tin* charge* at the same* time is at its maximum, for 
W’e* ha\e I - >1^} 'Thus the* e-harge e>.^e411at e*s hackwaiels and for- 

warels, attaining positive* anel negative maxima after the* lajise of e‘(jnal 
inte*rvals tt (l\ the* time e)f a eeun{)le*te oscillat ie)n being 

/ ! K- 
\ LL ii;- 


If the resi^taiu'e* be* small e-emipare-el with the* reciprocal of the 
e*apae*itv we* may use* the* a])pre)\imate‘ foiaiuda ’ 

r iv s e ' I .. 


^ It’ tin* r.iparit\ Lr r\ jut 1 in rh rt i o^lat in nira'^uir, and tin* srlf-indnrti<>n in 
rlrrt rmiau-iirl i<-. tills r\ pi r'«'-it>n t.lk^•'^ till* I'ni-ni l'ttX e'L r w linr r i- tin* \rl<»rit\ t.l' 

h-ht. 
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riu* ^U(‘Ct'<si\o niaxiniuiii cbar^as ot-riir wluai o?- ./ / -//- ; ihov 

arc tlirrcforc 

TTi: J-ri; :Wi: 

<t'i -‘I I ‘i’-. ^y,' -I <,*,/ Ji,, 

'I’lic (juaiililies ili(‘rch)iv diniinish in i;-comi‘r I'ical pro^n'ssio]), and ilic 
^'iicTi^y of the cliarirr diminishes <-(»i'i\‘->|>(mdinLtly on eai-li oscillation, 
heiii^: l'»t hy radiation into s])aci‘, or in heating th(‘ eireiiit, oi- hotlr 

^\ het her the dischai i^e is eontimious or o^eillat(M \- t hei-efor(‘ d(‘))ends 
on wln'tluM- iL is h'ss oi- yreattn- than t'K’ ’, and an oseillatoiy disehari^e 
may Ik* oljtaim'd either hy iner(*asini;' h or snMicienl ly diminishiny 
and Ih 

d'liex* predictions (d analx’sis ha\e lH*(*n eimliinu'd, as riiomson 
>nyyested, hy examininy tin* spai'k, diiriny discharyt*, hy means of a 
revolving mirror. In Fedd(‘rs(‘irs t‘\periments the imaye of the spark 
in a. r(‘\ol\ iny mirror was \ i(‘wcd ihroiiyh a t (*leseop(‘. Wdit'ii tin* 
resistance of tin* eii‘enit was hiyh the spark was nu*rt‘ly drawn out in 
width - tliat is, at right anyles to its h'liytli ; hut wh(*n th<‘ resista.ma^ 
^\as suHieiently rediita'd, so that the oseillatiny discharye miylit occur, 
the hand was reduee(l to a broken imaye consist i ny of a sei’ies of sti’ips, 
<‘ach stri]) eorrespondiny to a discharye.' 

I’aal/ow e\amine(l the dis<*harye throuyh a \acinmi tiihc* in tin* 
>ame manm'r. With a hiyh resistance a Iduisli liylil show(‘d itself at 
one pole, hut with a low resistance it was exhihited at both. In tin* 
latter ease a maynet held near tin* liilx* split t in; discharye hand into 
two lines of liylit, hut in tin* former tin* maynet ('ireet(‘d no separation 
of tin* discharye, showiny that the discharye occurred in one dii-ection 
only or in lx )t h, according as tin* n*sistane<‘ •>f th(i circuit was liiyh 
< »r low . 

The tinn* of oscillation of an ordinaiy la'ydeii jai* is from I t(> ! 
millionth of a second, yi\ iny lisc to e*h*et romaynet ic waves about oO 
to 1(M) meti'es lofiy, if we assume thear iat(* of j)r(»j)aya t ion to he tlic 
satin*, or a])pro\imately the same, as tha.t ot light. A small thimbh* 
si/i‘d jar would yi\e ris(* to waves about 1 metia* in lenyth, and if 
we [)ush the r<‘ducti(»n to tin* limit of the. liyht wa\rs. or hDOO tenth 
metis's, wt* would re<juii (* a ciicuit ajjjiroachiny atomic dimensions, This 
suyy(‘sts that the long (*leet la una yn(*t ie w'a \ <*s cm it t (‘r 1 by a c()nden.^er 
underynn'ny oscillating discharge are in rc'aiity the satin* in kind as the 
.short etln*real wa\'(*s which afl’ect tin* retina, and that the light and 
ln*at waves are excit i-d by electric oscillaticms in tin* atom - oi* molecules 
of the incandesctmi matter. 

* Kci’ .1 11 .c-coii )it cl' tic- ! '•'.c.'i iii;cl»' ill ilii> rli e.n l in'Ht .• W ici Icin.i u a - 

/;/. Ui <f. \ni. i\. jc.. -i::. . t.-. 
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330. Hertz’s Experiments. —The electromagnetic waves radiated 
hy a condenser undergoing oscillating discharge have been ingeniously 
detected ])y Ih’ofessor llcirtz. The method is analogous in principle to 
the use of resonators in the detection of sound waves. It is well 
known that a, vibrating tuning-fork wlien held near an (>[)cn pipe will 
throw th(! air* column into vibration and elicit a note fr*om the pipe if 
th(j hmgth ot the pipe be so adjusted that its period is the same as 
that of th() for k. In the sarm* way, if an oscillating discharge be main- 
taimMl in a circuit, it will jrlay tluj [rarl of tlu; tuning-fork, and if 
anotlnn* circuit b(! at hand which poss(*sses the same periodic tinu‘ of 
el(;cti*i(; oscillation, th(m it will ])lay the jrai t of th(j l•esonator', and will 
be; tlii’ovvri into electr*ic vibr-ation. Th(‘se sympathetic vibi-ations have 
b(*(!n delected and examined by Her tz as follows. 

Tin; vibi*;itor consisUal of two br’ass ])lal(‘s A and B (Fig. 1?40), 
to (‘a(*h of which is attach(‘d a stitl* wir*(‘ t(M‘minat(‘d by a brass knob, 
ddn; knobs are gilt and placed about 2 or 2 millimetn*s apart, so 

that wlnm the plat(*s ar’c o])posit(‘ly 
el(‘ctr*ified a spark can easily cross 
between them. Flectricj oscillation 
therr sets up, the char*g(‘ passing 

A I'lu. Jio. 'I'lic \iin!iiui. !► h;iekwar<ls and for war-ds fr*om one*. 

plate to the other and diminishing continually in (piantity as its (nergy 
lu^comes used up in In'ating the wires, spar*king, and especially by 
radiation into space. The tirm; of (*ach oscillation is appr*oximatt‘ly 
27 r\^(Ti, and this in the exper-irnent will be about 1 of a 

second, if the plates ust'd ar*e about U) centimeti*es s(|uaie. 

At each passage of the char*ge l>etween the plates of the vibrator, 
induced cniients will occur in rreighboui’ing conductors, and if the 
periodic tinn^ of an oscillation in one of th(*se should ha])j)('n to be the 
same, as that of the vibrator, the oscillations 
itrduced in it will become multiplied and may 
attain a consider*able intensity. Tdiis conductor* 
them acts as a t*esonator*. The r*esonator (or* 
receiver*) devised by Hertz Avas a simple circle of 
wir*e (Fig. 2 11), the ends terminating in brass 
knobs which could be adjusted at a small dis- 
tant' apart. The length of the wir*e ^ being 
caiefiilly adjusted to suit the periotl of oscillation 
of the vibr*ator*, then, Avhen the vibrator* is in action, the induced 
curr*ent hows backwards anti forwards itr the resonating circle from 

^ II' tic* platos of tlu‘ viluMttn- art* 10 t-in. .squart*. tlu‘ It'iiutli t>t' the necivtr i>. 
alioiit 210 fill, tif Xc. 17 uii’f. 
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one kfiol) to tlir othei’, and liiially attains such a sti'eni»:tli that sparking 
actually occurs between the knobs. 

The charging of the vibrator is etleoted by connecting its plates 
with the terminals of an imluctioii coil. In this way tlu? oscillation is 
maintained in the vil^rator, and continuous s])arking can be i)btained 
in the resonating circle. 

The reHection and interference of electromagnetic waves may now 
be observed with facility. Placing a large metal scMvcn (a sheet of 
zinc '2 or .*? nu'tres s(|uare) immediately behind the lesonator, the 
spaiking is observed to incn‘ase in brilliancy, and the distance between 
the knobs may be augnumted Ix'yond the limiting distance' at whicli 
sparking would occui* befoit* the scret'U was brought up. W'hen the 
screen is moved back from the r(‘sonator to a <listanct‘ of 2 metres, 
say, tlie sparking c(‘ases, and cannot be obtaiiu'd <‘ven on ^jcrewing the 
knobs v('iy near each other, but when tin' screen is movt'd twice as fai* 
away ( I metrt's), sparking is again obtained which is moiai vigorous 
than ^vlu‘n tin* scnani is cntirc'ly n'lnoved. W ithout, tin* sci’ceai spark- 
ifig is obtained at (‘\ery di>tance, <liminishing only in intensity as the 
distaiK'e betwoc'ii the oscillation and ri'sonating circuits is increased. 
W ith tin* sci'ccn, on the otln'r hand, sparking is obiaimMl at. some places 
and no sj)aiking at otluu's, e\(*ii though lht*S(i may lx; nearer tin; 
A’ibrator. 

It should be o))S('r\<;d that no sparking is o)>taim*d in tin* rcson- 
ator when it is [)la(a‘d immediately behind tin* zinc slu***!, and this 
shows that the zinc sheet scr(‘ens oil’ tin; electromagnetic action of the 
vibrator. 

The intei’prctation of these results is that waves oi' eh;ctr()magm;lic 
disturbance are radiatial fi’om the vibrator which fall ujjon the. metal 
screen and are reflected there. The refh'cted wa,ves interf(;ie with tin; 
(iirect waves, as in tin; case of sound. .Vt the distance; of a ejuarte*!* 
wave {2 metres i?i the above exp(;riment), or any odd multiple, of a 
(piarter wave fi‘om the .screen, the two art; in (Opposite phases, and 
theii* cc)mbined etlect on the resonator is zero, whih* at distances of 
2, 1, t), etc., ((uai ter Avaves from the screen the direct and retlect(;d 
waves ai*c in ac(;ordanc(', and vigorous sparking is ])r(jdue(;fl in tin; 
resonating eircuit. The eorresj)onding iiiterfereiiee of direet an<l 
retiecU;d sound waves is well exhibited in the nodes and loo})s (jf 
organ [)ipes. 

Having once obtained the.se electromagnetic waves, and the means 
of observing them, Hertz proceeded to iinjuire into their laws of 
reflection and refraction. To this effect he m(jdifi(al the ap])aratns so 
as to render it more sensitive, and concentrated the radiation by means 
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of zifK' r(5ll(3ctor.s Ix^nt into tin.* sli.-ipo of parabolic (.‘ylirKlcrs. 'Tin* 
viln’atoi' consists of tuo brass cylinders ( Fiii;. -I'J), each about 1 o!- 

lb ccntini(;t.r(;s lon;^, b c(!ntiiMcti(.*.'> in diaiiici (u-, and roundt’d or tci‘ 
iniiritcd by knobs at the* s[)arkini;- ends. 'Ibu; cylind(*rs are j)laced in 
tin; focal liix*. of tin; pai‘abolic reilector, ainl ai’c connected to tln^ 
{(Uininals of an induction coil which (‘xaites the oscillations. bbn^ 
r(ic(‘ivci‘ ('onsists of t\v(> ])i(M‘cs of thick wir(‘ (‘ach about aO c(Uitiinetr(‘S 
lon^i;. bbu'V arc also jilaced in the focal line of a paialM»lic ref1(‘ctor, 
and from tin*, end of each a thin \\ii-<‘ j)asscs at riiiht ani^lcs thronyh 
the rel1(‘ctor to a sj)ai-kiny s|)aci‘ at tin* back, Avdier(‘ the induced spaik 
i/i^i;- can be obs(‘rv(M| without obstructing th(‘ waves fallinu on the 
I'cllector. 'rh(‘ total lenirth of the \ibrator i,-. iiearly half that ot th(‘ 
<!mitb(‘d wa\(*. For succ(‘ss it is necessary that the ])ole surface's of 
the s|)arkini( spae(‘ should be fiaMpnmtly polislu'd and unaidtsl against 
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tln‘ illumination of simultam'ous lateral disehaiy<‘s, for tin* ra\> of 
hii;'her refrauyibility ari* delrinnmtal t(» tin* working of the aj)[iaratu^. 

W ith this aj)j»aralus I lert/ detected i*etlei‘tion from the walls and 
obstacles around tin* rootn,an(l subjt'cted tin* ('l(*cti-omaym‘ti(‘ radiation^ 
to un»st of t h(‘ experinu'nt-^ which it is customary to j)i‘rfoiin with liyht 
and heat rays. lb* had a larL;(* piism of j>itch eon.'^trueted, and \ criti(‘<l 
that these Nvaves ari* refracted in passing through it, just as liyht aid 
h(‘at waves are refracted in jiassini^ into a in‘w nu'dium. bbie anyle of 
th(‘ [)risni was bO , and a deviation of '22 was obstMwed in the tians- 
mitted waives, uiviui; a refractive index of 1 ’bt) for these loni; eK‘etro- 
mai;netie waves. The rt‘fraeli\e index of ])iteh for liyht waves varies 
from 1*0 to Ft), but a disai;i*e(‘ment in refractive imb'X i> not to be 
taktui as I'videnci* ayainst the similarity of lii;'ht ami eleetroniai:m‘tie 
waves, for it- w oidd lx* remarkable, and even contrary to expei'tat ion. 
if tin' 1 ‘i'fraetive index of waves I metre in li'iiyth happened to be 
the same as that of waves *J(nt,000 tinu's shorter. 

From the mode of production of these waves it is clear that they 
consist of transverse vibrations and are platu’-polarised, for the elect lie 
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forci^ is parallel to the vil>j‘atoi’ and the lines of nia^i^nelie force are 
eirelcs I'ound it. The directions of the electric* ;md ina^uiu'tie force's :iit‘ 
consecpiently in the' wa\'e frenit and at ri^ht aiiyh's to t'ach othei*. If 
the leM-eixin*;' mirror he rotatt‘d round the diri'ctioii of tin* rays coining 
from the \ihrator the sparkiny i;radually ee'ast's, and \vlu*n tlu* focal 
lim* of the ree-t'ive'r is hoi'i/ontal -that is, at riyht anylcs to the' focal 
lim* of the* vihrator — no '^paiks can la* obtained, e‘\en thonyh \ei\’ close' 
to the' vihrator. "I'he* t\vo ]>ie‘ee‘s of apj)aratus thus play the' j>art of 
the j)oIariser and analyse'!* in a polariscope*. 

l ilt* polarisation of the' \va\e.'- may he sliown ])y int i-oelnciny he'twee'n 
the miri’ors a wire' se'i'e't'!! consistini;- of ^\iI•es wound jiaialle*! to a yi\e‘ii 
diie'ctif)!! on a liyht tiame*, so as to i-e'se'inhh' a dillVaction i 4 ;ratini;‘. 
A\ hen the* elii'e'ction of the* wii*e‘s is parallel to the* oscillator— that i>, 
to the' focal line's of the mii‘roi*s the* scre‘e*n is ot)a<|ni' to tlie* radiation, 
it refuses to transmit the wave's hut re*(h*cts tht*m cojiioiisly. < hi the* 
otht*r hand, whe'ii the* dire'ction of the* wire's is peipe'iidicidar to the* 
focal lines of the minors, the* wave's are* fre*e*ly transmitte'd and sjiarkini; 
is ohtaiiK'd in the* re'ceixiny' <*ircnit. I'lie* scre'i'n is thus o|>a(|Ut' to the* 
radiation when the* dire'ction of the wires is jiaralh'! to the* e'h'(*tric 
three*, lint t ransjiai’enl w he'ii t he wii*<‘s are* jiaralh*! te> the' ma<;ne'tie* feii'ce*. 
It thus plays the* pait e)f an analyse'!*. 

ilert/'s e'X])eriments have hee'ii re‘pe*ate‘e] iti this eenintry with 
varieuis moelilicatieins, anel pai*t iculaily in |)uhlin hy 1 heefessea* (1. I-'. 
l‘ht /( h*raid, anel I )i*. V. 'h. 'rre)Ute>n,’ whee have^ fuithe'i* sliielie'el the* cases 
e)f !■e‘tlt‘ctie)n tVeem IH)!! ceeiieluct in;4 suhstance's, such as _i;lass tiiiel jiaraliiii. 
riiev ha\ e^ alse) se!ttle!el the* hniy elispiit e*e| ejUe*st,ie»n as le» the; direct iem 
e)f \ihiatiem in ie*latie)n tei the plane* of jiolaiisat iem in jilaiie pe>l;uiseei 
liyht. I'h’esiu'l anel his fe)lh>we‘rs reejuired the; Inminous \ ih!*ation te» 
he at l ight angle;s te> the plane* of peilarisat ie)ii, w hile*, acceaeling l(» 
Macthillagh anel Neumann, it must take place in that |>lane. On the* 
eethe'i* liaiiel, .Maxwadl's theeiry imiieated that se>me*thing exciirs in he)th 
jilaiit's, a magnt'tie vihratie>n in ejm* anel an e*le*e-t lie* in the* e)t h(*r, (»r 
rather a \ ihratiem accemijianicel hy magm;ti<; te»ie‘e in e>ne* elire;ct-ie)n and 
eh'ctric force in the ])erpe*ndicular direction. 1'he th(*e>ry fiirlhe'r 
inelicateel that the*, e*le*ctrie; feirce is pen-jiendicular to, and the; magne'tic 
feercc in, the ])lane e)f ])(»larisatie)n. 'This eemelusion lias he'e'ii ve;rifieel 
hv experiment, fe»r the electi-otnagnetie* w*a\e*s are* feiiind ne)t to he* 
re'th'ct e'el at the, pe elarising angle* fi*e)m the*, surtace of a hael ce>neluctor, 
such as a wall, when the electric fen-ce is parallel to the plane; of inei 
elt'iice*, hut rcHcctiejii occurs at all angles when the elect rie* feae e is 
perpe'udicular to the* plane lef incielom ex In tin* pedarise*el lay rln*re‘foit. 
‘ i’. "!’. 'romt'iij. .Auiu-t <e^r. 
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is pri jinmliciilar to, and tlu*. magnetic force in, the 
phuK^ of polai*isation. 

Ifert/'s exp(M*im(mts have Im'Cii rtjpeated l»y Pj'ofessor (). d, Lodge 
and Mr. K. . 1 . I )ragoun]is ' at I nivei.sity (‘olh*ge, Livcipool, witli 
a sliglitly niodilici] foiin of receiver. In f)rder to iinider tlie efleet of 
the elcArlrie oscillations more easily ol)S(*r\ahh‘ in tin; resonating cir- 
cuit, a (J(*issh;rs tiihe was placed in the sjiaik-gap, one electrn(h‘ of the 
tube ])eing eonnect(‘d witli citlier side of tln‘ gap. When the appaiatns 
is at. work tin; tula* liglits up and renders tin* (‘llect of tlu* electric 
osrillations \ isil)h* (*\(‘n at a consi<l(‘i*al)l(* distanci*. ddn* d(*teelion of 
tin* oscillations by tin* cln‘mical action f)f tin; ciin-ent on iodide* of 
potash paper was al.->o tri(‘d. 

'The sympathetic oscillations in tin* r(‘ceiv(‘r may also be (h*tcctc(l 
by means ot a deli<a,te ga 1 \ a nonn't er. One teiniinal of the galxaiio 
nn*t(‘r is comn*ct(‘d to om; side* <d' the* spark-gap, and tin* otln*!’ to tin* 
otln*i* side of the gaj). W hen spai’king occurs at the gap a delle<*tion 
ot the; ga 1 \ a.nonn*t Cl' occurs, and with a d(*licate long-coil gal\'anonn‘te*r 
a very mark(*d (‘ll'ee't may be jirodiiced. t d’(‘a t delicae*y of adjii.-^t nn*nt 
at the gap is in'cessary, but w ln‘n })i‘op(*i*ly ari’angi'd tin* ajijiaratiis is 
\ei‘y sensitive. I»y this nn*th(Ml I’rofesseu' Kit/(lcrald ’ has exhibited 
the; (‘l]e‘ct to a largi* audi(*in'e‘. 

'Tin* IIe*rt/ian vibrat ions may also be det(‘ct(‘d by the nn'lhod e)f the 
llolometei* that is, by tin* \ariation, when hcat(‘<k of tin* re'sistanci* of 
a thin wii(* place'd across tin* sjiark gaj>. 

331. Radiation of Electromagnetic Waves. W hen an elect lic 
o'^eullator is at w'ork a p<*iiodic \ai‘iation, or \ibration, is oce*uiring at 
e'aeh jioint of theticld around it. 'fin* elisi ribut ions of e*l(‘(‘tric forea* 
in the* tie*ld at the* stage's / “ i, T, f '/T, liave* bee'll 

]»le)tte*el by Ile'it/ and are* |•e*|>re.'^e*nte*d in Ligs. ’_M o - 'J 1 b. If 'f 1 m* 
the* time* of a e*e)m|)le*te' \ibiatie)n, tin* slate* e)f the* tie-ld at any instant 
eliiring the* first half })e'rie)el is just re've'iseel at the ceurespeine ling 
instant of tin* se'cemel half, so that it is only in*e*e>sary te> tiace the* 
ehanges in the* tie*lel eluriug half a e*om})lete* viliratieui. Eig. 1M.‘> shows 
tin* lie*lel at the* time* eu’ t ~ Here* the* poles e)f the oscillator 

are* fi e*(* fi’enn e*le‘e‘l ritie*at ie>n. anel ne> lines ed* fore-e* run eiut from the*m. 
Klectrie* eharge*s are* just about te) ace*umulate ein the* e‘.\lremitie*s. 
Line's e)f tdre-e are abeuit te> spring* eiut, anel will e'e)ntinue te> spring out 

' !v ,1. 1 Ir.igtMiiiii.s, Xahtri. ttli April ISSU. .\ii .u-eninil of tin* iccciil \\e)rlN in 
this eli'pai I iiH’iil has litcn L^ivi-n li\ I’rofe'svor O: .1. Loilgi* tin* work «»f Hertz ami 
.soiim t)f liis siKMa-ssoi s. heillg ail e*Ve*liillg h'ctlllV at tin* lht\al 1 llstitUtie)li, 1st .luile 
Isei. ItejM'iiiteil from 7Vo A.7/ •■//•/cco/ hy till- lOh-nt 1 ieiaa Ihiiiling ami IhildisliiTig 
t 'oinpan v. I .omloiih 

- (1. f. I' l/th-rah]. ENeiiiiig lA'ctum at tim liistiiution, 21.st Marnli 
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I’ii:. 1-H4. IIt‘ro it may 1 k‘ oltst'rvtal the liiuvs of f(»r(*t‘ art* not drawn 
ri^lil n{) to tilt' |>o]t‘s of tin* oscillator, for tlu' foiimila' (Art. 'K’»o) from 
wliich the curves wct'c plotted regard tlu* oscillatoi’ as e\cc(‘dinglv 
small, so that in tin* immt‘ttiate maghhoiirhot »il t»f a tinili'. \iln‘ator tlicy 
do not suilicicntly re)>rt‘sent tlit‘ tnn‘ stalt‘ of the iichl. A small 
sphcia'cal spac(‘ around tin' o->cillator, tt* which tin* formula' t'annot Ik‘ 
applit'd, is coiistM jU(‘ntly left unplottt'd. 'Tin' sjaa'd at wliich the dis 
tiirhanct' trav(‘ls out in the initial stagi* is much gr(‘at(‘r than tin* 
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normal \clocity, and wlicn / - Jd’ tlie elcctiic \va\c has nearly Ira 
versed half a wave Icngtli instead of a (juarter. There is thus a gain of 
a (jUarter pei'iijd, and tin* velocity finally snl»si«les to tin! noinial valin* 
( 1 s l\/i) at some distance fi-oni the origin. Fig. iM a r<‘j)res<*iits tln^ 
Held at the time t= j T, and Fig 240 that wlnui / — In the latter 

a singular action is shown as coming into opmatioii. ddie lities 
fartlu’st from the origin are heing drawn together hy the stress with a 
lateral intli'clion. d'his inileclion approaches nearer and in'arer to tin; 
axis {)i : till finally a self-closed surface lil<(; a. vortex ling detaches 
itself from eacli of the outer lines, and these spread out into space 
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Nvliihi tli<‘ >ink )>M(*k into tlir ponductoi-. 'Flic iminbfi- ot’ 

j'fjpcdirj;;- linos is (iXMctly flic* s;irufi ;is Hk* fiuiiilxT of oiiyifially oxpaiid- 
iii;^ linos, hiil t.li(‘ii- (nioiuy is (liiiiini>]jo(l l»y that (^f iho, dotinhod 
|)or*lions. 'I’lioo portion^: oan y onoc^y out into sjwua*, iokI in const*- 
(jiiciKM* tlir oscillation nm>t >oon .suF^itlo unless the soiirct; l)o supplit*'! 
with <‘nofyy. 

lo-turniiii; now to h’i^. ‘Jl-'J it will i-oprt'sont tlio state of tliinns 
at the time / '/I', tin; closed surfaces l>(*ine- tin* diitacliod limxs of 

force t ravelline ()ut into spac(*. 'Fhe oscillato!’ is again without chargt*, 
l)iit chareing is ahout to coijunenct* and new lin(*s of forct* are about to 
spline (Hit from tin; j)oles. 'riu‘S(‘ will c(»mpi<‘ss the dtjtachetl lint''- 
whose, lii.stoiy w’e ha\e just folloW(‘d, and the situation at tin* tiim* 
f - - l^'V will be as shown in F ig. - I 1. So also F’ig. «1.> w’ill reprt stmt 
tilt! held when / and F'ig. iM when wh(‘i(*as Fig. *J1‘> 

will again show' the oscillation about to start a fresh disturbance. 

.\m ap[)i-o.\imat (3 estimate of the emu'gy radiatial in actual w’orkiiig 
has been gi\en by licit/-, d’wo sph(*res of 15 cm. radius wau'e eliargi'd 
in opposit(‘ senses up to a spai'k length of about 1 cm., so that tlu*ii 
diller(*nc(‘ of ])otential was about IlM) (\ (i. S. (‘lectro-'tatic units. d he 
cliarge of such a sphere* was accordingly about !M)I) ( '. (1. S. units, and 
the total store (»f enei’ev possesse'd was about t»t) IM M) — t,t MJ() eu’es 
or 55 gramuK* ceutimet r<*s. d'lie Umgth of th(‘ oscillator was about 1 
im‘trt^and thcwa\e h'ligth ISO cmitinu'trcs a])|U'oximately. 'Flu* h^ss 
of (‘iieiga comes out (o be iMOO (‘rgs to half a swing, so that atl(‘r 
eh'ven half swings om^ half of tiie initial (*n(‘rgy is radiated. 'Fhis 
I'apid damping is made evident. b\ e.\{>eriment , and could not lu* 
obviated ey(*M though tlu* resistama* of tiic oscillator and s[)ark wa‘rt‘ 
n(‘gligibh‘. A loss of (*iiergy of ’J toO erg.s in 1 '5 1 00, (KJO, 000 of a 
s(*(‘ond m(‘ans the pi*rformance of wau’k opual to :gj horse power, and 
tlu* oscillator must In* supplii*d at this rate* if the* \il>ratioii is to be* 
maintaiiu*d at a e-onstant inte n.sity, in spite* of the* radiation. l)nring 
the first f(*w' swings of tlu* vibrate)!* the* iute*usity e)f the raeliation at 
about \'2 metrt*s distant from the vibrate)r cori*e*spon<ls to tlu* int<*nsity 
of the solar radiation at tlu* surfae-e* e>f the* e‘arth (see p. oiPO). 

liefore e*nte*iing into the* mathematie-al in ve*stigation of the* ])ie)- 
perties of tlu'se e*urve*s, we shall, for e‘onve*nie*nce, first summarist* 
Ma.xwclFs eepiatious of the electieemagnetic tie*ld. F'or this })ur])ose it 
will be* us(*fiil, in the* first place*, to obtain an expression for the line 
iiitt*gral of a \'e*e*tor take'ii roiiiul a. small ree tangular eire'uit. 

332. Line Integral of a Vector, lu a fie ld of force the force at 
any point may iu ge*m*ral In* re*])re*senteel in magnitude ami direction 
by a right line. Siuh a epiaiitity, [)ossessing both magnituele and 
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WiiTctioii, is tiTinrd ;i (lir«'cleil 4 uaiitity or a Tlu^ liiu‘ inti'Lcral 

of M \'(N'i<n* rouiiil any cnrvi^ or circiiil may hi* dotined as /' I'' cos </,7> 
wlimt* V represents tlic ^alue of tin* vectoi* at any point of tlie eiirvt*, 
f/< the correspondiiii; clement of the curve, and </> tin* anyh* hetween 
the din‘ctions of F and </s. Sinei* F <•(»></> is the component of V 
})arallel to it is clear that wlnm Fisa force, then th<‘ lini‘ intt‘i;ral is 
>imply the work done in traversin*;’ the circuit. 

Let \ts now consider a small rectanynlar 
cii'cuit of sides <\r and n//, and centn* () ( I*’iy. 

*_! I 7 ). 'riimi if the conijionents of I*' at () he 
>1 and /-) i'especli\ ely in the diri^ctions of tin* 

^ide> of tin* r(‘ctani;h‘, and if F varies from 
point to point of the held, it follows that wlu'fi 
th(‘ sid(‘s of th(‘ r(‘etanyle are very small the \eetor <'om])on(‘nts which 
aj)j)(‘ai- in the line int<‘yral i-oimd tin* circuit. A IK’D will he 
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Ih'iice tile line inti'it’ral taken i-ound tin* ri'ctanyle in the dii'ection 
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d'ln* -luantity is te I'med the ci//7 of the \(‘etoi, and consei |Uen t ly 

Wf l)a\e found tliat tin* line integral of a \eclor taken I’tnind a >mall 
rectanyulai’ eireiiit is tlie priwlnet of the area, of tlie circuit hy the eiii'l 
ot the \(‘etof, oi’ more ii;(‘nerall\', tin* iim* inteL!;ia,l ot a \<*<'tor taken 
i-'Mind tlie pei'inietei’ of any ar(*a is e(|ual to tin* ,>ui face int(‘yral of the 
curl taken ovei- the area. 

333. Fundamental Electromagnetic Equations Isotropic Di- 
electric.- We an* now’ in a position to wiite down the i*(|nations con 
nectiny tin* el(*ctric and mai^netic hnees in anv medium. In tin* fir.^t 
jilace, tor simplicity, let the medium he an isotropic non conductor such 
a^ air or ylass, 

1'hen it W'e consider any cii'cuit ])Ia<-(Ml in such a medium, it is found 
hy experiment that an induced current is j^encrateii in the circuit whim 
the mai;neti<' held vari«*s, and that the eh*ct lomot i ve force of this 
current is measured hy the' rate at which the whoh* tlu\ of mai^metic. 
induction j)as.sin^ throULcli tin; circuit changes. d’hat i-, the lin<? 
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of the electric force taken round the circuit is equal to the 
time rate of change of the surface integral of the magnetic induction 
jiassing through it. Hence if we consider elementiiry rectangular 
circuits of sides, ():'/ o./* ; % respectively, having their planes 

y)arallel to the planes of reference, then denoting the components of 
tin; electric force* at the centre of the parallelopiped e./’, S//, (Sc' liy P, Q, L*, 
and th(! components of the magnetic force hy a, /i, y respectively, we 
have the line integral of the electric force round the rectangle d//, 
equal to 



and if the magnetic ])ernuiahility of the medium he /x, the tlux of 
magnetic induction through the same rectangle is 

fjaojfdi ; 

hence ])aying attention to sign we have at once the relation 

</.a </R 

^ (ft ihj 

similarly 

f/fi r/e f/ii 
</: (Lr 

ily r/P 

^ ' (l.,‘ ihl 

That is, the cm I of the electric force is eijual to the time ratci of change 
of the magnetic induction. In tln^ same way tin* line integral of 
magmatic force taken round a circuit is e(iual to the time rate of 
change of the flux of idectric dis])lacement passing through the ciicuit, 
so that if tht*> speciHc inductive cajvicity of the medium he K we have 
the corres]ionding set of e«|uations^ 

(/P ih 

if: 

yif^} (fa ify 
^ (ft " (f-J (f,r 

(/R (ffi (fa 
' (ft ' (U- (fit 

^ The t'lri'tni* ciUTfiit ill ii straight win* is ivlatol to llu* magnetic force in the 
I’k'IcI anaiml it liy tlie fact that the line integral of tlie magnetic force taken roiiml a 
curve eiu'losing the wire is espial to tin* curreiil miiU,i]>lietl by Air. Thus if llu* 
(‘iirrent strength he C the inagiietie foree at a distanee ;• from the wire is 2C/j\ and 
the integral of tliis taken around a eirele of radius r is '2Trr x 2C//’ = 47rC. To a 2 >]dy 
this to adieleetrie, Maxwell introduced the idea nf what he termed “displacement ’’ 
eurreiits. Thus if we consider an electrified eoiidiietor placed in a dielectric, tlie 
electric density ;^or displacement) at any point of the conductor being p, the electric 
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Wc have thus six equations connecting tlie six ([uantities, «, /i, y, 
P, Q, R, and from these we may easily deduce a differential equation 
for any one of them. Thus if we differentiate (1) with resj)i‘ct to / 
and substitute from (f)) and (0) for di.) df an<l dli.'df we have; 


mK 


f/-'a 

(//- 

(f~a 



(T-a 

ihf 


ifa (ffi\ if / ify ifa\ 
thj if.r) f/:y/.r tf\) 

^ if-a if I (fa (ff-i ffy\ 
if'.- if.i'\if.i‘ ' tf If ' (/: /’ 


But since we have supposed the medium to be an isotro])ie non-con- 
ductor in wliich the magnetic <lensity is zero ; or, in other words, that it 
contains no source or sink of magnetic foice, it follows that tln^ Ilux 


loivt* just outside the sui tac<^ of the ronduetor will he l7r/> in air and ln-/)/lv in an\ 
otlier inedinni. Tins displa<*eineiit is snp|M)sed to exist w ln i<‘VJ*r 1 lu re is (dect rie 
Inni', ainl a variation of the <Hsplaeeni(‘nt et>rres)>unds to an elect rie eiirrent, tlu' 
eiiireiit streiij.'th heini^ ifpliff. As the displaecnnuit at any [)oinj of an isotropic 
dielectiie is a diix'cted (juant it y, heiniLf in t ln‘ <lireetion of t lie eh>eti*ie force, it follow s 
that if its eoinponents parallel to the axes he dciiototl hy./', f/, ff at any p«»int, then 
the coni|ionents of tin? force at that [loint arc 

P- 47 ry/K, <> K, K Itt/i/K, 

consequently the eonipcnie.nts of the ilisphnuMnent current aii* 

if/ K ifV _(/{/ K </(,» ^ if If Iv r/K 

iff \ir iff' * iff Air ift^ ^ iff Itt iff 


Hence if wi* ajiply the above law ^•onneetini( the cinicnt streni^th with the liix' 
integral of nia.gnetic foicc we have 


ify if/ 

if If if-. 


Itt// 


K 


ifV 

iff' 


Thu> the curl of the magnetic force is Itt times the, <*le(;tric current, and, expri*ssing 
ci|ualions 1, *2, in similar language, wv may say that tin* curl of the ch*clric foicc 

is Itt times the magnetic ciirnMit.’’ '^I’hus l\l\ Kty KR ar(^ the. compfiiumts of 
what may he called the electric Ilux density, and Kt/l*p//, Kif<)/if.f, Kifll/iff arc the 
components of the electric curreiii density. Sinnlarly /xa, /x/1 /uy an; the com|(oncnls 
of the magnetic Ilux density, and ijufafiff, fit f /jiff , fitfyitff t he components of the mag- 
netic curnmt density. Wlnui the medium is not a pi*rfcct non-conductor the com- 
janumts of the conduction eurrent must he taken into consideration, and if the 
electric conductivity he /r tliese (!omponents will he / !*, /<,>, / R, .so that the cf|ua 
tions heeome 



*f \ 

ify 

ilji 

Itt/.’ H 


ifij 



'i \ 

ifli 

t/i) 

1 Try 





The factor y wldch ap[»ears in the latter equation lias heen introduced hy Mr. 
Oliver Heaviside, and is the magnetic analogue of /; — that is, it is the magnetic 
conductivity or the n*eiproeal of the magnetic resistivity. 
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of force taken over the surface of an element of volume is zero — that is, 

da. dti dy 
,1.1^. 0. 
itij //* 

( ’onseouently if we, as usual, denote tlie o])eratoi- f ])V 

■' //.#- dll'- d\~ ^ ' 

the. e<jUation for a becomes 

..'''“'a 


witli similar equations for and y. 

In the same way by diderentiating (1) with regal’d to i and sub- 
stituting fiorn (2) and (.*1) we olitain the eijuation 


d^V 

mK 


V‘^I‘ 


d fdV di} ./1{\ 

//./• V //,/• ('/// ^ d'. ) 


I Jut since th(M*e is no ehictrieity disti il>uted througli the dielectric 
the elea^trie demsity is zero at every point of it ; in other words, tluno 
is no sources oi’ sink of clectrii; force, and tluni'foi e 

dV di) dU, 
d.r ' ,hj ' d'. 


so tliat tlie (liU’erential ecpiations for tin* elect ric-foice become 




/•!» 

dt'- 


Vd\ 


mK 


J-K) 

dr- 




,"lv 


f/-R 

dt"- 


V'-'K. 


'l'h<^ com])onents of the electric and magnetic forces thus satisfy the 
same ditVerential <‘<(uation, and this equation is of tla^ sanuj form as 
that which deti*rminc\s the vibration of an idastic solid. It follows, 
th(‘r(‘for(‘, that a peuiodie electromagmuic disturbance is propagatial 
after the manmu’ of a wave motion in an (‘lastic solid, and that the 
velocity of ])roj>agalion is determined by the equation 

1 

r 

\ mIv 

334. Plane Wave in an Isotropic Non-conductor. — Let us now 
<*onsii]er the simple ease of a plane wave propagated through an 
isotropic dielectric. Let the plane of tlu* wavi‘ front lie jiarallel to 
the plane ./'//, so that the axis of : is normal to the wave front — tliat is, 
parallel to the direction of ]>ropagation. In this case all the cpiantities 
which determine the character of the Avave ari' functions of : and /, 
being independent of ./• and //. lienee the equations (3) and (d) of 
Art. 33.*) lnH’ome 


dy 


0, and K 


0, 
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which show that y and U arc each indopeiident of / — that is, they arc 
each zero (or constant) and play no part in the propagation of the 
wave. Wo conclude, therefore, that the electric and magnetic forces 
liave no component (or at least no periodic component) noiinal to the 
wave front — that is, the disturbance is confined to the plane of the 
wave front or is transverse. An electromagnetit* wave consc<(uently 
poss(?sses the essential })roperty of a light wave in having the > ibiation 
in the wave front, or transverse to the direction of [)ropagation. 

Further, it is clear that if the axes of .r and // be so cliostni tliat 
the axis of ./ is parallel to the direction of the resultant magnetic force 
in the wave front, then a will represent the whole magnetic force, so 
that we have /S - 0 ])crmanently, arid conse<|uently by ecpiatio]! (2), 
since U is always zero, it follows that P is always zero. From this it 
follows tliat must be the resultant electric foice — that is, if the 
resnltafit magnetic force is paralhd to tln^ axis of ./■, th(*n the n'snltant 
electric force is parallel to the axis of //. In otlnn* words, the (‘lectii(; 
and magnetic forces are in the wave front, and ar(^ at light angles to 
each othei'. 

W'e sec, tlu‘ri!for(', that according to the (‘lecti'omagnetie tlu'ory of 
light the vibration is a transverse periodic disturbancii attinided by 
electia’c forci' in oiuj direction, and magnetic forc(‘ in the perpendicular 
<lirection. The former is the direction (d’ vibration j)ostnlat(‘d b\ tlu^ 
theory of Fresnel, and the latter that demanded by MacFullagh. 'Fhe 
wai* between the rival th(‘orics is conse<|uently at an (‘ml, for one 
s{)(‘.aks of till* direction of the eh;ctric force while th(5 oth(;r sp(‘aks of 
the magnetic foi’ce, so that both arc (‘(jually right and (‘(pially wrong 
in d(‘aling with the vibration as a whole. 

T'lie general dillerential (Mpiation of projiagation b(‘com(‘s simplific‘d 
in the case of a jjlane wave travelling in tlie direction of tlui axis (jf 
For since (»>, K, a, fS, y are independent of r and //, tlnj e(juati(jns of 
Art. .‘b'b'l becoim; 


./-P ./“P 
(It- 




,/‘M) 

(/r- 


r/: - ’ 


///'- 


0, 


with similar e(|uations for a, /:/, y. Hence whih; It and y art? (‘ach 
zci‘() (or constants), the general expressions for F, (,), f/, f-i are (jf tlie 
form 

P rt ) 1 \p--. < v7 ,, 


where /• is the velocity (jf piopagation and is e(|ual to 1 \ /vJ\. In 
the case (jf air K is espial to unity if the (?l(?ctrostatie syst(?m of units 
be employed, and is the reciprocal of a \ eloeity ; but if the 

electromagnetic system be used I and is the r(*ci])rocal (jf a 
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velocity. Hence if the light vibration be an electromagnetic dis- 
turl)ance, this velocity should be equal to that of light — that is, of 
light waves of the length here considered — and this conclusion is 
supported by the results of observation. Again, since, the refractive 
iiulex is invei’.sely as the wave velocity, it follows that if we take the 
magnetic ])ermeability equal to unity w(? should have the refractive 
imlex proporli(mal to the square root of the s[)ecific inductive capacity. 
As the refractive index varies with the wave length, the limiting value 
of tlie refra(^tiv(; index must be used if we deal with the very long 
wav(!s considei’cd irj the measurennent of sj)ecifie inductive capacity. 

335. The Hertzian Oscillator. — In order to investigate the field 
in tli(^ ne.ighbonrhood of a simple dnmh la*!! oscillator Professoi’ Heitz ^ 
c'mploycd th«5 general e([Uatioiis 
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dV 
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dfi' 
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dt 
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dy 
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dV 
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da 

■ M 

df 

■ d.r 

d.f 


IX 
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d.r 

dff 

with 
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eoMstajjt dux conditions 






da 


dy .dV 

! / 0, and 1 

/q) 

//u 

0. 




dr 

,1,1 

d\ d./' 

d;f ■ 

d\ 






Nosv if tlu^ axis of : he taken to coincide witli the axis of the 
oscillator (Fig. the lines of magncti(* force* will be circles liaving 

tlnn'r centres on the axis of and their planes perpendicular to it. 
Henc(‘, we have* y 0, and the flux comlition becomes 

. ''f ■ 0. 

tf.f (iff 


This means that tlie (piantity (u/fi - is a complete ditlerential of 
some function, and if we use llert/’s notation and njpresent this 
function hy dW’dt, we have 


r/-ll 

“ (iffi/r 


d 


r/'ii 

J.nir 


- u. 


{Substituting these values of </, /i, y in the equations (’2) we find 


''i 

il-W \ 


• -/■-ll \ 

K-'H. 

dfd^w d-\\\ 

dt\ 

^d.rdz)' 




~ dt\d.,d''^ dfi- ) 


' Tlu* theory of the olertru* o.srillator was giviMi by together with the 

experiments already referred to, in Jl'icd. Aiai., lSS8-Slb These researches have 
been recently translate<l into English hy Mr. D. E. Jones [Hlrdrir London, 

Macmillan and Co., 1893). 
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Now the.so o<|Uiitioiis show that the <iuantities 


KP- 


r^-ll 


K(,»- 


dudC 


KR 



r 


.‘ire eacli irulopoiidoiit of /, so that at any point, as far as a poriodii^ 
disturbance is concerned, we may take 


K P 


ft-\l 

d.rd'S 


Ki)- 


frm 

hjd'J 




d'-U\ 
VA- ' d,d) 




and these values of \\ Q, 11 will satisfy the cc[nations (1) provided II 
satisties the ecjuation ^ 


,aR' 


/-II 

df- 


V“II, 


for on substitution we iind all the tMjuati(uis satisfied identically. It 
may be i*emarked that the e([uation determining: II is the same in foriu 
as that satisfied by the electric and mai^iietic fur(‘es. 

Wdien th(i distrilmtioii is symmetri<*al round the 
axis of as in the (‘ase of a simple electric o.scillator 
( b'i^. 2 IS), the forces at any point of the lield will 
depend oidy on the co-ordinate of tln^ j)oint and 
on the distance p- -i //- from the axis of 
Denoting the electric force in the direction of p 
(tha,t is, perpendicular ta z) by K, and the magnetic force 
to the meridian plains drawn through th(‘ oscillator (which in this case 
is the direction of the resultant magn(‘tic force) by II, we have 



Fi-. Uls. 

pei’pendicnlai’ 


K-P'* 



H 


r p 


and by the foregoing e<[nations (*5) wti have 


where 


KE 


1 ./V 

P 


1 ./V 

f> .a ' 


KR 


1 d\ 


V- 



H', 


Tdui function V Indds an important place in the investigation of the 
field. We shall show that the curves in which the sui‘faces of i-evolu- 
tion ^ const, are cut by the meridian planes ai-e- tlm lines of eh'ctric 
force. For if the din;ctioii of the i*esultant <*lectric force at any pf)int 

^ The condition ivijuired is that /iK ■ V"II ''hall he iiidcjiciidciiL of'./- ainl // — 

that is, at any point it liiay he a function of : ninl / ; Ijiil sineci tiu; elect i i(' and 
inai^nctic forces considered ahov.- involve din'crcntiai ion of II witli ic;^cud to and y, 
thi^ function of ; and t may he talvcii a', /cro without alfcctin.i^ the tichh 

2 <> 
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iriaktis an aii^le f/> with the axis of : we have 

,f\ jy 

tan (Ij E/R , ' 

//: t/f, 

l)y (1), whi(;h is the tii^^onoiiietiieal tant;i‘iit of the angle whicli tlie 
tangent liin; to tin* nnii idian seetion (jf the surface const, inakns 
with tin* axis of Ilencci the rcsiiliant electric force is tangential to 
th(j sni-facc* \', and along its curvet of section with the meridian plane. 

v\gain, if two suifac(‘s V and \' ; ^/\' In* takitn (*ncl(»sing a sliell, and 
if any |>lane pei'j)endicidar to lire axis of : he drawn cutting lh(‘ shell, 
th(! Ilow' of eh‘ctri<’ fr.rei* arrows the strip of the plane irit eree[)ted by 
the shell \vill he eorjstant. h’oi- tint area ot* tint strip is and tlu* 

forca; perjrendieula r‘ to it is K, tlnacfore the How' is 

I KE . / -Jtt , 'Itv \'i - . 

J >'!> 


similarly the flow a(‘ross the strap interaM'jrtral hy th(‘ shell on any 
surface of raw olirt ion rouir^l tin* axis of : is constant. 

d’ho surtacr's \ ara* those whose history arrd develotnmnt we have' 
alia‘a<ly t r*aced irr l'’igs. ’J I ‘J '2\Ck 

336. Particular Solution. — A paidictdar solutioir of the (apiation 

is 


j . 

II sill III I nt 


1 . 


wh(‘ia‘ ' /, tn, // ara* corrstant <juantitie.s and /// and n ara* takerr to 

satisfy the iclatioir 

swK. 


that is, tn - ‘Jtt A, n 'Jrr I', atnl /f m is the vc'locity of proj>agat ion. 

Tht* furretiorr is now' eaisily d(*ter inim*d, for- hy (‘ijuation (1) wa* 
havi^ 


»/n .i,„\ 

, I CMS ( mr Ilf 

Iff! r I 



Hf 


I i/r 


hut f/r i/f) siir (K arrd /» /• sin d, theicfora* 







I 


■MS (////• 


Ilf 


sin nil //' I . . 

sill- ^ 

mi' ’ 


Ftarm this value of A' we may at once obtain the forces by ditlerentia 
tion. AVe shall tirsi examine the case of any [roint situate<l in the 

‘ licit/ writes i/ iiisioad m 1 a single constant A, tin* signili<_ation l>eing, as will 
be seen aftciavai’tls, tliat / is the h'ligtli <*i' the oscillator and ^ the charge nn 
cither pole. 



K(,u;atoriai. tlank 


eqiiutoiial plaiu* ./■//— tliat is, the ])laiu‘ tlirouirli tlu' iiiiddlt' |)oiiit oi tin* 
t)si;illati>i’ |>L‘r[)(‘n(liciilar to its 

337 . Equatorial Plane. — In tlio «Mjuatoiial piano, .///, wo havo 

0 !•<) , ifi I’lhK /> 'O'. 

'l1i»*i«doi'(‘ l>v siilj.stitutiiii;- ill equation (-') of tlio foroL::oiuii: article wo 
obtain 

I ./V i ,i\ 

bb . , 0 , 

jt (/: /- (H) 

I ' / I/I ii I . rnN<////- ///) I 

II ^ I '-111 ii/ir ni) : j . 


I ,/\' 

!> i/fj r ^ 


' ( III /■ /// ) sill ( /// / /// ) I 


"rin* ri'snltant (*lool ric foico is t lioi'«‘t‘ori‘ poi-pondiciilar to tlio oqiiatorial 
jilain*. for sinci* I'". tho n'snltant force is K, and is ])araUol to the' 
vilnator. 

\\ ritini; tlio I'xprossion for K‘ in tlio idini 
KIJ A -in o . 
wo liavo at once by comparison 

A -ill 0 . ///’/- --111 nil • III I !•<»- ////• sill //O' I, 


III r rnv m r m r sin 


lIoiH i' by s(|uai'in;i; and adding we obtain 

A . I ///“/■" ■ iii^i *. 

At small ilistama's from tin* origin tin* amjilitudo A vai ies invi'rsi^ly as 
the cuiic of /•, but for j^rrat Naluo.s of /• tin* amjiliimb* appro.ximalos to 
tin* inverse latio of tho distaino. 

To drtoi'iuino /"» wo lia\i* 

, . . t-Ol ////• , „ 

.. m / --111////' . ////•)•(»>. /n /■ ' sill////' I III /■“ 


'/“/ “ <■(»-. nil III I' sin III r 


Therefore 


ami we have finally 


0 -iiir tan 


-in Ilf III r • tan 


The expn.'ssion for o shows tliat tlie phase at a liiveii instant is not 
sinijily proportional to the distaneo of the ])oint under considera- 
tion from tlie oscillator, but is less by tin* angle whose ttujgerit is 
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////•/( I - m‘“/ When r is very large this angle is approximately ecjual 
to TT, hence as we recede from the oscillator the value of S becomes 
more and more nearly e<|ual to ////*-- tt. Very netir the oscillator we 
have o - 0, since o and r vanish together. For small values of /• it is 
clear tliat c is negative, so that the curve (Fig. 
2 ID) r(*[)res<*nting the relation between S ami r, 
at any given instant, lies below the axis OX 
near the origin, the distance r being measured 
along OX and the angle along OY. The 
n(‘gative value of o will be greatest when 
(J(\ dr -- 0, which corresponds to fnr == \^2 — that 
is, /• 1 X TT J2 - A t . 4 apf)roxiinately. From 
this point the curve begins to rise, and as r 
increases o incieases almost ])roportionately, ap[)roaching more nearly 
the vahuj of jnr - tt. I'he curve is conse([ueiitly asymptotic to the line 
0 i/ir - TT, which meets tln^ axis OV at a distance numeri(‘ally tMjual 
to TT below the. origin, and is inclined to tlu^ axis OX at an angle of 
which the ti igononict rical tangmit is numerically (Mpud to in. 

The v<‘locity of i)r()pagation is determined as the speed (dr 'df) with 
which any sui’face <jf e(|ual [diase moves forward. Taking this surface 
to be that in which U - 0, or the phase a multiple of tt, we have then 



Hence 


jif - ////* I 


fit r 

- urr“ 


n, ur Ntt. 


tan {nir nt) 


mr 

1 - /// -/•" ’ 


a result whiidi follows also directly from the original e(]uation for \l. 
Therefore 

dr _ li A — nt-r^ vudr^ 

fit m /n-r~ {/frr~ — 2) 

This expression shows that the value of r is iidijiite both at the origin 
and at tin* distance r - \^2 ni = A 4 . 4. This is the point where the 
tangent to the curve (Fig. 249) is j>arallel to OX, the interpretation 
being that at this point a small distance is traversed without change 
of ]>hase. At points between this point and the origin v is negative, 
and for greater values of r the velocity is positive. Hence the wave 
spreads out from this point in ])oth dii’cctions. It is here that they 
an' thrown off into space, part being radiated and part receding again 
into the oscillator, as indicated in Hertz’s diagrams (Figs. 24.3-24G). 
For large values of r the velocity ai)proaches more nearly the normal 
velocity r - n m ~ A T. 
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'riic inugnetio force may be treated in the same manner, 
we write 

H“-A'^in(//^ S'), 

we have 

A '<1110 -- I sill ////• r cos //</• , 


Hence 


and 


A ' cos 5' 


/•A/ . 

'. sin inr - in r im>s ju ,• . 


A' 



/n-r~, 


t;in (V 


mr sin mr ■ cos ////• 
///ycos y///‘ sill nil' 


tan mr ' 

ill I 

] ' tun mr 

m r 


or 


and w(‘ have final ly 
H 


S' ~ m r 


tan 


. ' 
m r 


•hi ^ 

N I t m-y- sin 


nf 


iiiy 


tan 


1 

mr 


'rims, if 


At the origin wi‘ have / —O, uiid therefore o'— -J,~, so that itiilially 
the electric and magnetic eom})onents (liller in ))ha,.S(‘ liy a (jiiarter 
period. At gretit di.stance.s, however, W(‘ have so that tln^ 

phas(‘ of tlie magnetic component does iu)t increas(‘ projiortionately to 
/•, but there is a loss of .Itt, Avitli lh(‘ result that at a distance, from 
the origin tlie (‘le(*tric a,nd magnetic coni])onents ditler in phase by tt. 

'I’he cuiA'C (Fig. indicating the i’(‘lation Ix'twi'en o' ami /‘ ^vill 

tlierefore meet tlie axis ()Y at a distance numerically eijual to .Itt. and 
will linally approach asyinjitotically the line 
6 ---hir. 'J’his line parses through tin; oi’igin and ^ 
is inclined to tlui axis ()X at an angle Avhose, 
tangent is numerically epual to //l 'I’liis curve, 
and that of Fig, iMit ar<* thm-id’ore a.sj iiiptotic ^ 
to lines which are parallel, and the distanctJ 
between thes(‘ lines, measured paralh^l to ( )^ , is 
numerically e([Ual to tt, showing that the phases ^ 
of the electric and magnetic compoiunits ililfei’ by-. 

Idle velocity of ]>ropagation of the. magnetic component may be 
found by considering the wave front where the magnetic f(jrcc is 
zero. We have then 

tan (/// mr) ^ . 

nt r 

Therefore 

f/r ii 
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Wheti / ==() — th.'it i.s, at the vibrator — the velocity is infinite, but on 
receding from the vibrator the velocity rapidly ap})roxiniates to the 
normal value ?i//h = X/T. 

For the time rate of change of the magnetic force we have 


./II 

.// 


(hnn- f sill (////* - ///) 

I' I ii»r 


ms (/>i /' 



Throwing tliis expression into the form 

A" sill (/// - d" . 


we find at once 


Therefonj 


or 


A"siii5" (y/y/’t*ns ////• .sill //./’), 

. /;r 


r~ 


{tnr .sin mr •- ms //./•), 


A'' I'os o' 

„ r/n~ , 

sill //./• //./•(•(IS ///r t.iii ////•-- //?/• 


till! o' - 


(•(IS ////• f ////'.sill //</’ 1 I ////’tan ////• 

0 ////• tan * ////’. 


At the origin (S" is zero, and at great distances (T = jnr- so that 

the curve representing thi‘ variation of <V' with 
r ])asses tliiough the oiigin and tinall}" ap- 

proaeh(‘s asymptot i(‘ally the line X' ~tHr - 

which meets the axis OX at a distance bidow 

tlie origin, and the tangent of whose inclination 
to the axis OX is m. It coiisciiuently lies half- 
way between the asymptotic lines of Figs. lMII and •JbO. 

The velocity of propagation is the same as tiiat of tlie magnetic 
force, viz. 



It 1 ; ///“/•- 

III nrt" 


338. Field at a Distance from the Vibrator. — At a consider- 
able distance from the vibrator we may neglect the higher ])owers of 
l /r, so that we have 


V- 

KK 

KK 

11- 


r/m cos {i/ir -• ;//) sin- 0, 

.'/nl- . 

sin (////• - Ilf) sin e cos 0, 


tint- . , ix • 1 

Mil (//O’ - /// ) ^ln- e, 

/• 

limit 

sin (////• -///} siiW^ 
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FIELD NEAR THE VIBRATOR 


rH>7 


From the secoiul ami ihinl etj^uations it follows that 


R oos d ! E sill 0=:0, 


wliieh shows that the diivction of the resultant electric foi\*e is ('verv- 
where ])(‘r|)eu(licular to the radius vector r — that is, the ])i-o|)ae:at ion 
takes place in waves of pure transversi‘, vihi-ations. 

The niaiL^nitude of the resultant electric* force is 


R sin 


11 » t'l n\~ . . 

h COS V sin 0 Mil ( n\t' 

\\t' 


at). 


Its amplitude is therefore inversely as tin* distance and directly jno- 
portional to the cosine of tin* aii^^lc which the radius /■ makes with 
the ccpiatorial plane. 

339. Field near the Vibrator, hi the immc'dialc vicinity of the 
vihratcji* (/* vcu-y small) we may put ////* variishini; in conijiarison with 
///*, so that the e(|Uations of Art. ‘L'Ri hccoine 

II \' * ^ sill sill- 

/■ /‘ 

and since 

["A A tA 

we have by (‘cpiations (3) of Art. 330 


I ^/il 
r/-. ft: 


so tliiiL the I'h'ctric foiccs ,ip|i<Mr as derived from a potential fiinrtioii 

'F , t ^ 7 sj)i/// ( ) sill /// 

r ' / - 


'riiis forc'i* (list I'ibiition will be, that due to the action of a very short 
rc'ctilineai' oscillator of length I on the poles of which tlic electric 
chalices arc, at the maximum, ecpial to t c. 

Foi' tlic mai^netic force.* perpendicular to the meridian jilancs we 
have 

,, i >/a , . , 

i 1 Ilf ^lll o, 

f> (if V’ 

and this re])resents the magnetic action of an eh‘clric current ot length 
/ along the vibrator, and of which the intensity is c/ycos ///, due to the 
oscillation of the charge r, the maximum values of the cunent being 

^ /O'. 

In the axis of : we have 


lienee 

E^O, 


0 _ 0, li-. — ifr, tip I'dfi. 


H-:0, 


KR - 


1 (iV 
/y 


7- 1 


cos (lar -■ iit ; 


lin ( tar -- /O ' ) 
III r i 



K 1 .KC'I’KOM A( cX KTK; H ADI AT I OX 


• HAl’. ^X 1 




<;](3(;tjic ffM'ce is tlKuvfoiw; (jiitiroly in tlie <]iiection of the 
osc.illfition. It (liniinishes f<;i- sniiill <listjin(;r.s as the inver>(‘ cube of r 
and for distances as the inverse sf|nai'e. 

340 . Radiation of Energ*y. In order to eah'ulat(‘ the rate at 
wliich (aiergy is radiat<‘d by the vibi'a.t<jr we hav(‘ tlu! equations (see 
M.'lXW'ell’s A/crZ/'/r/Z// rf//f/ in ) 


anrl 


K ‘ll II 1'^ It-' . 


whei'e h is tlie (‘.leeti’ost a t i<* enei-i;v' in tlie |•e^•ioll ihi’niinh which tlie 
ill! eyrat inn (ixteiids, and d’ the niaum‘tie emnyy in tin* sane' re^inn. 
'rh<‘S(i equations nnn’ely ex))i‘(!ss tlia.l wo?*k is half the pioduet nf the 
linal stress l)y I lie tinal strain, and in tln‘ case* nf the (‘leetrie 1i(‘hl, 
wh(‘r(‘ tlie. (‘hs irie fnrev^ is 1\ th(‘ (‘h‘eli‘i(* displaecninnit is 0 Itt. 

Now if W(‘ miilliply th<‘ eqiiat ion.'>, 1, of Ai‘t. .'bd:) by </, /:>, - 
r(‘sj)(‘e( i\ (dy, and tln‘ (‘quations 1, (> by 1\ i>, l(, we have at once 


'^',u ■ 

■r, f l l ( 

,/// //. > 


r/n ih, . 

. ,/rl 

0 

,/,i ,/a 



, (/i; 

A) 

( (/-. 


-'C 


.M/I,;'.' 


,/ 

//// ' 

V all 

// 

.iV ) 


' I 


a,nd (hi- integral taken thrnuylunit any \nlmii(‘ may lx* expro-ed a^ a 
surtaee inteyral (aki'ii ovm- the encln.-iny suifaci' in tlu' foiin 




ii: 


1 ' (Oil 


U( < ' O’ 


whei’e (/S an (‘leineail of the surface, and A, //, i- tin* direetimi cn^iiK'- 
of I he noi'inal to it. 

Now in tli(‘ ease ot the .siinplt' dunib-lx'll oseillalnr ('rvlhinu' i- 
symmi't rival around the axi^ nl so that in the jilane a: at a eniisider 
abh' distance from th(‘ oseillatoi- wi‘ have 


whih' 


anil 


f / ,// f/ 


nf sin e. 


t ! ni~ . 

Ki -- i>ni,// 0 '- /// ■ sill ^O-ns 


K K 




sill., //»/•- /;/' .sill- fl. 


\--siii e. 


U 0. 


I- ^ no.s 0. 



akI. ;ui CKVSTALLIXK DIKLKCTHIC 

IltMice if tlu‘ l)o oxl<‘inh‘(l o\cr thr siirf.iro of a sj>1um*o <>f 

radius /, liavinu its cciitie at tlie comiv of tlu* oscillator, wo uia\' \\ril(‘ 
</S - ’‘2rrr sin . rda, so that we have 

I- ^ ]•] . 'f I i It j'iii '•ill e./a 


( 'oiisi'quetit ly wt‘ have 

I 

.it 

lnt(‘yr;ilin;j; llii^ IxMwecui the liuiits 'I' and /,4‘ro \\v (»l)tain tlu* e\jM’e> 
>i(Mi hir the (MKMyy NN'liieli pa.^^es arrow's tin* w liol(‘ surface of the spluMe 
durinu a complete osi-illat i(Mi that is, siiiet' m -- *Jrr A and // I’rr I . 



/ '■ ”/// ''/T 'Itt ! 

;;K ' akx' ' 

so that the eiieiyy radiated ' per sec(»ud i-^ 

In one of the 0 '>(‘il la t ors tr-^'d l)\- Ih'rtz iIh‘ eoridnctoi’s weie t \\ o 
epual S])heie*> of |o ('ills, radill''. 'These weie eharLaal in op|)ovilr 
senses Up to a sj)ai-l<iny distance of ahont 1 cm. 'Takiii;; ihi^ to lepre 
sent a dillertniee of potential of 1 iM) ( '. (J. S 4‘h*ct ro^^tat ie units, so that 
oiH' sphere \\;o- ehaiyod to a ])otentia! ol tit), and the other to <',(). 
then th<‘ ehai'i^e of (‘aeh sphere uas | .'» li(M4 (' ( i. S, nnit- 

Ilmiee the whole stoe]< oi eiieiyV’ ] > 0 '-.’-.e-^-ed hv the o-aallatoi ;ii 1 he 
stai’t amounted to 2 . turn «*,() oj.noo my', which i- ahout ihe 

(UieryN aet|uii'ed 1»\' ;i ma.>s of ! yi'amme in talliny throiejli a hciylit 

ot do eiii. 'Th(‘ leiiLith / of the oscillator \\a- |t)(» cm., aial tlx- wa\e 

lenyth was ahoiit Iso cm., s,) i h.-u the <ui(,'r;-:y lo-l in the lii-t halt 

])eriod oscillati<m wa- ahout orys, and atter eleven hall period 

oscillations iihout half the total si(»ck of (una-yy was lost. 

341. Crystalline Dielectric. AVlnm the medium oeeupyiny the 

field is a'olot ropic, the. sp»-cifie inducti\e capacity K, ami tin; maynetie 
ponm.'ahiliry jl may vary from point to point, ami thf‘,y may also he 
different for diflerimt diiections around the sam<‘ jioint. Now tlie 

’ Tlie fTioiyv railiatcii liya siii.-ill rii'ciilar eiirrfiit vaiyiuc f | iic^ te liic siiiijdc 

liariiioiiic law was <• ilriibiteh as <';nlv a> ISsa ],y Pirjfc'-sui (J. I'. I' it/t ea.ilh 7’/v///-,. 
Roydl hvhl'tn .March l^s}-. 


1 7 r< '■> 


-111’ iti I --11! 


T sill' 

Iv 
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cfTect of a change of K in crossing any surface drawn in a dielectric 
is the same as if a certain fictitious distrilmtiou of electricity existed 
on that surface, and consequently the variations of //, and K through- 
out any medium are equivalent to certain fictitious distributions of 
magnetism and elcctiicity tlinmgh the medium supposed otherwise 
isotropic. I'\)r this leason the cpiantity 

t/V ^ di} d\i 
d.r ■ dn ‘ d:: 

will not be zero in an unelectrified leolotropic medium. 

If we confine our attention to the case of a homogeneous crystal- 
line nifalium possessing three mutually rectangular iixes of electric 
symmetiy, and if we assunu; that these ax(*s of’ electric symmetry are 
a]s<j axes of magnetic symmetry, theii the ec|uations of Ai t. 335 may 
be written in the form 


da 

^/U 

r/( A 


,/l* 

dy 

d(-i' 

^^dt 

'^!f 

d\ 


' <n. ' 

df, ' 

’ di 

d(i 

dV 

d\l 

. fl 


da 

dy 


d-. 

dx I 



■ dz 

dx 

dy 

di} 

■ d.r 

dV ' 
dtf , 


,/i;. 

dfi 

dx 

da 

" <fu. 


wlujrt^ K,, K.^, K.j aie tlie thi'(‘e pi*in(*i[)al electric; inductive capacities, 
and /i-i, /A.„ /A.j tlu; three princijial magm‘tic permealnlitics. 

As a first case, if W(‘ take the magnetic permeability to be the same 
in all din'ctions, so that /q /^ > - /V, " then by ditl’erentiating the 
ecjuations (2) with respect to /, and substituting for ila dt^ etc., from 
th(‘ e(|uations (1), we obtain th(‘ ecpialions 



In order to determine how the velocit}^ of propagation of a plane 
wave depends on the direction of proi>agation in the medium, let us 
take the case, of a plane wave travelling in the direction /, //^, //, where 
/, m, n are the direction cosines of the wave normal, then in general 
the electric and magnetic forces at any point, ./■, //, c may be expressed 
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as periodic functions of /r /// // -r m - rf where r is the wave velocity. 
Hence if we take a simple liarmonic disturhaiice we may write 

1* l\, sin ; utfi • /r. v(). 


with similar expressions fi)r Q and K. 
that 


,r-V 

r/r-‘ 




<//- 


r-W 


From this it follows at once 


f/-(> 

f/ rtUj 


InkK}, Cic. 


Cruisocjiiently, if we write /H\^~ 1 /^l^ . — 1 ^ where 

/'p /•;. are the tliree principal velocities, then the ecpiatiotrs (;i) 

become 

(/•- //-,-> /|M- f- //IC 01 

(r~ t/K\r'fV \ Or ( t 

\l'~ ?*;{“) It -f I i //K) oi 


I)ividin^ these e(|uations by r- — Cj-, / " - r.~, c- - r..“, and addini;’ them 
together, after multiplying liy /n, n respect i\ely, we have 

, /-r.- 

1 • .» • . ■ , r . .» e, 

r- - r,- i'~ - r.j- r- - r r 

and, reimmiberin^ tliat 1 — /- + nr }- ir, this may be written in tin* form 


Thus the velocity of pio[)a^ati()n of an (‘lect romagnetie wave in an 
electrically crystalline medium is det(*rmined l>y the same (Mjiiation as 
that deduced by Fresnel for the ])ropa^ation of a light wav(^ in a 
<‘rystal (Art. Ib3), and, starting from this stag<‘, all tin; results obtain(;d 
in chap. xii. for doubly refracting crystals may be e\press(‘d in tea-ms 
of the elect romagnetic theory. 

Now F, (^), K are pro])oi tional to the <iir(‘(;tion cosines of the eh‘ctrie 
force, and in the foregoing e((uations we s(»e that /P i- //d,) a- /dt cannot 
be z<a-o unless r= r^~ — — that is, unl(;ss the nu‘dium is is»)tropi(‘. 

Hut if /P f jui.l -h nil is not /(;ro the electric foice is not at l ight angles 
to the wave normal, and consequently not in tin; wave fiont. It is 
easily seen, however, that the electric displacement is in the wave 
front. For from ecpiations (4) it is obvious that 

1* Q K / ,i 

Tj- * r.r ’ r- ’ r- rr ’ r~- r.r 

But : Q rj : K r/- K^P : K./i : and these latter an; the 

components of the electric displacement, and are tlna-cfoi-c; pn)portional 
to the direction cosines of the displacement. Denoting these by 
tn\ n\ we have 
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Consccjueritly l)y eijuation (5) wc have 


//' ^ y/n/i' H ?t/i' - 0, 

that is, the electric displaceiiieiit is in the wave front or at right 
angl(js to the wave normal. This relation may also be deduced 
very easily from the e([uatioris (2), assuming a, ft, y to be functiotis 
of U 'inij -I ;r; - vl. 

Comparing the relations (b) with those of Art. 195 we see that the 
direction of the electric displaeennmt is the same as that of tlui vibra- 
tion consideied in FresneTs theory -that is, the electric displacemi'iit 
is per])endicular to the plane, of jxdarisation, while the magnetic dis- 
j)lac<iment lies in that plane, and is therefore the vibration considenMl 
by MaeCnllagli. 

On the oth(*r hand, if wo take K to be the same in all directions 
whih.* fL is variable, we obtain diflercntial e^ualions for a, ft, y, which 
ari‘. ('xactlv tlu^ sann; as those from which wc liave d(‘duced the pi’c 
ceding results for \\ (), \l. We cf>nclude, therefore, that in a nu'dium 
which is magni^tically a‘olotropie, but electrically isotropic, the mag- 
iKjtic dis[)la(u;in(nit is in tin*, wave front and at right angh's to the 
plane, of })olai*isation, while the electric displacement is in the ])lane of 
|)olarisation, as in Mac(^dlagirs theory. 

Finally, wlnm the medium is m'ither el(‘cl rically noi* magm.dically 
isotropic the e([uation of the wave surface becomes 
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'riiis is the, surface envelopc'd by tlu‘ wave plain's. Tt is of the fourth 
dcgre(', and each of tin* coordinate' planes inti'rseets it in a pair of 
elli[)ses. In one of these ])laiies the elli])ses intersect i*ach other in 
four conit'al ]ioints. In all ordinary crystals . /y , r_ 1 ^ ery 
a])pro\imately, ainl tin' foregoing general ('([nation reduc(*s to Fresners 
well known form. 
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.hipiter, satellites of, 1 I 

Ivayser and Kiinyo', «ni tlie dispersion of 
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Kelvin, Ford, eapillaiy waves, 5.'> 
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Kepler, theory of the telescope, 8 
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liarim.r. . I > f/o /■ if /!>/ Mnf/' r, I'eferred to, 

7. J7» 

Fanieiit, analyser of, 17.7 
Feast time, pi ineijtle of, 7^, 07 
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Foekyer, Sir .F Norman, solar spectrum, 
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on llert/iaii vihr.it ions, 7.72 
Fiiinniel, refeired to, :’.2a. 488 
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Loreiit/, H. A., on MiehelsojFs experi- 
ment on etlier dril’t, 72ij 
Fiicretius, theory of vision, 7 
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index, 1171 I 

Michclson, .\. A., interim icn< c under hieh 
1 clal iv- i-ctardat ion, 1 5 1 
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• chclon Speet Id- cope, '1 1 7 
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relative motion t»f m it ter and etln-r, 
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1-JG 
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Minimum tleviatioii, willi ‘.oatino, 

uith drop, 5151 
. Mirrors, antitjuity of. 1 
i examples on. 85 

ellilisoid of revolutitm as, 8G 
I fringes [uodiiced ])y. 1 1*J, 1 18 

I Mixed plates, colours of, *207 
.Mixture of jiii^onents, 17‘J 
Moh-eular rofattu v power^ hJS 
.Monotdinie .system, 107 
Morley. See Mielielson. 

Multiple metallic n llections, l>7*J 

Xalural lii^ht, 1 1 

imitation of, PJO 

Xeinuann, referred to, !VJ1. 8»)5. 551 
Neutral lines of thin crystalline plates, 
olM , i5!>0 

Xeweomh, Simon, on Ihi- \eh)eity of 
liitht, 51 K 

Xewton. on i iifli'-f Ion oi- dillVaetion, 0, 
21 J 

emission I henry, 1 I 
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on fidoiiied MHO'S toumi sun, 225 
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Xifol, pi ivjii of, 1 s 

Xohei I. qi.it inq-. of. 2 I I 
X^orm.d spei-t I urn. 225 
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<>hliquit\, • Heet of. G5 
Stoki-s’s law (d‘. *52 
Fre.viiers fortuitous law of, 277 
Oh'-taele, eireular. 222 
narrow. 21*5. 25*5 
str.iiqhl edqe, 211, 255 
( >pai|Ue dise. 222 

Ojitie axes, I'el.ition to douhh- refraction, 
2H‘h 220 

to jtlanes f»f polarisation, 221 
to conieal 1 ef[ ;u t ion, 22S 
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Ojitic axes, thin plates specially oriented 
with re.sjieet to, 31M, 398, 399 
dispersion of, 40^1 
in ({nartz, 443 
Optical l)ench, 150 

instriiiricnts, diffraction in, 288 
Optics defined, 1 
Orthorlionihic system, 406 
Oscillating discliargf*, 541 
Oscillator, eleetiic, 560 
Overln.i)ping of interfereiice hands, 153 
of grating spec.tra, 231, 216, 248 
of colours of crystalliim ]>lates, 383 

Raalzovv, oscillating discharge, 547 
Panlis, S. .1., 23 
J’artial polarisation, 306, 119 
re-ircA*, ('. vS. , on nieasureiucnt of wave 
lengths, 211 

l’eriodi(5 time, minor limit to, 57 
Perrotin, on tin* velocity of light, 495 
Phase, defim*<l, 34 
PhospljoresceiiOf!, 484 
Phosj»hor<)scopo, IhsMiuerel’s, 485 
Pigments, mixture of, 472 
Pile of plates, 87, 301 
Pi tell, 40 

Plain* of ]»ola.risatioii, 298 

polarised light reduced to ciirular, 
410 

Plates, colours <if isotropic. Chap. VIII. 
of thill crystalline, (/hap. XV. 
of thick isotro]»ie, 197 
of mixi'd, 207 

crystalline. Mip(*rposed, 383 
(juai'ter-wave, 383 
a])plieation of, 415 
I’lato, theory of vision, 3 
I'liuy, on hnniing glasses, 2 
Pliicki’i* tubes as source of homogeneous 
light, 154 

I'oissoii, multiple reflections from thin 
plates, 177 

diffract ion hy eireular disc, 21:2 
Polarisation of light, Chap. X. 
rotatiuy, Chap. XVII. 
leading to ahaiidonnient of emission 
theory, 23 

of the ether, 32, 543 
plane, 294, 416 
hy retleetion, 297 
angh* (d’j 298 
])artial, 298, 306, 419 
plane of, 298 


Polarisation, by double refraction, 300 
hy refraction, 304 
circular, 401, 404, 417 
cllijitical, 405, 413, 418, 436 
rotatory, in <iuaitz, MacCullagh's 
theory, 463 

of light in rainbow, 541 
of skylight, 422 
dispersion of planes of, 129 
l*olaiiscope, Riot’s, 297 
►Savart’s, 409 
1)(! Senarniont’s, 162 
Polarised light, rcllci tion and refraction 
of, (’hap. XIII. 

nu'tallic refhietiou of, Cha]>. XIV. 
interfcrenci* of, (/hap. XV, 
stinly of, Cliap. XVI. 
vil»ration of permanent tyj»e, 51 
direction of vibration of plane, 20!h 
,551 

conditions f(U‘ int(‘rfereiicc, 308, 
382 

detection of, 40‘9, 416, 418 
rotatiiui of, 420 

Polarity of light, a new. Brewster’s 
expel ini(*nt, P)5 
Pole of wavi*, 63 
loeu<, 71 

Porta, .lolin Bajdista, camera obsciira, 
8 

Potter, interference i*xp(*rimont of, 163 
on the rainbow, 530, 536 
Pouillot, bi-prism, 1 15 
Powell, B.-ulen, on iuterferenc** bands, 
148 

on disi>lacenient of fringes by a 
prism, 163 
bands of, 166 
on ilitfraetion, 217 
b}’ circular disc, 222 
on polarised light, 357 
[ Poyntiiig, analyscM’ of, 460 
I Priestley’s history referred to, 6 
Principle of least time, 78, 95 
Prism, refraction thi-ough, 96 
method of crossed, 120, 479 
XieoPs, 318 
Foucault’s, 320 
I Roohon’s, 320 

AVollaston’s. 322 
.Telle tt's, 456 

Projection, a]^paratns for, 387 
: Provostaye and Desains, relleetion from 
' jhle of plates, 87 
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Ptolemy on optics, 5 
Pytloiitoras, theory of vision, *2 

QiiiiritM -wavt' plat*\ 3S3, 415 
Quart/, optical jiroperties of, 443 
^lacC'ullaoli’s theory of, 1(53 
ohliipie transmission through, 444, 
150, 453 

rotatory powers for, 126 
Q>iieteh'l, on dilfusion rings, 207 

Ra(liati«m, elect nmiagnetic, Chap. XXL 
elVeci of temjicraturc on, 468 
from moving molecmles, 176 
transformations of, 481 
of energy in the JL-rt/ian osc'illator, 
56S 

Kadiometer. (’rooke’s, 16 
Raiuhow, Chap. XX. 
historical, 4, 8 
su[»ernumcrary, 53r), 538 
culler’s ('xperiments on, 511 
Kay velocity, 317, 312 
Kayleigh, Lord, on intensity from iium- 
her of sources, 48. 
on ju'ogressive waves, 58 
on regularity of vihration, 156 
on the achromatism of interference 
hands, 167, ItM 
on colour of sky, 286 
on polarisation of skylight, 421 
on wi<lth «)f .si)eetral line.s, 47t» 
on anomalous dispersion, 481 
on the velocity of light, 511 
hays, 81 

Rectilinear propagation, 511 
Rellecting ]>ower, minimum, 367 
Retlection of wav(;s, Chaj). IV. 
m«;tallic. Chap. XIV. 
corpuscular, 16 
regular and irregular, 73 
laws of, 74, 7t5 
illustration of, 75 
curvature impressed by, 81 
total, 92, 358 

index of refra(*t’'^n hy method of 
total, 129 

multijile, for thin plates, 177 
gratings, 236 
for metals, 37*2 
from magnet, 436 
of Hertzian vibrations, 551 
Refraction of waves, Chap. Y. 
indices of, Chap. VI. 


j Kefraction, douhlc. Chai)s. .XL, XI L 

■ corpuscular, 17 

I laws of. $9 

I through a prism, 96 

j eiirvalure impressed hv, 101 

I through a lens, 103 

j half-wave h'ugth lost at, 172, 178 

: doultle, 299 

e<mieal, 338, 340, 3)13 
«louhle, of cjuartz, 163 
Refractometei’, .lamiii's. 199 

Michelsoii and Morlev's, 202 
I Relative motion of matttn aud ether, 516 
! Resolving powtu* of telc.seope, 291 
Resonance, prineiple td, ap[>lied to ab- 
s»)rption, 4<57 

Relardatioii. relatives, proilueed l)y 
parallel plate. 99 

Revolving mirror mctliotl for vtdoeity of 
light, 501, 501, 515 
Reynolds, C., group of waves, 58 
Kliomb. Fresin'l’s, 361 
Ping division, 63, 250 
Rings, Ne\\h)irs, «)f thin plates, 181 
tlilfusion, 203 

]M)lari.sat ion of the light, 362 
with crystalline plat<‘s, 3t»0, 405, 452 
with white eeiilre, 187 
Rodion, piism of, 320 

ilouhle image inicr(mieler of, 322 
homer, Glaus, 1 I 

Rotating Nieol, Dove’s cxinn’inients, 121 
and non-rotating erystals, 118 
Rotation of plain* of jM)Iarisa.tion, Cliap. 
XVII. 

prodiuaMl }>y liijuids and va]»ours, 
426 

in magiii'tic lidd, 431 
Rotatory pow<*r, 428 

and erystalline form, 130 
Rowland, gratings of, 238 

spectrum pliot«)graphs, 210 
Rnngo, dispr^rsion of air, 137, 2 In 
Rutherford gratings, 21 1 

Saccharimeter, 127 
Jdlett’s, 156 
Laurent's, 457 
Soleil’s, 461 

' Savart, pohiri.seope of, 409 
j Scale of colours, Xowton’s, 186 
' Sdiatli, dilfusioii rings, 201 

■ Schuster, Arthur, regularity of vihration, 

156 
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Schuster, wav’^e and grouj> velocity, 516 
Scliwerd, diirractioii niaxiina, 261 
Sellmeyer, referred to, 1325, 488 
Si^n test of crystal, 387, 391, 405 
Siiif(ular dire(;tioiis, wave surface, 329 
Skyli^^Iit, (colour of, 285 
|M)larisatioii of, 422 

Smith, Arcliihalfl, on wave surface, 333 
Snellius, \Villel)rod, 9 
law of refraction, 88 

Sodium vapour, anomalous dispersion of, 
480 

Solar spectrum, 234, 476 
Soleil, conipcnsator of, 461 
Solids, refractive indices of, 130 
Spc<dral lines, 474 
width of, 476 
Spectrometer, 125 
Spectr()S(;ope, cchehm, 246 
Spectrum, jiurily of ['rating', 233 
dispersion in, 234 
sohir, 234, 476 
ncniual, 235 
secondary, 236 
alisent, 236 
heatin^^ effects of, 23(8 
photoj^raphs of, 210 
modified hy pressure and tempera- 
ture, 169 
ahnormal, 477 
ultra violet, 4(8 I 
S]»ira,l, vihrati(Ui, 6(8, 250 
Cornu’s, 2.80 
Airy’s, 453 

Split lens. Ihllet’s, 159, 307 
Stokes, Sir (J. (C, on emission theory, 
18, 28 

on tin' etlier, 28 
<iuasi-ri,t,ddity of, 32 
^lonp velocity, 57 
law of ohlicpiity, 62 
relleetioii from pile <if plates, 87 
displacement of fring(*s, 16)2 
Powell’s bands, 167 
relation eoniieeting the relleetioii 
and rofraetioii eoellieieiits, 178, 183 
diirusion rings, 201, 207 
Huygens’s eoiistruetioii, 311 
conical refraction, 341 
Haidiiiger’s brushes, 422 
tluorescencc, 56, 482 
8}traiii compensator, 416 
Strip division, 251 
Sui>erpositioii of small motions, 45 


I Supcjrposition of two crystalline plates, 
i 383 

1 .sign te.st afforded hy, 387, 391 
I Surface aplanatic, 104, 113 
; focal power of, 81 

I normal velocity, 331 

; wave in iiniaxal crystals, 309 

I ill biaxal crystals, 333 

in ipiartz, 443 
electromagnetic, 571 
‘ isocbromatic, 393, 397 

, colour, 473, 479 

Table of refractive indices of li«{iiid.s, 130, 
A]»pen(lix II. 

effect of temperature on, 134 
of gases, 137 

j dispersion of air, 137 

I of solids, App(*iidix I. 

I of nniaxal crystals, 316 

{ of biaxal crystals, 317 

of fuchsiiic, 479 
of wave lengths, 215 
j of dilfractioii iiit(‘nsil.y, 261, 291 

i of Fresners integrals, 279 

of rotatory ])()wers, 427, 428 
of determinations «)f vcloiuty of light, 

I r,n 

' Tait, P. (J., on vihiatioii of connected 
‘ pellets, 56 

’ referred to, 178 

Talbot, H. Pox. baixls of, 161, 167, 265 
on IlcrschePs bands, 191 
j on anomalous dispci'.sioii, 478 

: Tidescop)*, iiivciifinn of, 8 
resolving powcu’ of. 291 
filled with water, Airy’s experi- 
ment, 520 

Temperatnre, effect of, t>n refractive 
indices, 133 

on colours of thin plates, 408 
' on rotatory power, 429 

i on iiadiation, 468 

Terquem ami Trannin, method of total 
relleef ion, 129 

, Thalen, measurement of wave lengths, 244 
linos in solar'^peetrum, 476 
Theory of light, emission, 15 
elastic solid, 29 
i special forms of, 31 

electromagnetic, 559 
See Fresnel, MaeCullagh, etc. 
t Thill plates, isotropic, Chap. VIII. 
crystalline, Chap. XV. 
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Tlioini>soii, S. P., oil rctlcetioii and re- 
fiiu'tioii, SO 

Three mirror friiiLres. 148 
Tint, chiim'o of, 170 
ofl>assa<^o, 4 ‘20 
|iroduoor of, 4(_>*2 
Total letlei'tion, 02, 

index of refraction by method of, 
1*20 

Tourmaline, ]»ro]»erty tif, d02. UiS 
Traiismis.sion, selcclive. 100 
cncllieient of, 400 
Trielinu* system, 40S 
Trouton, F. T., llert/’s exp<*riments, 
r.f)! 

'lyndall, John, on polaiisation of sky- 
liyhi, 42J 

(Ml caloresceiice, 18*2 

Ullra-viohd spectrum, Isl 
Uniaxal (uystals, double ndraction in, 
(’liap. XI,, dSO 

Vei'tor, lim‘ int(\^ral of, ;V)1 
Velocity of li^L;ht, (’hap. XIX. 
discovery of, 11 
of ;^rou[> of waves, r»8 
test, emission and wave theory, 1 
00 

interferi*ne(‘ experiment, ir»s 
wave and ray, ^10 
Tliot’s theorem of ray, JIS 
and wave len^^th, 1 85 
in dillei'ciit media, 51*2 
wave and ^roiip, 51 1 
by aberration method, 515 
by toothed wheel method, 101, j 
105 

by nwolvini^ mirror, 515 
electromaLtnetic theory, 550 
Yerdet, on mixt'fl plates, ‘200 

on coloured riii^s tM’oducecl b}' aper- 
tiirixs, *2*26 

on diffraction in ojdical instruments, 

201 

constant of, 4."M 
referred to, *250, 4*21, 4*27 
Vibration, transvers(>, 2J, 20, ill, 33, 
382 

Fourier, analysis of, iiO 
cornpoxition of, 40, 51 
polygon, 40 
curves, 40 


Vibration, elliptic, 52 
; circular, 53 

; of permanent type, 54 

i spiral, <>8, 250 

direction of, in plant* polarised light, 
200, 551, 550 

i of ether, Fn'snel's hypoth(*.si.s, 

32f) 

at any ]tuint of wave front, 334 
! in eonieal refraetion, 341 

j Vibrator, eleetrie, 5 IS 
I theory id’. 500 

I Visual rays, doetriue t^f. 3 
Vitellio. 7 

Voigt, referred to, 325 

Water, l•(*fraetiv(‘ index of, 133 
; Wave motion, Fliap. II. 
lluMuy of light, 1 5 
special ftMlllS of, ill 
length, 35 

measureim-nt of, 212 
plaie*, i{5 
elleet of. 00 
sjilierie.al, 3<> 
effect of, 70 
front, defined, :10 
scctMidaiy, 50 
as an envelope, 50 
surface in uniaxia] crystals, 3n0 
in biiixal ciysf.als, :')3,3 
in <|uart/, 11.3 
eI(*ctromagMet ic, 5/ 1 
as .'in cnvclojic, .‘i25 
generated l)y reciprocal ellipsoid, 
33, .3 

principal sta-tions of, 33,0 
drift, 5*20 
electric, 5l‘J 

Wheatstom*, velocity of liglil, 500 
Wlicwell on dilfiision rings, *207 
Wictlcmaim, rotatory polarisation, 420i 
Wii-c, narrow, 210 

Wollaston, metliod of total rcllcctioii, 
1*20 

verilieation of Huygens’s constrm;- 
litjii, 31 1 
prism of, 3 ‘2*2 

discovi;rcr of Fraiinliofer lines, 471 
Wulm-r, anomalous dispersion, 488 

Young, James, on the velocity of light, 
401. 408 



586 


THEORY OF LIGHT 


Young, Janies, coloured image observed Young, Thomas, colours of mixed plates, 
by, 500 208 

Young, Thomas, wave interference, diffraction, 212 

23 round narrow obstacle, 218 

lieat, light, and actinic^ rays, 41 criorneter, 226 

principle of su])crposition, 45 on the rainbow, 530, 536 

theory of interference experiment, 

140 Zone ]»lates, 221 

diffusion rings, 204 corresponding rings of, 64 



THE END 


Prinifii hy K. 8: U. Cl-ARK, LlMlTKD, Edinburgh. 



BY THE SAME AUTHOR. 


8vo. IVs. net. 


THE 

THEORY OF HEAT 

liY 

TIIOAIAS PllESTON, M.A. (Dub.) 


ATHENAIUM, — “Mr. Preston jniMislied a few years sinee an excellent 
text-book of i)liy.sical optics, and the 2)re.sent work deserves still higher 
]>raise. Tt contains full accounts of the lH*st oxiau-iniental resi'arches ; 
ample inforniatiou on the history of disco V(*ry ; judicious summaries of the 
evidence on disputed points; clear presentations of nioderji fundamental 
conceptions, such as vortex atoms and encounters of inohM ules ; ami maslerly 
di.^cu.^sions on philosophical (piestions, .such as tluj Ix'st statement of the 
.second law' of thernH^dynaniic.s. The laiiguagt* is singularly clear and well 
chosen, llowing easily without any siicrifice of precision.” 

NATURE, — “Mr. Preston has produced a very -N'al liable and useful 
book, which w'e earnestly recommend to all .serious stiuhmts of the subject.” 

OXFORD MAGAZINE . — “This is undoubt(;dly the most im])ortant 
w'ork on this .subje.ct wliich h.as yet ap}»eare<l in Knglish, and will be cordially 
w'elcomed by all students, as giving a comprehen.>>ive viiAV of its various 
branches.” 


MACMILLAN AND CO., Ltd., LONDON. 



WORKS ON HEAT, LIGHT, AND SOUND. 

Practical Acoustics, Vol. III. Part 1. of St<‘wart and Ciecr's 

Lrssoiirt in Klnnifiitary Practical Pljy.dc.'i. By C. L. 1 V\knks. Cr<Avii 8v<>. 
'I.s. OM. 

Heat, for Advanced Students. Hv K. Edshii, A.U.(\Se. (Loud,). 

( dolj(* Hvo. 4s. fj<l. 

Wave Motion, Sound and Light. J»y W. I). IvatAii, M.A. Extra 

crown >Sv(). iJs. fid, l>(4n^' l*;irt IJ. of Aldoii''' Physics. 

Sunshine. Ily Amy Johnsox. Illnstiatcd. Crown 8vo. ds. 

Heat, Light, and Sound. liy 1). K. Junks, H.Sc. (ilol)e Svo. iN. Gd. 
Heat. Scj»;oMlcly. l.s 

Lessons in Heat and Light. I>y 1). E. Junks, B.Sr. Cilolx; Svo. ;3s. Gd. 
Easy Lessons in Heat. By C. A. Maktinkau. Illustrated, (doho 

Hvo. 2s. (nl. 

Sound. A Seiies of Simple lOxperimenls. By Alkkkd JMakshakIv 
Maykh. 1 llnstraltMl. ( hown H\o. :k (mI. 

Light. A Seri(.*s of Sini|)l(‘ Experiments. By AtJ UKU M. Maykil 
and ('iiAHLKs Pmonaiu). I lliisl lalj-d. (hdwn Hvd. 2s. fid. 

A Treatise on Optics. By S. Bakkinsun, E.B.S. Eoiirth edition. 
( h‘o\N n Hvo. J Os. Gd. 

Thermodynamics of the Steam-Engine and other Heat-Engines. 

Byth'iciii II. lh-:Ai!oi)V. H\o. 2Is. 

Optics: A Manual for Students. By A. S. 1 *ku<’IVAl, .M.A., M.B. 
(hoNN'ii H\o. 1 Os. net. 

Theory of Sound. By Lord Kaykkiuii, F.B.vS. Second edition. 

T\vo \ols. H\(). 12s. net each. 

An Elementary Treatise on Heat in Relation to Steam and the 
Steam-Engine. Py ( iKoieo: Sn \ n\, .M.A. ] lln-tiati-d. Crown H\o. ls.(>d. 
Polarization of Light. By Wiijjam Skuttiswoudk, E.lv.S. Ulus- 
tratc(l. (hown Hv(», 3s. G<l. 

Photometrical Measurements and Manual for the General Practice 
of Photometry, By Prof. W. M.Snxi:, Ph.l). ('rowu Hvo. Gs. (M. nd. 

On Light. Tile Burnett I.eetures. By Sir (^kui:(;k (Jaiuiiki. Stukks, 
M.A., l‘M\.S. (‘roNNH S\u. T>. G<1. 

Elementary Lessons on Sound, By J)r. W . II. Stunk, lllustratid. 
Leap. Hvo. 3s. Gd. 

Handbook of Optics for Students of Ophthalmology. By \Vii 4 >iam 

Noinvooi) Si'TKii. (Jlolu* Hvo. hs. 

Heat. By B. (L Tait, M.A. With Illii.stration.s. Brown Sv^^. tis. 
Light, Visible and Invisible. By Brof. Silvancs Tjiumi*sun, F.K.S. 

lllustraU-d. Crown Svo. (>.s. iu*i. 

Light. A Bour.se of Ex|)enmental Optie.s, eliietly with the lantern. 
By LiAVis WiUiiUT. lllustraleil. Crown Hvo. 7s. Gd. 

The Induction Coil in Practical Work, including Rontgen X-Rays. 

By Lkavis Wiugut. With Illustrations, ihowii Hvo. 4s. G‘d. 





' LIBRARY ' ^ 


CAlCU^'^ 


535.1/PRK 





